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THEORY AND USE 


OF 

ASTRONOMICAL INSTRUMENTS. 


CHAPTER I. 

THE TELESCOPE. 

1. The complete theory of the telescope considered simply as 
an optical instrument is too extensive a subject to be condensed 
into a chapter of the present work : it must be sought for in the 
larger works on optics.* I shall, therefore, confine myself to 
such points as appear to be immediately needed by the observer 
for the intelligent use of his instruments. The following expla- 
nations, at once elementary and practical, some of which are 
not to be found in optical works, are chiefly derived from 
SAWITSCH.f 

2. The simple astronomical telescope . — The astronomical telescope, 
m its simplest form, consists of two bi-convex lenses ; the larger, 
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AB (Fig. 1), which is turned towards the object, is called the 


* See Herschel’s Treatise on Light; Prechtet/s Practische JOioptrik; Biot’s As- 
tronomic Physique, Vols. I. and XL ; Potter’s Optics ; Coddinoton’s Optics ; Lloyd’s 
Treatise on Light and Vision ; Littrow’s Analytische Dioptrik; Pearson’s Practical 
Astronomy. 

f Ahriss der praclischen Astronomie, von Dr. A. Sawitsch, aus derri Russischenuberseizt 
von Dr. W. C. Gcetze. Hamburg, 1850. 
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objective , or, more commonly, tlic object glass ; and the smaller, $7'. 
through which the observer looks, is called the ocular , or, more 
commonly, the eye glass or eye piece. The two surfaces of "both 
these lenses are segments of spherical surfaces of different radii. 
The optical axis of a lens is the straight line which passes through 
the centres of the two spherical surfaces which bound the 
lens. The optical axis of the telescope is coincident with that 
of the object glass. When the telescope is well constructed, the 
optical axis of the ocular should always he parallel to that of 
the objective, even when (as is usual in the larger instruments) 
the ocular is movable, this motion being in a plane at right 
angles to the axis of the telescope. Where the ocular has no 
motion, its axis should coincide with that of the objective, and, 
consequently, with that of the telescope. 

3. let 11s now suppose that our telescope, or rather its opticas 
axis, is directed towards a star S. Then, on account of the great 
distance of the star, we can assume that all the rays from it to 
various points of the object glass, as SA, SC : \ SB, are parallel to 
each other. The ray SC, which passes along the optical axis 
itself, suffers no deviation from the refractive power of the lens, 
since it enters and leaves the lens at right angles to the refracting 
surfaces ; hut all other rays, as jSA and S£ y are refracted both 
when entering the lens and when leaving it, and, when the lens 
is small in proportion to the radii of curvature of its surfaces, 
these rays will all converge to a common point F in the axis of 
the telescope. This common point in which a system of parallel 
rays meet is the principal focus , usually called simply the focus , 
of the lens, and the distance .Ft? from the centre Oof the lens 
is called th t focal length of the lens. If the radiant point 8 is so 
near to the telescope that the lines SA, SB are sensibly divergent, 
the lens will not bring them together at the principal focus, but 
at a point more remote ; that is, the actual focus will be farther 
from the lens than F. If the radiant point is at a distance from 
the lens equal to the principal focal distance, the divergent rays 
from this point will simply be rendered parallel by the lens, or 
the actual focus will be removed to an infinite distance. For all 
astronomical purposes we need consider only the principal focus, 
regarding the rays, even from the nearest celestial body, the 
moon, as sensibly parallel. The telescopes used in surveying 
instruments (where the terrestrial objects observed are at various 
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distances from the lens, and these distances all small) are pro- 
vided with a ready means of adjusting the position of the object- 
ive, by sliding the part of the telescope tube containing it out 
and in: so that the actual focus may always occupy the same 
absolute position in the optical axis, and, consequently, always 
be at the same distance from the ocular. The same result is 
also obtained by giving the portion of the tube containing the 
ocular a sliding motion. 

4. All the parallel rays from a distant radiant point, as a s ar 
S , which are converged to the focus A 1 , form an image of tlx' 
star in that focus. Conversely, if the radiant point be placed at 
j P 3 all the divergent rays S f A, SB, &c. will emerge from the lens 
in parallel lines AS, J3S, &c. We shall hereafter have occasion 
to make several important applications of this property of a lens : 
here we shall apply it at once to show how a distinct view of 
the image of a star at J^is obtained. The eye lens //r/, being 
placed in the line CF produced, at a distance Fc equal to its owr, 
principal focal distance, it follows, from the property of a lens 
just stated, that the divergent rays I’g, Fg f will emerge in 
parallel lines gk , g'k' , and will, consequently, enter the eye of the 
observer in parallel lines, thus giving a distinct view of the stir; 
for the eye, in persons who are neither far-sighted nor near- 
sighted, is naturally adapted for distinct vision when the rays 
entering it are parallel. Without the telescope we should see 
only those rays from the star which fall upon the pupil of the 
eye ; but when we look at the image of the star at the focus of 
a telescope, we see it with greater distinctness, because we then 
receive into the eye all the rays which have entered the object 
glass and have been united at the focus. In this consists the 
.first great advantage in the use of the telescope. 

5. Let a very tine thread be stretched in the focus F of the 
telescope at right angles to the optical axis. This thread will 
be visible through the ocular when the latter is so placed that 
its focus coincides with F: consequently, when the telescope 
is directed towards a star, we shall have distinct vision of 
both the star and this thread at the same time. If two threads 
are placed at the focus at right angles to each other, their Inter 
section will determine a fixed point in the field of view, which 
by moving the telescope may be brought upon the object to be 
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observed. By bringing this point successively upon different 
celestial objects, their relative positions can be measured with 
the greatest precision ; and in this consists the second great ad- 
vantage in the use of the telescope. Since the apparent thick- 
ness of these threads is increased by the magnifying power of 
the ocular it is necessary to use a very fine material : the spider’s 
web is that which is almost universally used. 

The line of sight is the straight line drawn from the thread 
through the optical centre of the objective; for this line repre- 
sents the direction of a distant point (as a star), when the tele- 
scope is so directed that an image of the point is formed at the 
thread. This line is also called the line of collimation; but we 
shall hereafter, for the sake of brevity, call it the sight-line. 

6. The spider lines, or threads, are usually stretched across a 
ring, or diaphragm, which is placed in a tube which slides in the 
principal tube of the telescope. The ocular also slides without 
affecting the threads: so that by means of these two motions we 
can bring the threads exactly into the common focus of the ob- 
jective and ocular. It is to be observed that the motion of 
the ocular is necessary merely for adaptation to the eyes of 
different observers. The threads, being once accurately placed 
in the focus of the objective, must not be disturbed; but the 
ocular may be drawn out or pushed in by each observer until 
he obtains a distinct view of the threads. To ascertain whether 
the threads are accurately placed in the focus of the objective, 
first adjust the ocular for distinct vision of the threads, then, 
bringing a thread upon a very distinct point, as a slow moving 
star, observe whether a motion of the eye in any direction 
towards the edge of the eye lens causes the star to leave the thread; 
for, if the image of the star is exactly on the thread, it ought to be 
seen on it even from a side view ; but, if it is before or behind 
the thread, it will be seen on it only from a direct front view. 

7. Magnifying power . — Let us suppose the telescope to be 
directed towards a very distant object DL (Fig. 2). From its 
upper extremity D a multitude of rays proceed which fall upon 
all parts of the objective AJ3, and which (in consequence of the 
great distance of the object) may all be regarded as parallel to the 
line DCd which passes through the middle point of the lens. All 
these ravs are brought to a focus in this line jD Cd at a point d whose 
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distance from the lens is equal to the focal length of the lens. There 
exists then at the point d a distinct image of the point D. In a 


Fig. 2. 



similar manner an image of every point of the object is found at 
the same distance behind the object glass : so that there will exist 
at the focus of the lens a complete, though very small, image of the 
object. This image will be inverted; for, while the image of the 
upper point D is formed at d : that of the lowest point L is formed 
at Z, the axes of the systems of rays from the several points of the 
object crossing at the middle point C of the lens. If the focus of 
the ocular is coincident with that of the objective, and, con- 
sequently, also with the image dl , the rays which diverge from 
a point d of the image and fall upon the ocular gcf will emerge 
from the latter in lines parallel to each other' and to the line 
dck which is drawn from d through the centre of the ocular; 
and, the same being true of rays from every point of the image, 
those from the extreme point l emerge in lines parallel to the 
line len. Hence the rays from the two extreme points d and l 
of the image enter the eye of the observer at an angle with each 
other equal to nek or led ; and this angle is the apparent angular 
magnitude of the image to the eye. But without the telescope 
the apparent angular magnitude of the object, the eye being at 
Q would be DCL = dCl; which angle may be assumed to be 
the same as that under which 
the object is seen from the 
actual position of the eye be- 
hind the ocular, the length 
of the telescope being in- 
considerable in relation to 
the distance of the object. 

Now, the apparent linear 
magnitudes of the object 
and its image seen thus under different angles can be com- 
pared by referring them to the same absolute distance. Thus, 
referring the image dl (Fig. 3) to the actual distance of the 
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object jDi, by the lines JEdd 7 , JEIV drawn from the eye at E> we 
have 

d'V iDL — d'M : DM = tan } dJEl : t&niDEL 


Hence, denoting the magnifying power by (r, we have 
_ __ tan j dM 

DL tan \ DEL 


CD 


whence the proposition, (A), The magnifying power of the telescope 
is equal to the tangent of half the apparent angular magnitude of the 
image seen through the ocular , divided by the tangent of half the ap- 
parent angular magnitude of the object seen without the telescope. 

Referring again to Fig. 2, we have the apparent magnitude of 
the image as seen through the ocular = led , and that of the 
object as seen by the naked eye = l Cd, and 

^ , hi Inn yy 

tan i led : tan £ ICd = — : — = niC : me 
me rnU 

or 

ta wiled 

~~ ta nilCd ~ me ^ ' 


whence the proposition, (B), The magnifying power of the telescope 
is equal to the quotient of the focal length of the objective divided by the 
focal length of the ocular . 

This principle serves for the calculation of the magnifying 
power when the focal lengths of the glasses are known, at least 
for the simple astronomical telescope here considered. A mode 
of obtaining the magnifying power of any telescope by direct 
observation will he given below. 

We see then that with the same objective we can have various 
magnifying powers by simply varying the ocular; and the less 
the focal length of the ocular, the greater will he the magni- 
fying power. The more the telescope magnifies, the nearer will 
the object appear to us, and, consequently, the more distinctly 
will its several parts be seen. Herein consists the third essential 
advantage in the employment of the telescope. 


Tig. 4 . 


8. The f eld of view . — By the field of view is meant the space 

which can be viewed with the tele- 
scope at one and the same time. The 
magnitude of the field depends upon 
the angle gCg ; (Fig. 4), which is, con- 
tained by two rays from the centre 
of the objective to the extremities 
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of a diameter gg' of the ocular; and consequently it depends upon 
the magnitude of the ocular and its distance from the objective. 
Most telescopes have diaphragms , or opaque rings, placed within 
the tube to cut off rays from the extreme edges of the objective, 
as well as stray light falling down the tube. It the inner edge 
of any diaphragm trenches upon the lines Cg, (}/■> the magni- 
tude of the field will be diminished, and will then depend upon 
the free aperture of the diaphragm, or upon that portion of the 
ocular upon which rays from the centre of the objective can tall. 

As it is difficult to construct large eye pieces which shall give 
as perfect images near their edges as in the centre, it is usual to 
obtain a large field with a small eye piece by giving the latter 
a sliding motion at right angles to the axis of the telescope. In 
this case the whole available field depends also upon the quantity 
of motion possessed by the eye piece. Usually this motion can 
be given only in one direction, in which case the whole available 
field ivS oblong, its breadth being limited by the dimensions of 
the eye piece, and its length "by the quantity of motion. Some- 
times, however, two motions are provided, at right angles to each 
other, and then the whole of the free circular aperture of the 
diaphragm becomes available for the field. 

9. Brightness of images produced by the telescope , and the intensity 
of their light. The image which the telescope gives of an object 
must possess a sufficient degree of brightness to make an impres- 
sion upon our eye. Let us suppose two telescopes, the object 
glasses of which are of different diameters, to have the same mag- 
nifying power. Then the brightness of the two images formed 
will be proportional to the quantity of light which falls on the 
surface of the two objectives respectively; but these surfaces are 
proportional to the squares of the diameters of the objectives, 
and hence the brightness of the images is proportional to the 
square of these diameters. On the other hand, let us suppose 
two telescopes, with object glasses of equal diameters, to have 
different magnifying powers; then one and the same quantity of 
light is distributed over the larger and over the smaller image, 
and, consequently, in tills case the brightness of the image is 
inversely proportional to the square of the magnifying powers. 

It is to be observed, however, that not all the rays which fall 
upon the object glass reach the eye, partly on account of the 
want of absolute transparency of the glass, and still more on 
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account of the reflection of a number of rays from the surfaces 
of the lens. Some, light is also lost occasionally, when the 
breadth of the eye glass is not sufficient to embrace all the rays 
which proceed in a cone from the image of a radiant point formed 
at the focus, or when the pupil of the eye is not large enough to 
receive the whole cylinder which these rays form after passing 
through the eye glass. Thus, in Fig. 1, let SABS be the cylinder 
of rays from a very distant point, falling upon the free opening 
of the object glass; g'k'kg , the cylinder of light which emerges 
from the eye glass ; A 7 the common focus of the two glasses. On 
account of the similarity of the triangles ABF and g'gF, we 
have 

AB : g’g = CFz Fc 


CF 

But the magnifying power G is (Art. 7) equal to — - ; consequently, 
also, 

9 9 


Now, all the rays which fall upon the object glass will enter the 
pupil of our eye only when g'g is either equal to the diameter d 
of the pupil, or is less than d. In the first case we shall have 

G = ^ ; in the second, G > But if G < - we must 
d d d 

have gg r > d , or the diameter of the cylinder of light emerging 

from the eye glass greater than the diameter of the pupil : in 

that case, therefore, some of the light must be lost to the eye. 

Since every point of an object seen through a telescope must 
appear as a point, whatever may be the magnifying power of the 
telescope, it follows that the intensity of the illumination of the 
several points of the image in the telescope depends upon the 
quantity of light which proceeds from each point of the object 
and reaches our eye. We must, therefore, not confound intensity 
with the brightness which results from the impression of the whole 
image upon the eye. The intensity of the light is independent 
of the magnifying power, while the brightness is, as we have 
seen, inversely proportional to the square of the magnifying 
power. According to these principles, the following explanation 
of the working of the telescope, given by the distinguished 
Olbers, will be readily understood : 

“Let B be the brightness, /the intensity of light of an object 
seen through the telescope ; both being supposed to be, for the 
naked eye, equal to unity. Let D be the diameter of the object 
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glass, d that of the pupil of the eye, G the magnifying power 
of the telescope, and 1 : rn the ratio in which the light is dimin' 
ished by its passage through all the glasses of the telescope ; 
then we have 


Now, so long as G < —> which, however, occurs only in tele- 
scopes of large objective apertures and low magnifying power, 
the quantity B must remain constant and = m; for, if G is less 

than — the diameter of the cylinder of emergent rays from the 

ocular will be greater than can be received by the pupil ; the 
eye then receives no more of the light than it would if the ob- 
j ective had the diameter Gd. Hence, the greatest value of B is 
m, and can never be greater in the telescope. Since in the best 
achromatic telescopes m = 0.85, we see that the brightness of 
an object is always greatest with the naked eye. As soon as G 

is greater than the brightness rapidly diminishes as the square 
of G. 

“ On the other hand, /, or the intensity of the light, is constant 
as soon as G = or > — > provided that the field of view always 

includes the whole of the magnified object. I can therefore 
become very great when D is great; and this is the reason why 
exceedingly faint stars can be seen through a telescope with a 
large objective. The diameter d of the pupil (which may be 
assumed to be about 0.2 of an inch) is not only different in 
different observers, but also varies with the absolute intensity of 
the light of the object viewed, — e.g . it is less when we view the 
moon, greater when we view Saturn; less when we view the 
moon through a telescope of five inches aperture than through 
one of two inches aperture. 

“The sky, or £ ground of the heavens/ has a certain degree 
of brightness, not only in daytime, in twilight and moonlight, 
but even at night in the absence of the moon. This brightness 

D 2 

of the sky also diminishes in the telescope as m . and therefore 

the ratio of the brightness of an observed object to the bright- 
ness of the sky remains constant for all magnifying powers. 
This is the reason why for considerable magnifying powers we 

Vol. ir.—2 
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do not observe a correspondingly great decrease of brightness. 
But, if we call this brightness of the sky 6, although the ratio 
jS: b remains constant, our eye can, nevertheless, no longer dis- 
tinguish the difference B — b of the brightness of the object and 
the sky when this difference is very small. Hence, faint nebuhe, 
tails of comets, &c. become invisible under high magnifying 
powers. The intensity of the light of the portion of the sky 
which we see in the telescope varies inversely as 6r 2 , nearly. 3 * 
This intensity of the light of the field may be so great as 
wholly to prevent our seeing objects of feeble intensity. This 
is the reason why with the comet-seeker (a telescope of large 
aperture and small magnifying power) we cannot see stars, even 
of the first magnitude, in the daytime, when we can see them 
without difficulty with telescopes of much smaller apertures and 
greater magnifying powers. This also explains why with high 
magnifying powers we often discover very faint stars which are 
wholly invisible in the same telescope with lower powers.” 

The more perfect the telescope is, the more nearly will the 
image of a star resemble a bright pffimt; and, according to the 
above, we may without hesitation always employ for the obser- 
vation of fixed stars the highest magnifying powers. 

10. Spherical and Chromatic Aberration . — A telescope of the 
simple construction above described would possess serious defects. 
All the parallel rays from an object which fall upon a simple 
spherical lens cannot be brought exactly to a common point in 
any case; and not even approximately unless the lens is small 
or of relatively great focal length. The image of a fixed star 
will, therefore, not be a well defined point, but rather an ill defined 
spot of light; and the images of all objects will be the more dis- 
torted the greater the objective is in proportion to the focal 
length. This deviation of the rays from a common point in the 
telescope is called the spherical aberration . 

In the simple astronomical telescope, still another difficulty 
exists: for white rays of light, after they are refracted by a simple 
lens, are resolved into the colors of the prismatic spectrum, or 
of the rainbow, and, consequently, the image of any object will 
appear surrounded and disfigured by colored light. This arises 

That is, the effect tip on the eye of the whole of the light of that portion of the 

which is visible under the magnifying power G varies nearly as -A- ; as iaevi- 

6r l 

t, since the field is diminished in this ratio. 
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from the different, degrees of refrangibility of the different colors. 
The deviation of the rays of different colors from a common focus 
is called the chromatic aberration. 

With regard to the means by which the telescope is rendered 
almost wholly free both from spherical and from chromatic 
aberration, that is, rendered both aplanatic and achromatic , it 
must here suffice to state, in general terms, that the result is 
obtained by substituting for the simple lens a compound one of 
which the component, lenses are made of glass of different degrees 
of refractive and dispersive powers. There are generally two 
component lenses, as in Fig. 5; one of which, AB , is a biconvex 


Fig. 5. 
A ' 



lens of croxon glass, and is that which is turned towards the object; 
the other, AA'BB f , is a meniscus or concavo-convex lens of flint 
glass. The latter kind of glass usually contains at least 33 per 
cent, of oxyde of lead,, from which crown glass is wholly free ; 
and both its refractive and its dispersive powers exceed those of 
crown glass. By giving the four spherical surfaces of the com- 
ponent lenses suitable curvatures, both the spherical and the 
chromatic aberrations produced by the crown glass lens are very 
nearly corrected by the flint glass lens. 

Even in the best telescopes an absolutely perfect compensation 
of the errors has not been reached. Home idea of the relative 
excellence of the instrument may readily be obtained as follows. 
The correction for spherical aberration is well made when the 
image of a star, in favorable states of the atmosphere, is a very 
small, well defined, round disc. Having adjusted the eye piece, 
by sliding it out or in, until this disc is reduced to its least, dimen- 
sions and most perfectly defined, the slightest motion of the eye 
piece from this position, either out or in, should disturb the per- 
fection of the image: a telescope in which the character of the 
image remains sensibly the same during a considerable motion 
of the eye piece is imperfectly corrected for the spherical aber- 
ration. The correctness of the general figure of the lens is 
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judged of by sliding the eye piece in beyond the perfect focus, 
whereby the image becomes enlarged; but if the lens is sym- 
metrical throughout, the image will .remain circular, and in very 
perfect telescopes will present a number of complete concentric 
circular rings of light; a similar result should follow when the 
eye piece is drawn out. An imperfect, unsymmetrical lens, with 
the eye piece out of locus, will give an image composed of incom- 
plete and distorted rings, or only a confused and irregular mass 
of variously colored light. If the glass of which the lens is com- 
posed is not perfectly homogeneous (one portion having greater 
refractive power than another), the images of bright stars of the 
■first or second magnitudes will have what opticians call a vying on 
one side, which no perfection of figure or of adjustment can re- 
move. But the defective portion of the glass maybe discovered 
by covering up successively different parts of the lens by means 
of caps of variable apertures in various positions; and some im- 
provement in the performance of the lens may be obtained by 
excluding this defective portion, at the expense of light. 

The achromatism is judged of by pointing the telescope to 
some bright object, as the moon or Jupiter, and alternately push- 
ing in and drawing out the eye piece from the place of most per- 
fect vision : in the former case, if the lens is good, a ring of purple 
will appear round the edge of the image, in the latter, a ring of 
pale green (which is the central color of the prismatic spectrum) ; 
for these appearances show that the extreme colors of the spec- 
trum, red and violet, are corrected. 


Fig. 6. 


11. Achromatic eye pieces . — The eye pieces now most commonly 
used are of two kinds : the Huygenian and the Iiamsden. 

The Huygenian eye piece consists of two plano-convex lenses 

of crown glass, A and B 
(Fig. 6), the convex sur- 
faces of both being turned 
towards the object. The 
first lens A receives the 
converging rays Sa, 3b, 
coming from the object 
glass, before they have 
reached the principal fo- 
cus F of the object glass, 
and brings them to a focus F f half-way between the two lenses 
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1 and B. The focal length of the lens B being made equal to 
3F\ the image formed at F ; is distinctly visible to an eye be- 
Lind B. Since this eye piece is adapted to rays already convergi- 
ng, instead of diverging rays, it is commonly called the negative 
ye piece. 

The Ramsdcn eye piece is shown in connection with the tele- 
cope in Fig. 5. It also consists of two plano-convex lenses; 
ut the plane surface of the lens nearest the object is turned 
y wards the object. The diverging rays from an image F are 
endered less divergent by the first lens, and finally parallel by 
le second lens; after emerging from the latter, therefore, they 
re adapted for distinct vision to an eye placed behind it. This 
70 piece being adapted for diverging rays, like the simple double 
mvex lens, is called the positive eye piece. It is universally 
sed wherever spider threads are placed in the focus of the object 
lass for the purposes of measurement, as in the transit in strument, 
c. ; for the permanency of the position of these threads is of 
le first importance, and this could not be insured unless the 
meads were so placed as to be independent of any motion of 
ie eye piece. Threads are, however, often placed in the focus 
• a Iluygenian eye piece merely to mark the centre of the field, 
i in the eye pieces of the telescopes of a sextant. 

The optical qualities of the Iluygenian eye piece are, however, 
iperior to those of the Ramsdcn , the spherical aberration being 
ore perfectly corrected; and it is, therefore, preferred for the 
ere examination of celestial objects when no measurements, 
e to bo made. 

Neither of these eye pieces changes the apparent position of 
e image, which therefore remains inverted. Achromatic eye 
eces designed to show objects in their erect positions usually 
nsist- of four lenses. They are used chiefly for land objects, and 
ly in small telescopes. The great loss of light from the addi- 
>nal lenses is an insuperable objection to them for astronomical 
.rposes. 

The lenses composing the eye piece are fixed, at the proper 
dance from each other, in a separate tube, which has a sliding 
:>tion in another tube fixed to the telescope, so that it can be 
shed in or drawn out and thus adapted for different eyes. 
>r near-sighted persons it must be pushed. in; for far-sighted 
rsons, drawn out. 
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12. Diagonal eye pieces. — -When a telescope is directed towards 
an object near the zenith, it is always inconvenient, and often, 
with small instruments, impossible, for the observer to bring 
his eye directly under the telescope. The inconvenience is 
obviated by employing an eye piece which bends the rays at 

right angles to the optical axis of the telescope, 
as in Fig. 7, where the lens A receives the rays 
in the direction of the axis of the telescope and 
partially refracts them ; they are then reflected 
by the plane surface M (placed at an angle of 
45° with the axis) to the lens B 7 by which they 
are rendered parallel and adapted for distinct vision to the eye 
at B looking in the direction BM. The surface M may be either 
a plane metallic mirror, or the interior face of a right prism of 
glass, the section of which is shown in the figure by the dotted 
lines. The prism is usually preferred, as less light is lost by 
reflection from its interior face than from a metallic speculum. 

13. To measure the magnifying power of a telescope. — First Method 
The magnifying power depends upon the focal lengths of the 
object glass and eye piece (Art. 7), and hence for the same tele- 
scope different eye pieces will give different magnifying powers. 
We suppose, then, that the eye piece whose magnifying power 
is to be found is placed upon the telescope and very carefully 
adjusted for distinct vision of very distant objects. If we then 
direct the telescope in daytime towards the open sky, we shall 
see near the eye piece, and a little way beyond it, a small illumi- 
nated circle, which is nothing more than the image of the 
objective opening of the telescope. Let the diameter of this 
circle be measured by a very minutely divided scale of equal 
parts; then the magnifying power is equal to the quotient arising from 
dividing the diameter of the object glass by the diameter of this illumi- 
nated circle* For example, let the diameter of the object glass 

_ s 

* The demonstration of this rule is not usually given in our optical works. Let 

ANB, Fig. 8, he the objective; C the 
ocular, which we can regard as in effect 
a single lens ; JSf the middle of the ob- 
b jective; n the middle of the small il- 
2 luminated circle and , which is the image 
of the objective opening formed beyond 
the ocular. If we remove the object 
glass from the telescope tube, the image anb of the opening will still remain the same 
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be 4 inches, that of the small illuminated circle ^ of an in'*h; 
the magnifying power is 4 -r- -fa = 80. 

The chief difficulty in this method lies in the exact measure- 
ment of the diameter of the small illuminated circle. Various 
methods have been contrived for this purpose; but the most 
effective is by means of the instrument known as Ihunsdcus 
Dynameter. 

Second Method (proposed by Gauss). — If we reverse the tele- 
scope and direct the ocular towards any distant object;, we shall, 
when looking through the objective, see the image of the object 
as many times diminished as we see it magnified when looking 
through the ocular. Select, therefore, two well defined points, 
lying in a horizontal line, and direct the telescope so that, look- 
ing into the objective, these points may appear to lie at about 
equal distances on each side of the optical axis. Then place a 
theodolite in front of the objective, level the horizontal circle, 
and bring the optical axis of its telescope nearly into coincidence 
with that of the larger telescope, so that looking into the object- 
ive of the latter, through the telescope of the theodolite, the 
selected points may be distinctly seen. Measure the apparent 
angular distance of the images of the points with the theodolit e, 
by bringing the vertical thread successively upon these images 
and taking the difference a of the two readings of the horizontal 
circle. Remove the larger telescope, and measure in the same, 
manner with the theodolite the angular distance yl of the points 
themselves. Then the magnifying power G is given by the 
formula 


as when the glass is in its place. Now, it. is known, from the elements of optics, that 
if u is the distance of a bright object from a convex lens, v the distance of the 
image from the lens, /the focal length of the lens, we have the equation 


let Fbe the focal length of the objective, /that of the ocular, u the distance between 
them; then we have NO = u z=z F + f; Or i ~~ v; and, consequently. 


Also, 


1 _ 1 l F 

v ~f F + f^f(F + f) 

AB NO _ F + f F 

ah nO v f 


But, by Art. 6, -- expresses the magnifying power of the telescope: hence, also, 

J ah 

expresses the magnifying power, as in the method of the text. 
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tan i A 
tan i a 


w 


or, if the angles A and a are very small, G = — . 

If the observed points are not very distant, we should in strict- 
ness measure the angle A by placing the theodolite at the point 
first occupied by the ocular ; for A is the angle contained by the 
rays from the two points to the ocular, and a the angle contained 
by these rays after they have passed through the ocular and have 
been refracted by it. 

If the telescope cannot be removed conveniently, the angle A 
may be obtained by measuring the linear distance D of the middle 
point between the two observed points from the ocular, and the 
horizontal linear distance d between the points ; then 


= | (5) 

When the latter method is practised, however, it is necessary to 
observe that if the telescope of the theodolite, in measuring the 
angle a, is inclined to the horizon by the angle J, we must employ 
instead of a the angle a r given by the formula 

sin $a r = sin i a cos I 


or, with sufficient precision, 

tan i a' = tan $ a cos I 


a reduction which was unnecessary where both A and a were 
measured by the theodolite, since the factor cos I would enter 
into both numerator and denominator of (4). But the reduction 
may also be neglected here, if by D is understood, not the direct 
distance from the ocular to the observed points, but the projec- 
tion of this distance on the horizontal plane, and then the formula 

becomes G = — ?• — ■» with sufficient precision, since a is always 
Dsm a L J 

very small. 

For accuracy, the angular distance of the points observed 
should be as great as can be embraced within the field of the 
telescope. 


Example 1. — The angles A and a were directly measured with 
a theodolite, in the case of an equatorial telescope with a uertaio 



MAGNIFYING POWER MEASURED. 


eye piece, and were A — 5° 10' 30", a — 3' 10". We Lave, 
therefore, for this eye piece, 



tan 2° 85' 15" 


tan 0° 1/ 85" 


= 08.12 


Example 2. — For verification of the preceding measure, Ifie 
anede A was also obtained without the theodolite, lor wliieL pur- 

o , 

pose there was measured the distance of the observed ponds 
from the ocular, D — 303.2 feet, and the distance between the 
points, d = 26.98 feet. The inclination of the telescope of tin* 
theodolite was here observed to be I - 10° 40', and as before by 

. direct measure a = 3' 10". We have first, 


and hence 


tan J A 


26.98 

G0th4 


0 = 


20.98 

606.4 tan 1' 85" cos 10° 40' 


98.30 


The horizontal distance D was liere 298 feet, with which, by the 
last formula above given, we have 


Gr = 


J26.98 

298 sin 8'UK' 


98.29 


The magnifying power of this eye piece may therefore be taken 
at 98.3, or simply 98. 

Third Method (proposed by II. B. Valz, m the Antrouomist'.hv. 
Naehrichten, Yol. vii). This very convenient method consists in 
directing the telescope towards any object of known angular 
diameter, and measuring the angle formed by rays from the 
extremities of a diameter after these rays have emerged from the 
eye piece. The sun, the angular diameter of which is always 
known, is especially adapted for the purpose. Tins image of the 
sun maybe received upon a screen placed in the prolongation 
of the axis of the telescope with its flat surface carefully adjusted 
at right angles to that axis. The telescope is to remain fixed, 
being properly directed so that the sun shall pass over the centre 
of its field; and as the image passes over the scream its linear 
liameter d is to be measured. Also the perpendicular distance 
D from the middle of the eye piece to the screen. Then, i \* a is 
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the true angular diameter of the sun, A the angular diameter of 
the image on the screen, subtended at the eye piece, we have 

■ . , id 
tan hA = ~ 

and the magnifying power 6r, as before, is 


tan i A d 

tan i a 2 D tan $ a 


( 6 > 


Fourth Method . — For small instruments, and where great accu- 
racy is not required, the following process will answer. Let a- 
staff, which is very boldly divided into equal parts by heavy lines, 
be placed vertically at any convenient distance from the telescope, 
for example, fifty yards. While one eye is directed towards the 
staff' through the telescope, the other eye may observe the staff' by 
looking along the outside of the tube. One division of the staff* 
will be seen by the eye at the eye piece to be magnified, so as to 
cover a number of divisions of the staff, and this number, which 
is the magnifying power required, may be observed by the other 
eye looking along the tube. The staff' here not being very distant, 
the focal adjustment of the telescope is not the same as for stars ; 
the focal length is, in fact, somewhat greater than the “principal** 
focal length (Art. 3), and the magnifying power obtained is pro- 
portionally greater than that which applies to very distant or 
celestial objects, the rays from which are sensibly parallel. If we 
call the magnifying power obtained from the terrestrial object G r ? 
that for a celestial object G, F' the focal length employed, F the 
principal focal length, we have 

F ' s F = G' : G 

For example, a telescope whose principal focal length was 
24 inches, being directed towards a graduated staff; it was found, 
that for distinct vision of the staff it was necessary to draw" 
out the eye piece 0.75 inch. Then, one division of the staff 
seen by the eye at the eye piece was observed by means of 
the other eye to cover 40 divisions. Here we have F= 24, 
F* = 24.75, G' = 40, and hence 

G = Qf.lL = 40 x-^t— = 38.8 

F' * 24.75 
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Instead of using the divisions of a staff, which may not he suffi- 
ciently distinct, a disc of white paper may be placed against a 
black ground, and the size of the magnified image may be marked 
on the same ground by an assistant from signals made by the 
observer at the telescope. 


14. It was shown in Art. 7 that the magnifying power is equal 
F 

to F being the focal length of the objective, and/ that of the 


ocular. To apply this rule when the eye piece is composed of 
two lenses, it is necessary to find the focal length, /, of a single 
lens which is equivalent to the two lenses. This is effected by 
the formula of optics 


/ = 


rr 

J' + f'—d 


in which/', /" are the focal lengths of the component lenses, 
and d the distance between them. This formula, however, is but 
approximative (it gives / somewhat too great) : it is better to 
measure the magnifying power directly by one of the methods 
above given. 


15. Reflecting telescopes . — As these are rarely used for the pur- 
poses of measurement , we shall content ourselves with merely 
stating the forms of the two kinds which have been in most 
common use. The simplest, and now most commonly used, is 
the Herschelian telescope, introduced by Sir William IIersciiel. 
A polished concave speculum, ab , Tig. 9, is placed at the bottom 

Fig. 9. 


A 



of a tube, AJ3CD. It is ground to the form of a paraboloid, the 
focus of which is near the mouth of the tube ; it is slightly in- 
clined, so that the focus falls near one side of the tube, as at D, 
where the reflected rays from the speculum form an image which 
is viewed through an eye piece, JE y of the usual form. The head 
of the observer may intercept a small portion of the rays from 
a celestial object to the speculum; but this is of little conse- 
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quence, as the speculum is usually very large. In Lord Hosse’s 
Herschelian, the diameter of the speculum is six feet. 

The reflecting telescope next in most common use is the New- 
toman , which differs from the Herschelian only in receiving the 
reflected rays from the speculum upon a small plane mirror, c, 
Fig. 10, placed in the middle of the tube near its mouth, which 
reflects these rays at right angles to the axis of the tube to an 


Pig. 10. 



E 


eye piece at JE. In this form, the small plane mirror intercepts 
a portion of the light from the object; moreover, light is lost in 
the double reflection ; but a slight advantage is gained in having 
the axis of the speculum coincide in direction with the axis of 
the tube. The reflected rays reach the mirror c before they are 
brought to a focus : they converge after reflection to the point/, 
where is produced the image which is examined through an eye 
piece hy the eye at E. 

16. Finding telescopes . — A telescope of great focal length and 
high magnifying power has a very small field, in consequence 
of which it becomes very difficult to find a small object in the 
sky. This inconvenience is obviated by attaching to the outside 
of the tube a smaller telescope, called a jinder, of low magnifying 
power and large field, with its axis adjusted parallel to that of 
the larger telescope. The search for the object is made with 
the finder (both telescopes having a common motion), and, 
when found, it is brought to the middle of the field of the 
finder ; it is then somewhere in the field of the larger telescope. 
The middle of the field of the finder is indicated by the inter- 
section of two coarse threads in the focus; or, still better, "by 
four threads forming a small square, the middle point of which 
is the centre of the field. 
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CHAPTER II. 


OF TEE MEASUREMENT OF ANGLES OR ARCS IN GENERAL 

CIRCLES MICROMETERS — LEVEL. 


17. Graduated Circles . — The most obvious mode in which an 
angle may be measured is that in which we employ a circle, or 
portion of a circle (constructed of metal or other durable material t1 
the limb of which is mechanically divided into equal parts, as 
degrees, minutes,. &c. The centre of the circle being placed al 
the vertex of the angle to be measured, the arc of the circum- 
ference intercepted between the two radii which coincide in 
direction with the sides of the angle is the required measure.* 
To give this mode precision when the angle is found by lines 
drawn to two distant points, the aid of the telescope is invoked. 
This is connected with the circle in various ways, according to 
the nature of the instru- 
ment of which it forms 
a part; but, in general, 
we may conceive it to be 
essentially as follows. 

To the tube of the tele- 
scope, AJ3, Fig. 11, is 
attached a pivot, (7, at 
right angles to the op- 
tical axis, which turns 
in a circular hole in the 
centre of the graduated 
circle M N. An arm a Cb, extending from the centre C to the 
graduations on the limb, is permanently attached to the telescope, 
and revolves with it. To measure an angle subtended by two 
distant objects at the point C : the circle is to be brought into the 
plane of the objects and firmly fixed. Then the telescope is 



* In the sextant and other instruments of “double reflection, tbe vertex of the 
angle to be measured is not iu the centre of the are used to measure it. See article 


‘ Sextant.” 




rt 
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directed successively upon the two objects, and in each 
the number of degrees indicated by a mark on either extremity 
of the arm ab is to be read oft*; the difference of the two reading*** 
which is the number of degrees passed over by the arm, 
consequently, also by the telescope, will be the required measii 
of the angle. The same result is reached by permanently con- 
necting the circle and telescope, which then revolve together** 
while a fixed mark near the limb of the circle serves to indici.i t <3 
the number of degrees through which the telescope revolves. 

In order to point the telescope with ease and accuracy up ox* 
an object, a clamp and tangent screw are commonly employee! - 
This contrivance, which may be seen upon almost every astro- 
nomical instrument, takes a great variety of forms, but in all ca»c*.B 
the operation of it is as follows: when the telescope is appro jc I- 
mately pointed upon the object by hand, it is clamped in its porti - 
tion by a slight motion of the clamp screw, after which tlio 
telescope admits of no motion except that which is common to 
it and the clamp : hence, by a fine screw which moves the clarir J* 
a slow delicate motion can be given to the telescope, whereby tl *c< 
sight-line marked by a thread in the focus is brought accurate* ly r 
upon the object. 

The great increase of accuracy in pointing a telescope which, i m 
obtained by the introduction of the spider threads in its foei* b 
brings with it the necessity of a corresponding increase of accu- 
racy in reading off the number of degrees and fractions of a degrees 
on the divided limb of the circle. A single reference mark upon 
the extremity of an arm, as in Fig. 11, enables us to determines 
only the number of entire divisions of the limb passed over; but;.* 
as this mark will generally be found between two division*** 
some additional means are required for measuring the fraction 
of a division. Two methods are now exclusively employ o<JL 
The first of these, in the order of invention, is 

THE VERNIER.* 

18. Let MN, Fig. 12, be a portion of the divided limb ojT m 
circle; CD the arm which revolves with the telescope about; 
the centre of the circle. The extremity of this arm is expand <3 <1 

* So called after its inventor, Peter Vernier, of France, who lived about 

By some it is called a nonius, after the Portuguese Nunez or Nonius; but th© 

vention of the latter (who died in 1577) was quite different. 
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into an arc ab, which is con- 
centric with the circle and is 
graduated into a number of 
divisions n which occupy the 
space of n — 1 divisions of 
the limb. Thus graduated, 
this small arc receives the 
name of a vernier . The first 
stroke a is the zero of the 
vernier, and the reading is al- 
ways to be determined by the 
position of this zero on the 
limb. Let us put 


Fig. 12. 



d = the value of a division of the limb, 
d r = the value of a division of the vernier, 


then we have 
whence 

and 


(n — 1 ) d — nd' 



n 


d — d'—-d (7) 

n 

The difference d~~d r is called the least count of the vernier, which 

is, therefore, ~~th of a circle division. If now the zero a falls 
n 

between the two circle graduations P and P + L the whole 
reading is Pd phis the fraction from P to cl To measure this 
fraction, we observe that if the mth division of the vernier is in 
coincidence with a division of the limb, the fraction is m X {d — d/) 

or — d. For example, if, as in our figure, the vernier is divided 

into 10 equal parts, occupying the space of 9 divisions of the 
limb, and if the 4th division is in coincidence, the whole reading 

is Pd + ^d; and if d — 10' and P corresponds to 20° 20' 
(P being the 122d division from the zero of the limb), then the 
whole reading is 20° 20' •+* “ X 10'™ 20° 24'. In tins case the 

least count is 1'. In practice, no calculation is necessary to 
obtain the fraction, for this is indicated by proper numbers 
against the graduations of the vernier itself. 
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If the least count is given, to find n, we have 

d 

n = 

d — d r 


d and d — d' being, of course, expressed in the same unit. Pol 
example, if the limb is divided to 10', and the least count is to 
be 10", we have 

d = 600" 


whence 


d — d'=: 10" 
n = 60 


and we must make 60 divisions of the vernier equal to 59 divi- 
sions of the limb. 

When a large number of divisions are made on the vernier*-* 
and the least count is very small, the graduations must bo 
exceedingly delicate ; otherwise, several consecutive divisions 
of the vernier may appear to be in coincidence with divisions of 
the limb. The reading is then to be assisted by a microscope, or 
reading glass , placed over the vernier and having a lateral motion* 
whereby its optical axis can be brought immediately over tha/t 
division of the vernier which is in coincidence. 

To increase the accuracy of a reading still more, two or more 
arms, each carrying a vernier, are employed, and the mean of 
the indications of all is taken. The effect of reading off' a eirelo. 
at various points, in eliminating errors of the circle, will bo 
treated of hereafter. 

The arm carrying a vernier, or the frame bearing several: 
verniers, is often called the alidade . Sometimes the several 
verniers are attached to a circle, which then receives the name 
of the alidade circle. 


19. We have assumed above that the divisions on the vernieir 
are smaller than those on the limb. This is the most common 
arrangement; but we may also have them greater by making 
divisions of the vernier occupy the space of n -}• 1 divisions of 
the limb : so that we have 

(n + l)d = nd' 

whence the least count is, as before, 

d’— d = -d 
n 


REA I> IX G M 1 0 HO, SO* > V K. 


33 


The only difference will be, that when tlie grucluntirmH of the 
limb proceed from right to left, tlio.se of the vernier must pro- 
ceed from left to right; that is, the zero of the vernier must ho 
the extreme left-hand stroke. 

20. In case a vernier lias been used which is found to be too 
long or too short, the reading may he eorreeted as follows. Let 
the error in its length be denoted by x, then (in the verniers of 
the ordinary form) we have (Art. IS) 

(ji — 1 ) d =r- 71(1 ' h x 

whence 

a — <v : 1 ,i 4 - ~ (H) 

n 1 7i x 

Hence a reading in which the fraction was rn(d — d/) becomes 

'171 X V 

— d -)- m • — - The correction of the reading in, therefore, j in ■ 

when the vernier in too abort by x; and — m ■ ‘ when it, in too 

long by a:. Tor example, if the limb in divided to 10' and the 
vernier gives 10" (in which case n 00), and wo find that, tho 
vernier is too short by x -J- 5", then we in list, add to every 

5" 

reading the correction + m ---, — ; or, since, every (it.li graduation 

of the vernier gives one minute, we must add 0 " S> for every 
minute read on the vernier. 

The actual length of the vernier is found by bringing its zero 
into coincidence with a division of the limb and observing where 
the next coincidence occurs. If this second coincidence occurs 
at the last division of the vernier, its length is correct. ; tint, if the 
coincidence occurs at ± p divisions from the last, if. is too short 
or too long by p times the least count. This should be done 
at various points of the limb, and the mean of all the results 
taken, in order to eliminate the effect of accidental errors in the 
graduations of the limb. 

The vernier is now used chiefly on small circles and portable 
instruments; but when the highest degree of accuracy is sought 
for in reading off a circle, we have recourse to 


THE READING MICROSCOPE. 

21. Let us conceive the arm which carried tho vernier, instead 
of lying close to the plane of the circle, to he raised at, some 
distance from and in place of the vernier let the extremity of 
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the arm carry a microscope AC (Plate II. Pig. 1) ? the optical axis 
of which is perpendicular to the plane of the circle MN and 
intersects the divisions on the limb. The telescope and circle 
are to be supposed to revolve together, while the microscope 
remains fixed. An image of the divisions is formed at the focus 
D of the object lens <7. Two lenses, B and A, constitute a posi- 
tive eye piece through which this image is viewed. HG is a 
micrometer, the interior of which is shown, enlarged, in Plate II. 
Fig. 2. A fine screw, cc , with a large graduated head, JEF> 
carries the sliding frame act , across which are stretched two inter- 
secting spider threads. These threads lie exactly in the focus 
of the microscope, and are consequently visible at the same time 
with the image of the divisions of the limb. On one side of the 
field is a notched scale of teeth (which does not move with the 
cross-threads), the distance between the teeth being the same as 
that between the threads of the screw. The middle notch is 
distinguished by a hole opposite to it, and every fifth notch is 
cut deeper than the rest. At i (Fig. 1) is an index to which the 
divisions of the micrometer head are referred. Since one com- 
plete revolution of the micrometer head must carry the cross- 
threads a distance equal to the thickness of the thread of the 
screw, if the head is graduated into 100 parts we have the means 

of measuring a space equal to y^-th of the thickness of the thread 

of the screw. Either by making the screw very fine, or increasing 
the number of graduations on the head, or by both, and at the 
same time increasing the optical power of the microscope, we 
can carry this subdivision of space to almost an unlimited extent. 

In order to understand the mode of reading the circle by this 
apparatus, let us conceive the intersection of the cross-threads to 
stand against the central notch, the zero of the micrometer being 
also exactly opposite the index. The point of the field then occu- 
pied by the intersection of the cross-threads is to be regarded as a fixed 
point of reference , and , as the telescope revolves from one position to 
another , the number of divisions of the limb which pass by this point 
will be the measure of the angular motion of the telescope . Suppose, 
then, the revolution has brought this point, not upon a graduation 
of the limb, but at a fraction of a division beyond a certain 
graduation P; then, to measure this fraction, we have only to 
move the cross-thread from the point of reference into coincidence 
with the graduation P, and read the number of divisions of the 



READING MICROSCOPE. 


85 


micrometer head. If more than one revolution of the screw in 
required, the whole number of revolutions will be shown by the 
number of notches in the field passed over by the cross-threads, 
and the fraction of a revolution by the micrometer head. Then, 
knowing the relation between a division of the micrometer head 
and one of the circle, the value of the required fraction is at 
once found. For example, suppose a division of the circle is 
equal to 5', and that five revolutions of tin*, micrometer screw 
just carry the cross-threads from one circle graduation to the 
next; and, further, that the micrometer head is divided into fit) 
equal parts; then each revolution of the screw represents 1/, and 
each division of the micrometer head represents 1". if then we 
have made three whole revolutions, and the micrometer head 
reads 25.8, the required fraction is 3' 25". 8. IT the graduation 
P was 289° 35', the whole reading is 289° 88' 25" 8. 

The coincidence of the point of intersection of the threads 
with a graduation of the limb is made in the manner shown in 
Fig. 2. In many of the German instruments, instead of a cross - 
thread, two very close parallel threads are used, the middle 
point between which is the point of reference, and a coincidence 
is made by bringing the circle division to bisect the space 
between them. This bisection is, of course?, estimated ; but it 
may be effected with very great accuracy where the threads are 
very close. Their distance should be very little greater than 
the breadth of the graduations of the limb. Bessel preferred 
the parallel threads; but it is, perhaps, doubtful whether they 
afford any advantage in the hands of most observers. 

The spiral springs bb serve to make the screw bear always on 
Ihe same side of the thread, so that in reverse motions of the 
screw there is no lost or dead motion, that is, revolution of the 
screw without a corresponding movement of the eross-threada 
But, to guard against the possible existence of lost motion, the 
coincidence of the cross-threads with a circle division should 
always be produced by a motion of the micrometer head in mm 
and the same direction, 

22. Error of Puns . — When a reading microscope is in perfect 
adjustment, a whole number of the revolutions of the screw is 
equal to the distance of two consecutive graduations of the circle. 
To effect this, provision is made for lengthening or shortening 
the microscope tube, and also for moving the whole microscope 


36 


MEASUREMENT OE ANGLES. 


farther from or nearer to the circle. In this way, the magnitude 
of the image of a division as seen in the field can he changed 
until it corresponds exactly to a whole number of revolutions of 
the screw. For example, if a whole number of revolutions is 
greater than the image of a circle division, the objective lens 
must he brought nearer to the ocular, and at the same time the 
whole microscope brought nearer to the circle. 

[But, as changes of temperature and other causes are found to 
produce changes in the value of a division of the microscope, and 
it is not expedient to he always changing the adjustment, it is 
usual, after making one very exaet adjustment, to let it stand, and 
then determine from time to time the correction of a reading foi 
any change of value which may appear. The excess of a circle 
division above a whole number of revolutions is called the error 
of runs, and a proportional part of this excess must be allowed 
on all readings. This error is to be found by measuring several 
divisions in different parts of the circle and taking the mean of 
all the results, in order to eliminate the effect of errors in the 
circle graduations themselves. For example, if a division exceeds 
five revolutions of the screw by + 2". 2, then for each minute in 

the fraction of a division obtained by the micrometer we must 

2 

apply to the reading the correction or — 0".44. The 

o 

error of runs will take the negative sign, and the correction for 
it the positive sign, when a circle division falls short of a whole 
number of revolutions of the screw. 

23. To increase the accuracy of a reading, several microscopes 
are used, having a fixed position relatively to each other, by 
which the fraction of a division in the reading is measured at 
different points of the circle and the mean of the different mea- 
sures is taken. Two microscopes are placed so as to read at 
opposite points of the circle, that is, the angular distance of the 
microscopes is 180°, or differs but little from 180° ; three micro- 
scopes are placed at 120°, four at 90°, &c.; or, in general, what- 
ever the number of microscope, they are placed so as to divide 
the circle into equal portions. The whole degrees and minutes 
are read only at one of the microscopes. In large instruments, 
where the field of the microscope takes in but a part of a degree, 
the number of degrees and minutes of the nearest circle division 
is read off by means of an index outside the microscope, or. 
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indeed, wholly separati; from il, tlm mii-roscopo Imuitf n^'-d 
exclusively to measure the fraction of a division. 

24. The probable error of a reading of one microscope hein^e, 
that of the mean of m microscopes s„, we have (Appendix, 
Method of Least Squares) 

V m\ , m 

that is, the probable error of the mean varies inversely us the 
square root of the number of microscopes. For example, sf the 
probable error of reading of one microscope is I", that of flu* 

mean oftAVo will he l " ( 0" 71 ; thut of four, . O'h.h ; that of 

1 2 l 4 

six, -L-~ 0".41, &e,; and the error will deermise but slowly as 
\/ t> . , 

the number of microscopes increases. It would require sixteen 

microscopes to reduce the error to On (his account, the 

advantages of increasing the number of microscopes beyond 
four, except in instruments of the largest ('lass, are usually 
regarded us outweighed by the greater nubility of the apparatus 
to derangement. 

The use of a number of microscopes or verniers is, however, 
not solely to increase the accuracy of reading, but also to elimi- 
nate the errors of the circle itself, as will be seen in the following 
articles. 

ECCENTRICITY OF UHAIH'ATKD CSHCMft*. 


25. The centre of the alidade* is seldom, if ever, even in the 
best instruments, exactly coincident with the lx 

centre of the graduated arc. To investigate 
the effect of such eccentricity, let <7(Kig. hi) 
be the centre of the alidade, O' that of the 
circle; CA a straight line joining Tbind the 
centre of one of the reading microscopes ; 

C'A* a parallel to CA. When the micro- 
scope reading is at A, the true reading is at 
A r . Let the diameter drawn through (J and (*' intersect the 
graduation at 28 , and let O be the zero of the graduation, which 
we will suppose is numbered from O towards A. Put 
z the microKCope reading, 

/ the true muling, 

E EO, 

. . e. the eccentricity CO*. 
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It is to be assumed that such care has been bestowed upon the 
centring of the instrument that e is very small, and, therefore, 
that the arc AA' = z' — z may be regarded as equal to the per- 
pendicular CP: so that we have, since the angle EC’A f = z' + E, 

y — z = e sin (s' -j- JEJ) (®) 

in which e must be expressed in arc. In the factor sin (z f + J2) 
we may substitute z for z r without sensible error. 

When z f + E=± 90°, we have z'— z = d= e: so that e is the 
maximum error of a reading, and this maximum occurs when 
the reading is 90° from E. 

26. ISTow, let -AC and J.'C'be produced to meet the gradua- 
tion again at the opposite points B and B and let the alidade 
carry a second microscope at B. The degrees and minutes may 
be supposed to be obtained from the microscope A , while B is 
used only to give the seconds. Put 

z = the division of the circle under A, 

A and i? = the readings of the microscopes, 

z! = the true reading corresponding to A. 

Then the whole reading given by A is z + A, and by (9) we have 

/ = z 4 A 4 e sin (z 4 E) 

and the microscope B gives 

180° 4 z! = 180° + z + B 4 e sin (180° + z + E) 
or 

z' ='z 4* B — e sin (z 4 E) 

The mean of the two microscopes is then 
*z'=z + i(A + B) 

Hence the eccentricity is fully eliminated by taking the mean oi 
two microscopes 180° apart. In general, an even number ot 
microscopes are employed, which are arranged in pairs, so that 
the mean of each pair, and, consequently, of the whole, will be 
free from the eccentricity. 

2T. The eccentricity may also be eliminated by three micro- 
scopes or verniers, whose mutual distance is 120°. If z + A, 
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120 ° + -f I?, 240° 4 z 4 (J arc the readings of the three 
microscopes, the true reading corresponding to A will be 

y = j -j- 4 - c sin (z 4 - A* j 
y = z 4 B — r nin ( 120° 4 2 4 A’ } 
y = z 4 C~ e nin (240° + z A E) 

and since, by PL Trig., we have 

sin (120° 4 z 4 E) 4 sin (240° 4 2 4 * E) r nin (* 4 A) 

the mean of these three equations is 

y=* + im + *+<?) 

Indeed, it will readily be inferred from the discussion in Arts. 
81 and 32 that the eccentricity will ho eliminated by taking the 
mean of any number whatever of equidistant microscopes. 


28. To find the eccmirkity .— The two opposite microscopes may 
not he perfectly adjusted at the distance of 180°, and hence wo 
shall here put 

180° Ar <* = the angular distance of the microscope B from A ; 
and then, if we put, as before, 


z — the division under the microscope A, 
A and B = the readings of the two microscopes, 

the true readings will be 


y ^ z -f A Ar * win (z L M ) 

180° 4 a + y « m)° 4 Z 4 B 4 e sin (180 s 4 £ 4 E) 


} 


no 


for the second of which wo take 


/ =a.- z B — a. — e win (z -f E) 

If, therefore, we put 

B — A ~ n 

the difference of the two equations gives the equation of condition 

n -= a -f~ 2<t «in (z ~f E) f 1 1 , 

in which a, e, and E are unknown. Let the values of n he 
obtained from the readings of both microscopCH at four equidistant 
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29. With three nearly equidistant microscopes the eccentricity 
can be found from two complete readings at points 180° apart 
Let the angular distances of the microscopes B and C from A be 
denoted by /? and y\ and, 2 being the division under A , put 
JP = z + JE; then we have, for the true reading at A> 

z' = z + A -f « sin P 

z' = z + B — + e sin (P -f 120°) 

z' — z -f- C — ^ e sin (P -)- 240°) 

Subtracting the first equation from the mean of the other two, 
£Uid putting 

£ (P + C) — - A = n 

*we find 

n = i O' + 0) + | e sin P 

^nd subtracting the second from the third, and putting 


"we find 


HG-B) = d 
d = l 0 — ft) + J ]/3 6 cos P 


rp we read a second time with the microscope A over the division . 
s: -p 180°, and obtain the readings A', 1 B', C', we shall have 


A(P'-f- C') — A! =»' 

UC'-B') = d' 

and since we shall have 180 -f- P instead of P, we shall obtain 

n> — h( Y + P) — | e sin P 

— iv'Se COBP 

Clence 

e sin P = ^ (re — n') 
e cos P = > (/ 3 (d — d') 

W'laich determine e and P. We find also 

/9 = |(* — 4 + B'— f) 
r = 4(<7 — -4+ O' — A') 

30. In order to determine the eccentricity with greater accu- 
r-sa-cy, and to eliminate, as far as possible, errors in reading and 
accidental errors of graduation, the circle may be read at a great 
jol limber of equidistant points. Each reading of a pair of oppo- 
site verniers or microscopes furnishes an equation of condition 
of the form (11), and from all these equations the most probable 
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winch, by Theorem I., gives either (18) or (20). Again 


V 

in 


( 


2px 

cos m • - £ — 
4 


M 1 - 

I . 2 px\ 2 

— q — 2 ^ sm m ■ j 


/ • Zp* V 

Ism m • j 


which gives either (19) or (21). 


Theorem III . — For all integral values of p and q we have , /row 
m = 0 to m = q — 1, 

2 2?7T 2 T?7T 

2 sin m • cos m • = 0 (22) 

(7 q 

for this is the same as the quantity 

\ 2 sin m • = 0 

£ 

32. Now, let the circle be read off by a pair of opposite micro- 
scopes, A and J3, at any number of equidistant points. The circle 
is thus divided into a number of equal parts, each of which may 

be denoted by — • If the first reading corresponds to the divi- 
sion z 0J the subsequent readings will correspond to z 0 - f — , 
z 0 + 2 • z Q + 3- -A &c. to 2 0 + (? 1)—* Each reading fur- 

nishes an equation of condition of the form (11), giving, therefore, 
the following system, where F — z 0 + F: 

n 0 = a -f 2 e sin P 


n l = a -f sin 


n 2 = a -f 2 e sin 



a « 


u u u 


«,.,= * + 2esin(p + ^0-i>| 
which are all included in the general form 

, „ . / t , , 2mi\ 

n„ = a + 2 e em^ + _) 

m being taken from 0 to q — 1. 

Developing the sine in the second member, we have 

n ~ o -J- 2esinP cos 4- 2 e cos P sin — 
q q 
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In this form, the three unknown quantities are a, e sin P, and 
e cos P. The final equation in each unknown quantity, according 
to the method of least squares, is to he found hy multiplying 
each equation of condition hy the coefficient of the unknown 
quantity in that equation, and adding together the products. 
This process gives, hy the aid of the theorems of the preceding 
article (observing that here p = 1), 

qa = 1 n 

qe sin P= I'l n cos 

\ J 

/ . 2 m* 

qe cos P = 2 n m sin — — 

These formulae embrace, as a particular case, the solution already 
given in Art. 28 for q = 4. 

Example. 

The following values of n = B — A were obtained from the 
readings of two opposite microscopes of the meridian circle of 
the IT. S. Kaval Academy: 


2 

« 

Z 

n 

2 

n 

2 

n 

0° 

- L0".7 

90° 

— 20". 5 

180° 

— 21". 8 

O 

O 

1— 

— 0" 0 

10 

11 .6 

100 

20 .7 

190 

18 .3 

280 

1 .3 

20 

12 .8 

110 

21 .0 

200 

16 .4 

290 

2 .4 

BO 

14 .7 

120 

21 .2 

210 

11 .8 

300 

4 .5 

40 

16 .3 

130 

22 .8 

220 

7 .8 

310 

5 .1 

50 

17 .3 

140 

24 .7 

230 

4 .3 

320 

7 .4 

60 

18 .5 

150 

23 .4 

240 

1 .9 

330 

9 .4 

TO 

18 .1 

ICO 

22 .5 

250 

— 2 .0 

340 

11 .7 

80 

19 .7 

170 

22 .3 

260 

+ 0 .3 

350 

11 .6 1 


We have here q = 86, and — = 10° : so that is successively 

0°, 10°, 20°, &c. We find, first, by taking the sum of all the 
values of n , 

36 a = — 476".2 a = — 13". 23 

and hence the distance of the microscope B from A was 
179° 59' 46". 77. 

To find qe sin P, we multiply each n by the cosine of the angle 
to which it belongs, and add the products. In like manner. 
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qec osP is found by multiplying each n by the sine of the angle 
to which it belongs, and adding the products.* ~We thus form 
the following table, in which, for brevity, we put ft cos 2 
and ft sin 2 for the quantities denoted in our formulae (28) by 


cos 

tn 

z 

2mrr _ 

and n 

9 

n cos z 

. 2m- 

sin . 

9 

n sin z 

z 

n cos z 

n sin z 

0° 

— 10". 70 

— 

0".00 

180° 

+ 21' 

'.80 

+ 

0".00 

10 

-•11 

.42 

— 

2 

.01 

190 

+ 18 

.02 

+ 

3 .18 

20 

— 12 

.08 

— 

4 

.38 

200 

+ 15 

.41 

+ 

5 .61 

SO 

— 12 

.73 

— 

7 

.35 

210 

+ 10 

.22 

+ 

5 .90 

40 

— 12 

.49 

— 

10 

.48 

220 

+ 

5 

.98 

+ 

5 .01 

50 

— 11 

.12 

— 

13 

.25 

230 

+ 

2 

.76 

+ 

3 .29 

60 

— 9 

.25 

— 

16 

.02 

240 . 

+ 

0 

.95 

+ 

1 .65 

70 

— 6 

.19 

— 

17 

.01 

250 

+ 

0 

.68 

+ 

1 .88 

80 

O 

— - ty 

.42 

— 

19 

.40 

260 

— 

0 

.05 

— 

0 .30 

90 

0 

.00 

— 

20 

.50 

270 


0 

.00 


0 .00 

100 

+ 3 

.59 

— 

20 

.39 

280 

— 

0 

.23 

■ + 

1 .28 

110 

+ 7 

.18 

— 

19 

.73 

290 

— 

0 

.82 

+ 

2 .26 

120 

+ 10 

.60 

— 

18 

.36 

300 

— 

2 

.25 

+ 

3 .90 

130 

+ 14 

.66 

— 

17 

.47 

310 

— 

3 

.28 

+ 

3 .91 

140 

+ 18 

.92 

— 

15 

.88 

320 

— 

5 

.67 

+ 

4 .76 

150 

+ 20 

.26 

— 

11 

.70 

330 

— 

8 

.14 

+ 

4 .70 

160 

+ 21 

.14 

— 

7 

.70 

340 

— 

10 

.99 

+ 

4 .00 

170 

+ 21 

.96 

— 

3 

.87 

350 

— 

11 

.42 

+ 

2 .01 

Sums 

+ 28 .96 

— 

225 

.50 


+ 32 

.97 

+ 53 .04 


36<?sinP= + 28".96 4* 32".97 = + 61".93 - log 1.7919 

86* cosP= — 225 w .50 -f- 53 .04 = — 172 .46 log n2.2367 

P = 160° 15' log tan P n9.5552 

e= 5". 09^ . log 36* 2.2630 

Then, since z 0 = 0°, we have P=P, and each reading of the 
microscope A requires the correction, for eccentricity, 

+ 5". 09 sin (z + 160° 15') (24) 


* The several products may be taken by inspection from a traverse table, by enter- 
ing the table with the angle z as a “ bearing” and with n as a “ distance,” and taking 
out the corresponding “difference of latitude” and “departure,” which will be, 
reapectively, the products required in forming g'fisini 5 and #ecos P. 
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ELLIPTICITY OF THE PIVOT OF THE ALIDADE. 

33, If the pivot of the alidade is the horizontal axis of a 
vertical circle, as in the case of some meridian circles, or if, as 
in other cases, the alidade is fixed to a pier while the pivot of 
the horizontal axis of the circle revolves in a V, then any defect 
in the pivot, which renders a section at right angles to its axis 
other than a circle, will cause the centre of the alidade to vary 
its distance from the centre of the graduated circle during a 
revolution of the instrument. If the section of the pivot is any 
regular figure, the variations in the readings of a single micro- 
scope may be regarded as a function of the division ( 2 ) which is 
under the microscope, and the correction of this reading may be 
denoted by <p ( 2 ). The correction of the reading of the opposite 
microscope must be — <p ( 2 ). In order to investigate the form of 
the pivot without involving the errors of eccentricity or of gradua- 
tion, let us denote the correction of the division 2 for both these 
errors by 4 ( 2 ), and that of the division 180°+ 2 , which is under 
the opposite microscope, by ^(180° + 2 ). Then, A and B being 
the readings of the microscopes, and 180° -4- a their constant 
distance from each other, we have 

/ = z 4 - A -f- <p ( 2 ) -f- 4 (^) 

2? = Z -j— B — a — (p ( 2 ) -j— 4 (180° — {— 2 ) 

whence 

0 = 1? — A — a — 2 <p(z) — 4 ( 2) -(-4 (180° -j- 2 ) 

Now, let the division 180° -)- 2 be brought under the microscope 
A , and let A f and B' be the microscope readings ; then we have 
the true reading z" by the equations 

2 " = 180° 4 - 2 + A! + cp (180° + 2 ) + 4 (180° + 2 ) 

2 " == 180 Jf-z + B'— a — <p (180° + 2 ) + 4 OO 

whence 

0 = J?' — A! — a — 2 (180° -f 2 ) 4 - 4 ( 2 ) — 4 (180° + z) 
therefore, if we put 

— A + B r ~A') = %' 

we have 

n f = a 4 ” <p (V) 4~ *p (180° 4~ *0 ^25} 

the errors of eccentricity and of graduation being wholly climb 



48- 


MEASUREMENT OF AUGLES. 


Bated. The form of the function p is yet to he determined; 
since, however, it necessarily returns to the same value after one 
complete revolution, we may assume for it a general periodic 
series, namely: 

<p (z) =/' sin (z + F r ) + /" sin (2 z + J r// ) -f sin (3 z +- F '") -f <fec. 
in which/', F n ,j ,n , F }! \ &c. are constants. Hence also 

<p (180° 4 -z) ——f sin 0+ JF 7 ') +/" sin (2 z-\-F")—f" sin (8z+.F"').+ <fec. 
and 


V (z) + ? (180° + z) = 2/" sin (2 z + F") + 2/ iv sin (4z 4- .F r ) + &c. (26 i 

The combination of two readings 180° apart gives, therefore, 
the equation of condition 

n' = c + 2/" sin (2 z ■+ F") +• 2 !/ lr sin (4 z + JF iv ) -f &c. (2T) 


If we have read the circle at 2 q equidistant points, so that the 
number of such equations is q> then the values of z are success- 
ively 0, -> —y — — ; and the general form of the equation 


q q 
of condition is 


n' m = <*-f- 2/"sin^m-~ + Jp 7 " j-j-2/ iT sin -f &c. (28) 

m being taken from 0 to q — 1. If we treat these equations by 
the method of least squares, we shall readily find, hy the aid of 
the theorems of Art. 31, 


qa — 2 W m 


q j" sin F " = r| n r m cos m ~ j 

q J n cos J"' = r^sin 

#/ iv sin F iv — l[n r cos m * — 

q f iv cos F lv =: zln f sin »i.— 

. \ 571 „ S 
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Example. 

To investigate the form of the alidade pivot of the meridian 
circle, in the example of Art. 32, the readings there given are 
combined as follows : 


z 


B'~ A' 

n' 

2 

B — A 

JB' — A f 

n ' 

0° 

— 10".7 

~ 21".8 

— 16" .25 

90° 

— 20".5 

— 0".0 

— 10".25 

10 

11 .6 

18 .3 

14 .95 

100 

20 J 

1 .3 

11 .00 

20 

12 .8 

16 .4 

14 .60 

110 

21 .0 

2 .4 

11 .70 

30 

14 .7 

11 .8 

13 .25 

120 

21 .2 

4 .5 

12 .85 

40 

16 .3 

7 .8 

12 .05 

130 

22 .8 

5 .1 

13 .95 

50 

17 .3 

4 .3 

10 .80 

140 

24 .7 

7 .4 

16 .05 

60 

18 .5 

1 .9 

19 .20 

150 

23 .4 

9 .4 

16 .40 

ro 

18 .1 

— 2 .0 

10 .05 

160 

22 .5 

11 .7 

17 .10 

80 

19 ,7 

+ 0 .3 

9 .70 

170 

22 .3 

11 .6 

16 .95 


Since here q — 18, the sum of the values of n' gives 


18 » = — 238". 10 a = — 13". 23 

Then, with the aid of a traverse table, we find the values of 
n' cos 2e and nl sin 2 z, as below : 


Z 

ri coa 2 z 

n' sin 

0° 

— 16".25 

— 0".00 

10 

— 14 .05 

— 5 .12 

20 

— 11 .18 

— 9 .38 

30 

— 6 .63 

— 11 .48 

40 

— 2 .09 

— 11 .87 

50 

+ 1 .88 

— 10 .64 

60 

+ 5 .10 

GO 

GO 

00 

1 

70 

+ 7 .70 

— 6 .46 

80 

+ 9 .12 

— 3 .32 

Sums 

— 26 .40 

O 

1^4 

1 


18 f" sin F" = — 28".C2 
18/" cos F" = 15.85 

JF" = 299° 31* 

f"= 1".79 

Voij. II. — 4 


2 

n' cos 2 z 

rc'sin 2 z 

90° 

-f 10". 25 

+ 0".00 

100 

•+ 10 .34 

4 3 .76 

110 

4- 8 .96 

4 7 .52 

120 

-f 6 .43 

411 .13 

130 

4 2 .42 

413 .74 

140 

— 2 .79 

415 .81 

150 

— 8 .20 

4 14 .20 

160 

r-j 

co 

T— i 

1 

410 .99 

170 

— 15 .93 

4 5 .80 


— 1 .62 

4 82 .95 


log wl.4475 
log 1.2000 
log tan F" n0.2475 
log 18 j" 1.5078 
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Ln the same manner, we had, from the sums of the products 
n' cos 4z and n r sin 4 z, 

18 f iT sin F iv = -f 0"15 
18 / ir cos F ir = -f 2".00 
F u = 4° IT 
f*= 0".ll 

Hence we have 

5p(2)-f^(180°-f 2)=3".58 sin (2 z-\- 299° 30')-f0".22sin (4 z-\-4° 17') (80) 

The term in 4z is so small that we may suppose that it proceeds 
from the accidental errors of reading, and irregularities of the 
pivot, and we may, therefore, disregard it, as well as the subse- 
quent terms in 6z, &c. 

Bessel has shown* that if the section of a pivot which rests in 
a V is an ellipse, the centre of this ellipse will, as the instrument 
revolves, move in the arc of a circle the centre of which is the 
angular point of the Vf, that during a complete revolution the 
centre of the ellipse describes this arc four times, — twice forwards 
and twice backwards; and that the effect of this motion upon 
the reading of a single microscope is expressed hy a term de- 
pending upon 2z. 

Hence, the last term of (30) being neglected, the remaining 
term may he regarded as the effect of ellipticity of the pivot, and, 
since we must then have <p{z) — cp (180° -f z ), it follows that 

<p (z) = 1".79 sin (2 * + 299° 30') (31) 

Upon the hypothesis that the pivot is elliptical, the observed 
values of n r should satisfy the equation (27), which in the 
present case becomes 

n' = — 13".23 4 - 3". 58 sin (2 * + 299° 30') 

at least within the errors of reading. To show that this 
hypothesis explains the observations in the present case suffi- 
ciently well, the following comparison is made, in which the 
value of ti' computed by the preceding formula is denoted hy 
Q the observed value by 0, the residual error, or 0 — C, by v. 


* Astroncmische Beobachtungcn auf der Stemuxvrte in JT onigsberg, Vol. I. p. xii. 
i Provided the angle of the V is ninety degrees. 
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M 

0 

C 

V 

vv 

* 

0 

a 

« 

vv 

0° 

— 16". 25 

— 16".35 

-f 0".10 

0.0100 

90° 

— 10".25 

— 10".ll 

— 0".14 

0.0196 

10 

14 .95 

15 .55 

-|-0 .60 

.3600 

100 

11 .00 

10 .91 

— 0 .09 

.0081 

20 

14 .60 

14 .48 

— 0 .12 

.0144 

110 

11 .70 

11 .98 

■f 0 .28 

.0784 

30 

13 .25 

13 .26 

-f 0 .01 

.0001 

120 

12 .85 

13 .20 

+ 0 .35 

.1225 

40 

12 .05 

12 .03 

— 0 .02 

.0004 

130 

13 .95 

14 .43 

+ 0 .48 

.2304 

50 

10 .80 

10 .95 

-j-0 .15 

.0225 

140 

16 .05 

15 .51 

— 0 .54 

.2916 

60 

10 .20 

10 .15 

— 0 .05 

.0025 

150 

16 .40 

16 .31 

01 

o 

© 

1 

.0081 

TO 

10 .05 

9 .71 

— 0 .34 

.1156 

160 

17 .10 

16 .76 

— 0 .35 

.1225 

80 

9 .70 

9 .70 

0 .00 

.0000 

170 

16 .95 

16 .76 

— 0 .19 

.0361 


If we denote the mean error of a single observed value of n r 
by s, we have (Appendix, Method of Least Squares), q being the 
number of observations, 

and this quantity also expresses the mean error of a single 
reading of one microscope of this instrument. Tliis mean error 
of a reading was also found by comparing a number of successive 
readings of the same microscope on the same division, which 
gave 0".36 : so that the agreement of the above computed and 
observed values of n r is even closer than is necessary to sustain 
the hypothesis of an elliptical form of the pivot. It is also evi- 
dent that the addition of the term 0".22 sin (4 z ■+ 4° XT') of (30) 
would hut slightly reduce the mean error of n r . 

34. The error introduced by the ellipticity of the pivot, like 
that produced by the eccentricity of the circle, is fully eliminated 
by taking the mean of the readings of a pair of opposite micro- 
scopes. If, however, the arms of the alidade, carrying the 
microscopes, do not preserve a constant inclination to the horizon 
during a revolution of the instrument, the readings of both 
microscopes will be increased or diminished by the whole 
amount of the change of inclination, and, consequently, their 
mean will involve the same error. A level placed on the alidade 
is usually employed to determine these changes of inclination, 
and the readings are finally corrected according to its indications. 

ERRORS OF GRADUATION", 

35. Errors of graduation of a divided circle may be either 
regular or accidental. 


MEASUREMENT OE ANGLES. 


The regular or periodic errors are those which recur at regular 
intervals according to some law, and which may, therefore, 
he expressed as functions of the reading itself. Even the error 
of eccentricity, above considered, may he treated as such a 
periodic error of graduation, since its effect upon the reading 
(O is the same as if the graduation everywhere required the 
correction tsin (z -f E). The sum of all the corrections for such 
periodic errors, regarded as a function of the reading (*), and 
denoted by y,(z), must have the general form 

4 (;) = if sin (r -{- F' ) -{- u"sin (2 s -(— f") -f- u m sin (3 .2 -)- C"') -J- &c. (32) 


in which u', V, u", U", &c. are constants.' The shorter the 
period of any error, the higher is the multiple of z in the term 

representing it. 

Xow, let the circle be read by q microscopes at q equidistant 
points, namely, at all the points expressed by 


2 % 

z — z 4- m • — 

m i q 

m being taken successively 0, 1, 2, 3 \q — 1), and z being 

the reading of the first microscope; then we shall hare, for the 
correction of any one of these microscopes, the general expression. 


4 (z m ) =zu r sin 1 2 + CT-f- wi- ~ j -j-t/'sin j 2 z-{- j + &c. 


The discussion of this series will be abridged if we express it 
under the following general form : 


4 (zJ = sin |j >z -f- U b) + m ‘ j 


in which p is successively 1, 2, 3, &e., and 2 p denotes the sum 
of ail the terms thus found. Developing the sine, this gives 


4 (0= 2 >* t,) sil1 (P z + & l,) ) <*>s u^cos(p 2 : + £7 ( *>)sinm. 

The mean of the q microscopes will, therefore, require the 

rection 

l 2 " * ' ' 4- (O = h [4 sin (pz + tTW) • T‘ 1 ~ ‘cos m . W 
a »*• Q «-o q J 

+ h,h'' COS (pz + zr») ■ 5“* ' sia m - M 
2 L — o q J 


2 pit 

~T 

cor- 
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But we have (Art. 31), from m— 0 to m — q - 
in all cases; and also 2 ’ cos m- 


q)7t 


. zrm 

1 , 2 am m- ~ o 

0 , except when ;p in a mul- 


tiple of q, or p = rq , in which case this latter sum is equal to </. 
Hence all the terms of the above expression which do not vanish 
are expressed by the formula 


- y q ~ 1 ^ (zf) = 2. sin (r </2 + Z7 (r<2) ) (33) 

<2 w =0 

r being successively the integers 1, 2, 3 ; whence the fol- 

lowing important theorem: The terms of the periodic series vat, 
eliminated by taking the mean of q equidistant microscopes (ere. those 
only which involve the multiples of qz. 

Thus, the mean of two microscopes requires a correction of 
the form 

u" sin ( 22 + Z7") + u iv sin (4s + U lv ) + &c. ; 


the mean of three microscopes, the correction 


u m sin (3 2 + XT'") + u vi sin (C z + £7 vI ) + &c. ; 

the mean of four microscopes, the correction 

u lr sin (4 2 + Z7 iv ) + ic' m sin (82 + U v111 ) + Ac. 
&c. Ac. 


36. The values of the terms of the periodic series which are 
eliminated by means of a number of microscopes may bo found 
from the readings of these microscopes themselves. Tims, for 
two microscopes, the readings of which at the divisions 2 and 
& + 180° are A and JB, and whose angular distance is 180° + a, 
we have 

2' = 2 + A +4* (f) + <p (z) 

2' = 2 + B — a + 4(2 + 180 °) — <p (2) 

11 which if ( 2 ) is the correction for the form of the pivot (Art 33j. 
Hence, putting B — A = n, we have 

n = a + 4 (2) — 4 (2 + 180 °) + 2 <f (2) 

But we have 


4 (z) _ % r sin (2 + U') + %" sin (2 2 + U") + u” r sin (32 + U” f ) + Ac. 
and hence, substituting 2 + 180° for 2 , 

4(^+L80°)= u r sin (2 + ?7')+u" sin ( 22 + ZT'()--V''sin(3 2 + U") | 
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For f if) we have already found the form /"sin (2z + F /f \ and 

therefore the value of n becomes 

»=.-r 2 M'sin(*+ U r )+2f " sin (2z +I" r )+2u'" sin (3 U"')+&c. (34) 

The readings being made for successive values of z expressed 

generally bv 

2 7T 

z = m- — 

we have q equations of condition of the form 

n m = a + 2 tf sin (m - ^ -I- Z7') -f 2 !/" sin (wi * ^ -f- F 7 ") -f &c. (35) 

m being taken equal to 0, 1, 2, 3 .... q — 1, successively. The 
solution of these equations by the method of least squares gives 

« a = X 

qu f sin V f = n m cos m ~^ = I(n m e os 
fif cos 17' = sin m - ^ j = I (n m sin zj 

?/" sin F" = n m cos ot . y j = J (n, eos 2-sJ 

?/" cos F" = ^ tt- sin m- — j = J f^sin 2aJ 

qvf' 1 sin t7'" = re^cos m. ^ j = 2 (n m cos 3 , 2 J 

K'cos 17'"= S^n m sin = 2 (n„ sin 8a J 


&c. 




<&c. 

Example. 

The values of n given on page 45 for thirty-six readings of the 
Meridian Circle of the If aval Academy give, by the preceding 

formal®, a = — 13".23 and 


TP = 160° 15', 
*' = 5".09, 


F " = 299° 30', 
/" = 1"79, 


77'" = 68° lO' 
0".69 


— n// 


'Die difference of the readings of the two microscopes A and B 
of this circle is therefore represented by the formula 

13 ”' 23 + 10 " 18 ai «0 + 3 60° 15') + 3". 58 sin (2a + 299° 30') 

+ 1".38 sin (3 a -f 68° 19') 
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of which the terms in 2 and 2z of coarse agree with those before 
found for the eccentricity and for the elliptieity of the pivot of 
the alidade. 

If now we compute the values of n by this formula for every 
10°, we shall find that they agree with the observed values given 
on page 45 within quantities which in almost every instance 
are less than 1". From this agreement we may presume that 
this circle is very accurately graduated throughout. 

37. In a similar manner, the terms of the periodic series which 
do not involve the multiples of 4z can be found from the read- 
ings of four microscopes. If A, C, B, JD are these readings at 
the divisions z, z + 90°, z + 180°, z -f- 270° respectively, and if 
180° + a is the distance of the microscope B from A, while 
180° + 7 is that of JD from C, then the mean of the readings of 
A and B gives 

B = z -|- i (_A. — {- B) — 1 (t — j- 1 £4 (z) -{— 4 (_z -j- 180°)) 

= z + i (_A -f B) — i a, + a" sin (2z -j- TJ") -f- u ,r sin (4z -f- C nT )-f Ac. 

and, consequently (exchanging z for z + 90°), the 'mean of the 
readings of C and D gives 

z' = z -j- i ((7 + D) — \y — u" sin (2 z-j- TT") -(- u ir sin (4 z -f- I7 ,T ) — Ac. 

Taking the difference of these equations, and putting 

n = i(C- f- D) — i (A -\-B) 
p = i( r — a ) 

we have the equation of condition 

n = -f- 2 v!' sin (2 z + 71") -)- 2 u Jl sin (6z -f C rrl ) -f- Ac. (30) 

and from the q equations of this form we derive /3, u" , TJ ", &c. 
by the process already employed. 

The terms in z and 3 z may be found from either pair of micro- 
scopes as in the preceding article. 

38. The accidental errors of graduation are those which follow 
no regular law, and may with equal probability occur at any 
given division with either the positive or the negative sign. An 
error of this kind in any division is to be regarded as peculiar to 
that division, and, therefore, as having no analytical connection 
with other errors of the same kind. The use of a number of 
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microscopes tends to reduce the effect of such errors, without 
entirely eliminating them ; for (as in Art. 24) if $ is the probable 
accidental error of a division, the probable accidental error in 

the mean of m microscopes will be 

The general character of the graduation, as to its freedom 
from accidental errors, may be judged of by comparing the 
values of the n of the preceding articles, computed from the 
terms of the periodic series, with their observed values. The 
differences will be composed of both errors of reading and acci- 
dental errors, which may be separated by employing an inde- 
pendent determination of the probable error of reading. Thus, 
if we have n = B — A, and have found the probable error of an 
observed value of n to be e, and then, if we put 

= the probable error of a single reading, 
e 2 = “ “ “ division, 

the probable error of either A or B will be V^\ + £ 2 2 )? and that 
of B — A will be j/2 (e^ -f- e 2 2 ), whence 

«■= 2(^+0 

which will determine e 2 when e and s 1 have been found. 

39. The accidental error of any division of the circle may be 
directly found by means of an additional microscope which can 
be set and securely clamped at any given distance from the 
regular or fixed microscopes. Let us denote this movable 
microscope by Jlf, and let it be proposed to determine the error 
of the division z. Bring the division 0° under the microscope 
d, and clamp the movable microscope M over the division z. 
Let the true angular distance of M from A (which is as yet 
unknown) be denoted by z + /*, and let the readings of the two 
microscopes, referred to the divisions 0 and £ respectively, be 
called A and M. ] then, z denoting the nominal value and z f the 
true value of the arc from 0 to z, we shall have 

Z — j— fJ. = Z f -j- AC — ji 

and the correction of the graduation z will be 
sf — z = fi — (M — A) 

or rather, since every division (and, therefore, 0° included) may 
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be regarded as in error, this will he the difference of the correc- 
tions of the graduations 0 and z, and we may write 

<p (z) — (p (0) = }x — (if — A) (37) 

in which <p (z) denotes the total correction of a division for both 
periodic and accidental errors. The periodic errors being known 
from previous investigation, the accidental error may be separated. 

IsTow, to find the constant distance y, we resort to the well 
known method of repetition. First, bring any arbitrarily selected 
division Z under the microscope A , then Z + z will be under 
M; let the readings of the two microscopes be A' and if ' re- 
spectively. Then bring the division Z + z under A, and, con- 
sequently, the division Z + 2z under if, and let the readings be 
A" and M n . In this way, let m repetitions be made, the micro- 
scope A being successively placed upon the divisions Z , Z + z, 

Z + 2 2 , Z -f (m — 1 )z, and if successively upon Z ~f z, 

Z + 2 z, Z + 3z, Z + mz; then we have, as in (37), 

?(Z + z ) — = jj. — (if' —A' ) 

<p (Z + 2z) — cp \z + z) = ii — (M" — A " ) 

9 \z + 8z) — <p (Z + 2z) = a — (if'" — J/") 


(j 2T -j~ mz) — ^ (^ -f- (m — 1) z) = jx — (if (rn> — i (m) ) 

The mean of all these equations is 

+ «*) - ? (S)] = A ■ - i I ( jf- -4) 

If the number m is large, the w.th part of the difference of the 
accidental errors of the extreme divisions Z and Z + mz maybe 
regarded as evanescent, and then, if we regard the first member 
as composed only of the periodic errors already found, we shall 
have 

fjL = lz(M-A) + ±&(Z + mz)-*(Z)] (38) 


where the function ^ denotes a periodic error, as in Art 35. If 
this process be repeated a number of times, each time commencing 
at a different division, the mean of all the values of ju may be 
regarded as entirely free from the effect of the accidental errors 
of the first and last divisions. Thus, ft being found, the correc- 
tion of the division (z) becomes known by (37). 

2 7T 

If z is an aliquot part of the circumference = — > we shall have 
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(p {Z + niz) = <p (2), since we have returned to the same division „ 
and the value of fi is then rigorously 

n = -2(M—A) 
m ' 

Thus, the fixed microscopes themselves, whose distance is " * 

may be at once employed in this manner (without an addition. 
microscope) to determine the errors of the divisions wln* -«- 

^ 7T 

mutual distance is — * If then we have four fixed microscop* < 

and one movable one M placed at the distance z from A, we i 
be able to find : 1st, the errors of the four cardinal divisions m 
90°, 180°, and 270°, by the fixed microscopes; 2d, the errors *4 
the divisions z 9 90° + z, 180° + z, 270° + z 9 by placing the iriier^- 
scope A successively upon 0°, 90°, 180°, and 270°, and reading Ji .. 
3d, the errors of the divisions 90° — z, 3.80°— -z, 270° *— z, iy,4 
360° — z, by placing M successively upon 90°, 180°, 270°, m , » ! 
360°, and reading A. Thus, after the errors of the four cardinal 
divisions are known, the operation just described gives the err* ^ 
of eight divisions. A second operation with the microscopr 
at the distance z l from A gives in like manner the errors of eir < 
more divisions, ± z v 90° ± z v 180° dz z v 270° ± z x ; and, m«n 
over, the errors of the divisions ± z ± z v 90° ± z ± z v 180° 
zt z v 270° dt z ± z v by placing the microscope A over / 
90° dz z, &c. successively while M is over ± z + z v 90° ± z 4 
&c., or placing M over dz z, 90° ± z, &c. successively while A * 
over dz z — z v 90° dz z — z v &c. By judiciously combining *4 
the observations of this kind, the corrections of each degree* <4 
the circle may be found. 

In order to eliminate the effect of changes in the angitis 
distance of the fixed and movable microscopes occurring durb-^ 
the observations and produced chiefly by changes of temperature 
it is proper to repeat each series of observations at a given thm 
tance z backwards , commencing this repetition by placing I'A 
movable microscope M over the last division Z •+ mz and O* 
fixed one A over Z+ (m — l)z, and so returning to the fir* 
assumed division Z. Also the readings on the eight division# « . 
be determined should be made several times, say, once befW 
the first or forward repetition series, again, between the fw 
repetition series, and finally, after the second or backward m§ m 
tition series. Thus, the whole operation will embrace 
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1st. Observations on the eight divisions, 

2d. Repetition series forwards, 

3d. Observations on the eight divisions, 

4th. Repetition series backwards , 

5th. Observations on the eight divisions. 

By this symmetrical arrangement, the mean of the three deter- 
minations of the errors of the eight divisions corresponds to the 
mean state of the apparatus as found from the mean of the two 
repetition series.* 


THE FILAR MICROMETER. 

40. For the measurement of small angles, not greater than 
the angular breadth of the field of the telescope, graduated cir- 
cles may be wholly dispensed with, and a micrometer attached 
to the eye end of the telescope may be substituted with great 
advantage both in respect of accuracy and facility of manipula- 
tion. Indeed, for many purposes to which the micrometer is 
adapted, divided circles are entirely out of the question; for 
example, the measurement of the angular distance between the 
two components of a double star. 

Micrometers, however, are very frequently used in combina- 
tion with graduated circles ; as in the meridian circle. 

41. The filar micrometer is the same in principle as the micro- 
meter employed in the reading microscope (Art. 21), only more 
elaborate and complete when intended to be used at the focus 
of a large telescope. It is variously constructed, according to 
the instrument with which it is to be connected. A very com- 
mon form which involves the essential features of all the others 
is sketched in Plate II. Fig. 3, where the outside plate and the 
eye piece are removed and the field of view exhibited. The 
plate aa is permanently attached to the eye end of the telescope 
tube at right angles to the optical axis. The plate bb, carrying 
the thread mm, slides upon aa, and is moved by the screw JB. 
The plate cc, carrying the thread nn, slides upon bb , and is 
moved by the screw C. The threads are at right angles to the 

* This process, 'which is due to Bessel, will be found more fully discussed in the 
Konigsberg Observations , Vol. VII., and in the Astron. Nadi., Nos. 481 and 482. See 
also C. A. F. Peters, Unter&uchung der Theilungsfehler des Ertelschm Verticalkreises 
der Pulkowaer Sternwarte (St. Petersburg, 1848) ; and Hansen in the Astron. Nach ., 
No. 838. 
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direction of the motion produced by the screws. Their dis- 
tance apart is changed only by the screw C ' which carries a large 
graduated head, by means of which this distance is measured. 
The screw B merely shifts the whole apparatus bb , so that the 
threads may be carried to any part of the field of view. A 
notched scale in the field of view, the notches of which are at 
the same distance apart as the threads of the screw (7, is at- 
tached either to the plate bb , or to the plate cc (in the figure, to 
the latter) ; in either case the number of notches between the 
threads indicates the whole number of revolutions of the screw 
by which the threads are separated, while the graduated head 
of C indicates the fraction of a revolution. Finally, at least 
one thread is stretched across the middle of the field at right 
armies to the micrometer threads : sometimes three or more 

O 

equidistant and parallel threads ; these are usually attached to 
the plate bb. In micrometer measures the thread mm usually 
remains fixed while nn moves : the former is therefore usually 
called the fixed thread, and the latter the movable thread. The 
threads at right angles to these are called transverse threads; 
sometimes transit threads. 

That portion of the telescope to which the micrometer is im- 
mediately attached is a tube which both slides and revolves 
within the main tube of the telescope, so that (by sliding) the 
plane of the threads may be accurately placed in the focus of 
the object glass, and (by revolving) the threads may be made to 
take any required direction. 

To measure directly the angular distance between two objects 
whose images are seen in the field, we have first to revolve the 
whole micrometer until the middle transverse thread passes 
through the two objects ; then, bringing the fixed thread upon 
one of the objects and the movable thread upon the other, the 
distance is at once obtained in revolutions and parts of a revolu- 
tion of the micrometer screw. This measure is then to be re- 
duced to seconds of arc, for which purpose the angular value 
of a revolution of the screw must be known. 

42. To find the angular value of a revolution of the micrometer 
screw. — This value evidently depends not only upon the distance 
of the threads of the screw, but also upon the focal length of 
the telescope, since the greater the focal length, the larger will 
be the image of any given object. 
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A first method of finding tlio value of the screw is, there- 
fore, to measure the focal length, F \ of the object glass, and the 
instance, m, between the threads of the screw (which is done bj 
counting the number of threads to an inch) ; then, if R denotes 
the angular value of a revolution, we have 


tan — 


~F 


or 


R 


m 

Ftinl" 


(39) 


as is evident from Fig. 2, p. 13, where we may suppose dl , at 
the focus of the lens AB y to be the space through which the 
micrometer thread is moved by a revolution of the screw, and 
the angular breadth of the object DJj 7 of which dl is the image, 
to be j DOL = ICd , and Om = JF, dl = m. 


43. Second Method. — Measure with the micrometer any pre- 
viously known angle A , and let M be the number of revolutions 
of the screw in the measure; then, assuming that the middle 
point of A is observed in the middle of the field, 

2 tan iA A /4An 

tan JR = — or, nearly, R — — (40) 

The sun’s apparent horizontal diameter (see Tol. I. Art. 134) 
may he used for the angle A, if the field is sufficiently large to 
embrace the whole image of the sun, which, however, is the 
case only with small instruments, or with low magnifying powers. 

The constellation of the Pleiades furnishes pairs of stars at 
various distances, suited to instruments of various capacities: 
and Bessel determined their distances with very great accuracy 
with a view to this as well as other applications. 5,4 

The angle A in (40) is the apparent angular distance measured, 
so that, when two stars are employed, their apparent distance 
must be computed by subtracting the correction for refraction, 
for which see Chapter X. 

44. Third Method. — Point the telescope at a star, and let the 
micrometer be revolved so that the transverse thread will coin- 
cide with the apparent path of the star in its diurnal movement, 
and the fixed micrometer thread will represent a declination 
circle. Place the movable thread at any number M of revolutions 


* Bessel’s Astronomische Untersuchungen , Vol. I. p. 209. 
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from the fixed thread, and note the times of transit of the star 
over these threads by the sidereal clock, the telescope remaining 
fixed during the whole observation. Denote the sidereal in- 
terval between these times hy the declination of the star hy 
d, the true angular interval of the threads hy i; then (as will be 
proved in the theory of the transit instrument) we shall find i by 
the formula 

sin i = sin I cos 8 (41) 

or, when the star is not within 10° of the pole, 

i = I cos 8 (41*) 

after which the value of a revolution of the screw in seconds of 
are is found by the formula 

t> 15* __ 15 I cos S 

= (42) 

For extreme precision, the correction for refraction should be 
applied to i; hut if the observations are made near the meridian 
the correction will rarely be appreciable. 

We may in this process dispense with the use of the fixed 
thread hy setting the movable thread successively at different 
points in the field, and noting the times of transit of the star 
over It together with the number of revolutions of the screw 
between the successive positions. In this way the regularity of 
the screw maybe tested throughout its whole length. If the 
star is very near the pole, each observation should be compared 
with that made near the middle of the field, and the true inter- 
vals computed by the formula sin i = sinJcos^. 

This method is applicable in all cases where the micrometer 
can he revolved so as to place the fixed and movable threads in. 
the direction of a declination circle. If the telescope is equa- 
torially mounted, this can he done in all positions of the instru- 
ment, and the star may he in any part of the heavens ; but a 
slow moving star near the meridian is to be preferred, if we 
wish to avoid the correction for refraction. 

The times of transit are supposed to be observed by a sidereal 
clock, the rate of which if it is large should he allowed for. If 
the time is noted hy a mean time clock, the mean intervals are 
to be converted into sidereal intervals (VoL L Art. 49). 
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45. If the micrometer is attached to an instrument designed 
only for the measurement of zenith distances, or differences of 
zenith distance (as in the case of the Zenith Telescope), the 
movable threads being always perpendicular to a vertical circle, 
we can still employ this method of transits, by observing the 
pole star, or any star near the pole, at the time of its greatest 
elongation. At this time the vertical circle of the star is tangent 
to its diurnal circle, and, consequently, the micrometer thread 
will coincide in direction with this declination circle, as required 
in the preceding method. If the instrument is not moved in 
azimuth during the star's transit through the field, the formula 
for computing the interval i from the sidereal interval I is still, 
as in the transit instrument, sin i — sin I cos 3 ; but it must be 
observed that this formula here applies strictly only to the case 
where the thread is at one time at the point of greatest elonga- 
tion, and therefore each observation should be compared with 
that taken nearest the computed time of elongation. To find 
this time, we first find the hour angle t of the star by the for- 
mula (Vol. I. Art. 18) 


cos t == cot d tan y 

in which <p is the latitude of the place of observation; and 
then, a being the star’s right ascension, we have 

Sid. T. of gr. elongation = a ± t 

the lower sign for the eastern elongation. 

If the instrument is slowly moved in azimuth as the star 
-crosses the field, so as to make each observation of a transit in 
the middle of the field, the vertical distances between the differ- 
ent positions of the movable thread are, rigorously, differences 
of zenith distance, and the formula for the transit instrument is 
no longer strictly applicable. I shall show, however, that it is 
practically sufficiently exact. Let the zenith distance, hour 
angle, and azimuth of the star at the elongation be denoted by 
z 0 , * 0 , and A 0 respectively ; those for any observation by z, t } A ; 
and let A 0 and A be reckoned from the elevated pole. At the 
time of the observation, the star, the zenith, and the pole form 
an oblique spherical triangle, and we have the general relations 

cos <5 cos t = cob <p cos z — sin <p sin z cos A 
cos d sin t = sin z sinJ. 
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At the elongation the triangle becomes right angled at the star, 
and we have 

eosf 0 = coss 0 sin 4 0 

• , _ sin _ cos Zq cos 
sin — — • 

0 cos <p sin <p 

From these we deduce 

cos 5 sin f 0 cos t = sin z 0 cos z — cos ^ sin z cos J. 0 cos A 
cos 5 cos t G sin t = cos z 0 sin z sin A 0 sin A 

the difference of which gives 

cos 8 sin (t — t 0 )= — sin z 0 cos z -f- cos z {) sin z cos (A 0 — A) 

= sin (z — z 0 ) — 2 cos sin 2 r sin 2 i (A 0 —1) 

where, if we neglect the last term and denote t — t 0 by ij and 
z — - z 0 by i , we have the formula for the transit instrument. To 
obtain an expression for this last term, we take the relations 

sin £ cos A = cos <p sin 8 — sin cp cos 8 cos t 
sin z sin A = cos <5 sin t 

and combine them with 

cos A 0 = sin d sin t Q 

cos d sin£cos£ n 

sin A a = = — : — 

0 cos <p sin <p 

whence 

sin z sin (A 0 — A)= sin d cos 8 — sin 8 cos 8 cos (t — 1 0 ) 

= sin 28 sin 2 i (t — t Q ) 

Thus sin(J. 0 — A) is very nearly proportional to the square of 
sin. \ (t — t Q ), and is, consequently, so small that we may put 
sin J-(J. 0 — A) = Jsin(J. 0 — A) in the last term of the above for- 
mula. ¥e may also in so small a term put z 0 for z. Making these 
substitutions, and writing 1 and i for t — t 0 and z — z 0 , we find 

sin i = sin T cos d -)- l cot z 0 sin 2 2 8 sin 4 % I (43) 

Since not only sin \ I is a small quantity, hut also sin 25, it is 
evident that the last term will be inappreciable in all practical 
cases. Thus, for the pole star, d = 88° 30' and I = 30 w = 7° 30', 
this term is only O' 7 . 0052 cot z 0 . 
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For either method of observation, therefore, we can regard 
the formula sin i = sin I cos d as entirely rigorous. 

But in either method we must correct the computed interval i 
for refraction. This computed interval is the. difference of the 
true zenith distances at the two instants of transit, and the 
micrometer interval M represents the difference of the apparent 
zenith distances at these instants ; hence, if r and r 0 are the re- 
fractions for the zenith distances z and z Q , we shall have 


If we put 


__ i — (r — r 0 ) _ z z q (r r 0 ) 
M M 


a r — the difference of refraction for V of zenith distance, 


we shall have 
or, very nearly, 
and, consequently, 


r — r 0 =. (z — z q )a r 


r — r 0 = MU a r 



It. AT 


(44) 


The value of a r may be taken from the refraction table for the 
zenith distance at the elongation, which will be found by the 
formula 


An example of this method will be given in the chapter on 
the Zenith Telescope. 


46. Fourth Method. — The angular distance of two threads in 
the focus of a telescope may be directly measured with a theodo- 
lite. ¥e have seen (Art. 4) that the rays which diverge from 
the focus and fall upon the object glass emerge from this glass 
in parallel lines. If then these emerging rays be received by 
the lens of another telescope, they will be converged by the 
latter lens to its principal focus, where they will form an image 
of the point from which they diverged. Hence, if two telescopes 
are placed with their optical axes in the same straight line and 
with their objectives turned towards each other, we may in 
either telescope see the images of threads at the principal focus 
of the other. If our second telescope is connected with a 

Vol. II.— 5 
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vertical or horizontal circle, as in the theodolite, the circle may 
be used to measure the angular distance of the threads in the 
first. 

First— If the micrometer threads are horizontal, that is, per- 
pendicular to the vertical plane (as in the meridian circle when 
the micrometer is arranged to measure differences of zenith 
distance or of declination), the telescopes may have any inclina- 
tion to the horizon, and the angular distance of two threads will 
be directly measured by moving the theodolite telescope in the 
vertical plane and bringing its cross-thread successively into 
coincidence with the images of the two micrometer threads. 
Denoting the difference of readings of the vertical circle in the 

two positions by A. and the number of revolutions of the micro- 

, , ^ x ^ 2UniA 

meter screw between the threads by M, we have tan Jx — — — • 

or, very nearly, R = 

Secondly . — If the micrometer threads are parallel to a vertical 
plane (as in the meridian circle when the 'o vuometer is arranged 
to measure differences of right ascension), the theodolite is placed 
as before, and the angular distance of the threads is measured 
with the horizontal circle. But, in this case, if the telescopes 
are inclined to the horizon by the angle y (which is obtained 
from the vertical circle of the theodolite), the angular distance A, 
read on the horizontal circle, will exceed that of the threads in 
the ratio 1 : cos y (see the theory of the altitude and azimuth 

instrument) : so that we shall then have JR = — 

This ingenious method was suggested by Gauss. * 


47. Fifth Method. — When the telescope is connected with a 
graduated vertical circle and its micrometer is arranged to mea- 
sure differences of zenith distance, the value of the screw may 
be found by means of this vertical circle as follows. Let the tele- 
scope be directed towards the nadir and looking into a basin of 
mercury immediately under it. The rays which diverge from a 
thread in the focus of a telescope emerge from the objective in 
parallel lines; they are therefore reflected by the mercury in 


*In 1823, Astron. Nach ., Vol. II. p. 371. Rittenhouse had previously (in 1785) 
pointed out the practicability of observing the threads of one telescope through 
another directed towards the objective of the first, in the Transactions of the American 
Philosophical Society , Vol. II. P 181. 
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parallel lines, so that they must be converged by the objective 
again to the focus, where they form an image of the thread. It 
is evident that the distance of the reflected images of w ^ 
two micrometer threads will be the same as that of E 
the threads themselves, let then EO, Pig- 14, be a 

vertical line drawn through the centre 0 of the oh- n m m 

jective, and suppose the fixed and movable threads n \ / 

and m to be at the same angular distance from EO , \ / 

on opposite sides of it, or j EOn = EOm. Then the \ / 

rays from n, after passing through the obj ective, form \ / 

a system of rays parallel to nO, and, after reflection \ 
from the mere my (the surface of which is perpen- W 
dicular to ISO), form a system of rays parallel to On, 
and therefore the reflected image of n is seen at n. 

For the same reason, the reflected image of m is seen at n. Now 
let the telescope he revolved through an angle equal to E On, so 
as to make the line nO a vertical line ; then the image of n will 
be found in the vertical line, and will, consequently, he seen in 
coincidence with n itself. And if the telescope is revolved in the 
opposite direction through an angle equal to EOm , the image of m 
will be brought into coincidence with itself. Hence the whole 
angular motion (A) of the telescope, as measured by the vertical 
circle, between the two positions in which n and m are seen in 
coincidence with their own reflected images, respectively, is the 
required angular distance of the threads; and, the number of 
revolutions of the micrometer screw between them being M, we 

have, as in other cases, R — y 

We may, however, dispense with the use of the fixed thread 
in this process. Let the movable thread be placed in any part 
of the field, bring it into coincidence with its reflected image by 
revolving the telescope, and read the circle. Then place it in 
any other part of the field, bring it into coincidence with its 
reflected image, and read the circle. The thread having been 
moved through M revolutions, and the difference of the circle 
readings being JL, we find i? as before. 

In order that the reflected images of the threads may be 
visible, it is found necessary to throw light down the tube, that 
is, from the ocular. For this purpose, one of the eye pieces 
(called a collimating or nadir eye piece) is furnished with a reflector, 
placed at an angle of 45° with the optical axis, which receives 
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licrhi from a lamp held on one side and reflects it down the tube. 
This reflector is sometimes placed, within the eye piece, between 
the two lenses; the light is then received through an aperture 
in the side of the eye tube, and the reflector, if made of metal, 
is perforated in the centre in order that the field may be visible. 
A better plan is to place a small piece of very thin mica ontside 
the eye piece, between the outer lens and the eye, and at an 
angle of 45° with the axis. The mica, being transparent, does 
not interfere with the view of the field, and is at the same time 
a very perfect reflector. This plan has the advantage that the 
mica reflector maybe temporarily applied to any of the eye pieces 
in actual use. 

A mercury reflector used, as in this case, to give reflected 
images of the threads, we shall hereafter designate as a mercury 
collimator .* 

48. Effect of temperature upon the value of a revolution of the 
micrometer screw . — Changes of temperature affect the angular 
value of a revolution of the screw in two ways : first , by changing 
the absolute length of the screw itself; secondly, by changing the 
figure of the objective, and thereby also the focal length. Per- 
haps we should add, also, the almost evanescent change in the 
focal length resulting from a change in the refractive power of 
the glass. The whole effect, however, is very small, and may be 
assumed to be proportional to the change of temperature : so 
that, if R 0 is the value of a revolution of the screw for an 
assumed temperature r 0 , JR the value for any given temperature 
x, we have 

•^0 = + -8 (r — v 0 ) X = R [1 -f- (r — T 0 ) x] (45) 

in which x is to be determined so as to satisfy the observed values 
of JR at different temperatures as nearly as possible, which is 
done by the method of least squares. 

Example. — Suppose the following values of JR have been 
observed: 

E = 26". 557, 26".532, 26".529, 26".500, 26".498, 

for r = 10° 30° 40° 62° 75° (Fahr.) 


* The use of the mercury collimator in connection with the nadir eye piece wa.fi 
introduced by Boiihexberger in 1825 : y. Astron. Each., Vol. IV. p. 327. 
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and it is proposed to determine B 0 for r 0 = 50°. We shall have 
the equations 

R 0 = 26" 557(1 — 40 x) 

R 0 = 26 .532(1 — 20a;) 

R 0 = 26 .529 (1 — 10 x) 

R 0 = 26 .500 (1 + 12a;) 

26 .498(1 + 25 a:) 

Let us assume H 0 = 26.5 + y ; these equations become 

1062 a; + y — 0".057 = 0 
531a; + y — 0 .032 = 0 
265 x -f- y — 0 .029 = 0 

— 318 x -f y + 0 .000 = 0 

— 662 ar -f- y -J- 0 .002 — 0 

Hence, by the usual process in the method of least squares, we 
find the normal equations 


whence 


2019398 a; + 878 y — 86".535 = 0 
878a: + by — 0 .116 = 0 


x = + 0.0000355 


y = + 0".017 


and, consequently, i? 0 = 26".517, and 

26". 517 

1 + 0.0000355 (t — 50°) 

As the coefficient of r — 50° is so small, we may take 

R = 26". 517 [1 - 0. 0000855 (r — 50°)] 

= 26". 517 + 0".000941 (50° — r) 

This gives for the values of R at the observed temperatures, 

R = 26".555, 26". 536, 26".526, 26".504, 26".493 

for r = 10° 30° 40° 62° 75° 


which agree with the observed values within the probable errors 
of such determinations. 


49. The position filar micrometer . — When a filar micrometer is 
attached to an equatorially mounted telescope, there is usually 
combined with it a small graduated circle, the plane of which is 
parallel to that of the micrometer threads, by means of which 
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tlie arnde which these threads, or the transverse threads, make 
with adeeliuation circle may he ascertained. The micrometer 
then serves to measure not only the distance between two stars, 
but also their angle of position ; that is, the angle which the arc 
joining’ the two stars makes with a declination circle. 

The° index error of the circle, or its reading for the position 
angle zero, is best obtained with the telescope in the meridian. 
Let the micrometer be revolved until the movable thread is per- 
pendicular to the meridian, which will be the case when a star 
of small declination remains upon the thread throughout its 
passage across the field. The transverse thread will then repre- 
sent the meridian, and in all other positions of the telescope, if 
the equatorial adjustment is good, will represent a declination 
circle.* If the reading of the position circle is then JP Q , and 
the micrometer is afterwards revolved so that its transverse 
thread passes through two stars in the field, and the reading 
becomes P, the apparent position angle of the stars is 

p = T~-P 0 (46) 

All position angles should he read from 0 to 360° in the same 
direction. I shall always suppose them to be reckoned from the 
north through the east. 

50. I shall briefly notice some other micrometers hereafter 
(Chapter X.). What has been given in relation to the filar micro- 
meter was necessary in this place on account of the connection 
of this instrument with nearly every form of telescope. 

THE XEVEL. 

51. The spirit level may here he classed among the instru- 
ments for measuring small angles, inasmuch as its use in a«tro» 
nomy is not so much to make a given line absolutely level as tc 
measure the small inclination of the line to the horizon. It 
consists of a glass tube, ground on the interior to a curve of 
large radius, and nearly filled with alcohol or sulphuric ether. 
(Water would freeze and hurst the tube). The bubble of air 
occupying the space left by the fluid will always stand at the 


*See, however, Chapter X. in case the adjustment of the equatorial telescope 
not quite exact. 
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highest point of the curve of the tube; and therefore any 
change of the relative elevation of the two ends of the tube 
must be followed by a corresponding change in the position of 
the bubble. This position of the bubble, therefore, which is 
read oft' by means of a scale, or by graduations marked on the 
cube itself, serves to measure all changes of inclination within 
the extreme ranges of the arc of the curve employed. The 
larger the radius of the curve, the more sensitive will the level 
he. There is, however, obviously a practical limit to the radius, 
which is determined by the kind of instrument to which the 
level is to be applied and the degree of accuracy aimed at. 

In order to apply the level to the horizontal axis of an instru- 
ment, it is either mounted upon two legs, the distance apart of 
which is nearly equal to the length of the axis ; and these legs 
terminate in Vs, so that the level bears only at two points of the 
cylindrical pivots of the axis, in which case it is called a striding 
level: or it hangs from the axis by arms, which are recurved 
and terminate in inverted Vs; and it is then called a hanging 
level. 

Plate II., Fig. 4, represents a common form of the striding 
level, and Fig. 5 is an end view of the legs. The tube ef is in 
this level covered by a larger glass tube abed, to protect the fluid 
from sudden changes of temperature. These are secured to a 
bar AB , usually a hollow brass cylinder, which is connected 
with the legs by screws s and t, which serve to adjust the rela- 
tion of the level tube to the line of bearing of the Vs of the 
feet, as will be explained hereafter. 


52. In order to investigate the method of using the level, let 
us first suppose JEW, Fig. 15, to be 
a truly horizontal line on which 
the level A£ rests. Let 0 be the 
zero of the graduations; e and w 
the ends of the bubble. Let the 
length of the bubble be 21 If 
the legs AJE and JBW were per- 
fectly equal, and 0 were in the 
middle of AB, the readings of v) and e from 0 would be exactly 
the same, and each equal to l But, if B W is the longer leg, 
the bubble wall stand nearer to B by a number x of divisions ; 
and if at the same time the zero 0 stands nearer to A than to B, 
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at a distance of y divisions from the middle, then the readings 

-wilt be 

at icj i + r ■+ y> 

at e, l — x — y- 

If now- This raised so that EW becomes inclined to the horizon 
hr the angle b, the hobble will stand nearer to the end B by a 
number z of divisions, so that the whole readings at w and e 

will be 

w ^l + x + y +-z j ^ 

e = l — x — y — z j 


To eliminate the errors r and y, let the level now be reversed, 
i>o that the end A stands over TF and JB over E. The errors x 
and y will both change sign; bnt, the line EW being inclined 
as before, the readings of the ends of the bubble towards W and 
E, respectively, will be 


w'—l — x — y -f- z 
e'= l + i + y — z 

From the equations (47) and (48) we deduce 



l(w — e)= x-f- y -|- * 

2 ( W — e")=—(x-\-y) + z 

whence 

e — \ CIO 0 — «) + 2 («>' — O] 

or 

. _ (w + »') — (e + <0 


} 


(49) 


(50) 


whence the practical rule : Place the level on the line whose inclina- 
tion is to be measured , a7id read the divisions at the ends of the bubble ; 
reverse the level, and read again. Add together the two readings lying 
towards one end of the line, and also the two readings lying towards the 
other end of the line. One-fourth the difference of these sums is the 
measure of the inclination. The line is elevated at that end which 
gives the greatest sum of readings. 

This gives the inclination expressed in divisions of the level ; 
the value of the angle b corresponding to z divisions is known 
when the angular value d of a division is known, so that 


b = dz ( 5 !) 

S3. The errors x and y are inseparable ; we can only find their 

sum, which is 
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x + y = 


(m> — <?) — (w' — e') 

4 


(52) 


If the errors of the level could be regarded as constant, the 
value of x + y thus found would enable us to dispense with the 
reversal of the level, since either of the equations (49) would 
then determine z ; but such constancy is never to be assumed. 


54. For greater accuracy, the level may be read a number of 
times in each position, taking care to lift it up after each read- 
ing, so that each observation may be independent of the others. 
The sums of all the readings at each end of the bubble are to be 
formed, and the difference of these sums divided by the whole 
number of readings. The number of readings in the two posi- 
tions must be equal. 

Example 1. 


A level on 

the axis 

of a 

transit instrument was read aa 

follows : 





w. 

E. 

w — e 

1st Position 

29.1 

31.2 

— 2.1 

2d “ 

35.4 

24.9 

+ 10.5 


64.5 

56.1 

4)— 12.6 


56.1 

x -f y = — 3.15 = error of the level- 


4) 8.4 
2.1 


The value of a division was d= 1".25 ; and hence 

b —dz — 2". 63 

which is the elevation of the west end of the axis. 


Example 2. 

The following readings were obtained with the same instru- 



w. 

E, 

1st Position 

29.0 

31.3 

2d “ 

35.4 

24.9 

2d “ 

35.6 

24.6 

1st “ 

29.2 

31.0 


129.2 

111.8 

8) 17.4 

111.8 


2 18 


z — 


b = 2". 72 
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By taking the first and last observations in the same position 
of the level, as in this example, any small change in the level 
itself, occuring during the observations, is eliminated. 

55. The zero of the level is, however, not always placed near 
the middle of the tube ; it may be at one end and the divisions 
numbered consecutively through the whole length of the tube. 
In this case, we have only to find the reading corresponding to 
the middle of the bubble in each position of the level : the half 
difference of these readings will evidently he the required incli- 
nation. It will be necessary, in the record of the observation, 
to note the position of the ends of the level, or to indicate in 
some manner the direction in which the divisions increase, which 
is usually effected most readily by a conventional use of the 
algebraic sign, as in the following 

Example. 

A level which is graduated from the end A towards the end JB 
reads as follows when placed on the axis of a transit instrument* 



w. 

E. 

Reading of 
middle of 
bubble. 

or thus: 

A east 

+ 64.0 

+ 13.5 

+ 38.75 

+ 77.5 

B “ 

— 10.1 

— 60.7 

— 35.40 

— 70.8 




2) + 3.35 

4) + 6.7 



z 

= + 1.675 

z = + 1-675 


Since in the case of a transit instrument we wish to find the 
elevation of the west end (a negative elevation being interpreted as 
a depression), we here mark the level readings with the positive 
sign when they increase towards the west, and with the negative 
sign when they increase towards the east. The value of z will 
then he obtained, with its proper sign, by simply taking the 
mean of all the readings, as in the last column above. 

56. In the above examples, the diameters of the two pivots of 
the axis on which the level rests are assumed to be the same. 
When this is not the case, a correction becomes necessary, which 
will he considered in its place under “ Transit Instr um ent/ * 
Chapter V. 
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57. To find the value of a division of the level . — This is most readily 
done by means of a simple instrument called a level-trier. A 
horizontal bar is supported by two Feet at one end and by a 
single foot-screw at the other. The level is placed on the bar, 
and the number of tarns of the foot-screw necessary to carry the 
bubble over any given number of divisions is observed. The 
angular value of a turn of the foot-screw is known from the 
distance of its threads and the length of the bar. The head of 
the screw is graduated so that a fraction of a turn may be noted. 

We can also determine the value of a division by attaching 
the level tube to a vertical circle and noting the number of 
seconds on the circle corresponding to a motion (of the circle 
and level together) which carries the bubble over a given number 
of divisions. Thus, suppose we read the ends A and B of a level 
thus attached to a circle, and also read the circle itself, as follows: 


A 

B 

Circle. 

5.0 

40.2 

0° O' 40". 

41.3 

3.8 

0 1 25 .3 

36.3 

36.4 

45 .3 


(mean) 86.35 d = 45". 3 
d = 1".246 

When the level is applied to a telescope which is provided 
with a micrometer, the value of the divisions of the level may 
he found from those of the micrometer. An example of this 
method will he given in connection with the Zenith Telescope, 
■Chapter VEIL 

58. To find the radius of curvature of a level . — Let n be the length 
of a division in linear units, d the value of a division in arc, 
found as above; then the radius will be 

n 

d sin 1" 

Suppose that in the level of the preceding article we have 
7i = 0.103 inch, then we find, for this level, r = 17051 inches, or 
1421 feet. 

59. The value of a division of a level may be affected by changes of 
temperature . — This will "be discovered by taking observations for 
determining this value at two temperatures as different as pos* 
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sibk*. The proper value to l>e used for any intermediate tern, 
perature will then be found by interpolation. 


60. It is also possible that the rad ins of curvature of deferent por- 
tions of the tale nun/ be different — This, of course, is a radical defect 
in the •construction of the instrument: its effect is to give dif- 
ferent angular values to divisions of equal absolute length in 
different portions of the tube. The existence of such a defect 
will be discovered by determining the value of a division inde- 
pendently at various points; and it is proper to examine all our 
levels in this maimer. A level thus defective should be rejected 
as unfit for any refined observation ; but, if no other can be had, 
a careful investigation might determine a system of corrections 
to be applied to the different readings. 

61. It remains to be shown how to effect the mechanical adjust- 
ment of the level. 1st. The bubble should stand nearly in the 
middle of the tube when the level stands upon any horizontal 
line. This is quickly brought about by finding the error of the 
level = x + y, (as in Example 1, Art. 54) and then turning the 
screws t, t\ Plate II. Pig. 5, until the bubble has moved through 
this quantity in the proper direction. 2d. The axis of the tube 
should be parallel to the line joining the angle of the Ys of the 
feet, and, consequently, parallel to the axis of an instrument on 
which it rests. This is tested by slightly revolving or rocking 
the level on the axis of the instrument, so that the legs are 
thrown out of a perpendicular on either side. If the axis of the 
level tube is not parallel to the line joining the feet, but lies 
cross-wise with respect to that line, this revolution will cause the 
bubble to change its position, and it will be easy to see in what 
direction the correction must be made. The adjustment is made 
by the screws s, s r . 
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CHAPTER III. 

INSTRUMENTS FOR MEASURING TIME. 

62. Chronometers . — The chronometer is merely a very perfect 
watch, in which the balance wheel is so constructed that changes 
of temperature have the least possible effect upon the time of its 
oscillation. Such a balance is called a compensation balance. A 
chronometer may be well compensated for temperature and yet 
its rate may be gaining or losing on the time it is intended to 
keep: the compensation is good when changes of temperature do 
not affect the rate. It is not necessary that a chronometer's rate 
should he zero (or even very small, except that a small rate is 
practically convenient ); it is sufficient if the rate, whatever it is, 
remains constant. The indications of a chronometer at any 
instant require a correction for the whole accumulated error up 
to that instant. If the correction Is known for any given time, 
together with the rate, the correction for any subsequent time is 
known. The methods of finding these quantities are given in 
YoL I., Chapter V. 

63. Winding . — Most chronometers are now made to run either 
eight days or two days. The former are wound every seventh 
day, the latter daily, so that in case the winding should be for- 
gotten for twenty-four hours the chronometers will still be found 
running. But it is of importance that they should be wound regu- 
larly at stated intervals ; otherwise an unused part of the spring 
comes into action, and an irregularity in the rate may result. 

Chronometers are wound with a given number of half turns of 
the key. It is well to know this number, and to count in winding, 
in order to avoid a sudden jerk at the last turn: still the chro- 
nometer should always be wound as far as it will yo, that is, until 
it resists further winding. This resistance is produced not by 
the end of the chain, but by a catch provided to act at the proper 
time and thus protect the chain, 
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When a chronometer has stopped, it does not again start 
immediately after being wound up. It is necessary to give the 
whole instrument a quick rotator y movement, by which the 
balance wheel is set in motion. This must be done with care, 
however, and with little more force than is necessary. to produce 
the result; afterwards the chronometer must be guarded from all 
sudden motions. 

The hands of a chronometer can be moved without injury to 
the instrument, so that it may be set proximately to the true 
time. It is, however, not advisable to do this often. 

64. Transporting . — Chronometers transported on board ship 
should be placed as near the centre of motion as possible, and 
allowed to swing freely in their gimbals, so that they may pre- 
serve a horizontal position. They should also he kept as nearly 
as possible in a uniform temperature. 

When transported by land, the chronometer should no longer 
be allowed to swing in its gimbals, but is to be fastened by a 
clamp provided for the purpose; for the sudden motions which 
it is then liable to receive would set it in violent oscillation 
in the gimbals, and produce more effect than if allowed to act 
directly. 

Pocket chronometers should be kept at all times in the same 
position : consequently, if actually carried in the pocket during 
the day, they should be suspended vertically at night. 

It has been found that the rates of chronometers have been 
affected by masses of iron in their vicinity, indicating a magnetic 
polarity of their balances. Such polarity may exist in the balance 
when it first comes from the hands of the maker, or it may be 
acquired by the chronometer standing a long time in the same 
position with respect to the magnetic meridian. In order to 
avoid any error that might result from this polarity (whether 
known or unknown), it will be well to keep the chronometers 
always in the same position. Hence, they should not be removed 
from the ship to be rated; but their rates should be found after 
they are placed in the position they are to occupy. 

The rate of a chronometer when transported is seldom the 
same as when at rest. The travelling rate is found by comparing 
the observations taken at the same place before and after the 
journey, or from observations at two places whose difference of 
longitude is perfectly well known. A list of well determined 
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“differences of longitude” is given in Paper's Practice of Navi- 
gation , for the use of navigators in finding the sea rates of their 
chronometers. (See Yol. I. Art. 258). 

65. Correction for temperature. — An absolutely perfect compensa- 
tion for temperature in chronometers is hardly to he expected. 
It has been found* that the average temperature compensation 
of chronometers is of such a nature as to cause the instrument to 
lose on its daily rate when exposed to a temperature either above 
or below a certain point for which the compensation is most 
perfect. Professor Bond found fora large number of chronome- 
ters that if $ u be the temperature of best compensation, $ that of 
actual exposure, the rate may be expressed for a range of 20° 
above and below # 0 by the formula 

m = m,+ k(* — * o y (53) 

in which k is a constant, and has, with rare exceptions, a positive 
sign, and m 0 and m are the rates at the temperatures $ 0 and 
respectively ; losing rates being positive. 

M. Lieusson, from a very extended examination of the per- 
formance of chronometers on trial at the Observatories of Green- 
wich and Paris, finds that the rate varies both with the tempe- 
rature and with the age of the oil with which the pivots are 
lubricated. The thickening of the oil tends to diminish the 
amplitude of the vibration of the balance, and thus produces an 
acceleration of the chronometer. This acceleration is almost 
exactly proportional to the time, so that for any time t the rate 
may be found by the complete formula 


m = m Q + k (# — — k J t (54) 

in which k f is the daily change of rate resulting from the gradual 
thickening of the oil. The constants k and k f will be different 
for every chronometer, and are determined by experiment for 
each instrument. 

66. Comparison of Chronometers . — "When one or more chro- 
nometers are to be regulated by means of astronomical observa- 


* Lieusson, R6cherches stir les variations de la marche des pendules et des chro- 
nomHres ; Paris, 1854. G. P. Bond, in Lis report on the longitude in the Report of 
the Superintendent U. S. Coast Survey for 1854, App. p. 141. 
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lions, these observations are made with hut one of them, ami the 
corrections of all the others are found hy comparing them with 
this. On hoard ship the chronometers are never brought on 
deck; but the observations are made with a watch (often called a 
" % hack- watch” ), which is compared with the chronometer either 
before or after, or both before and after, the observations. The 
double comparison is necessary where extreme precision is re- 
quired, in order to eliminate any difference of the rates of the 
watch and chronometer. 


Example. 

An observation is recorded hy a hack-watch at the time 
10* 12“ 13\3, and the following comparisons are made with the 
chronometer. Required the time of the observation hy the 
chronometer. 

Chron. 8* IT 3 ® 0 8 . 8* 27 w (K 

Watch 10 8 9 .5 10 18 8.0 

Reduction — 1 51 9.5 — 1 51 8.0 

Here the watch loses 1*.5 in 10“: hence, in 4 m , the time from the 
first comparison to the observation, it loses E.5 X or 0 5 .6, so 
that the difference at the time of the observation is 1* 51 m 8*.9: 
therefore we have 

Watch time of obs. = 10* 12 TO 13*.3 

Reduction to chron. == — 1 51 8 .9 

Chron. time of obs. = 8 21 4.4 

Comparison by coincident beats . — When two chronometers are 
compared which keep the same kind of time, and both of which 
beat half seconds, it will mostly happen that the beats of the two 
instruments are not synchronous, but one will fall after the other 
hy a certain fraction of a beat, which will he pretty nearly con- 
stant, and must be estimated by the ear. This estimate may be 
made within half a beat, or a quarter of a second, without diffi- 
culty, but it requires much practice to estimate the fraction 
within (XI with certainty. But if a mean time or solar chro- 
nometer is compared with a sidereal chronometer, their dif- 
ference may be obtained with ease within one-twentieth of a 
second. Since 1* sidereal time is less than 1® mean time, the heats 
of the sidereal chronometer will not remain at a constant fraction 
behind those of the solar chronometer, hut will gradually gain 
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on them, so that at certain times they will he coincident Now, 
if the comparison is made at the time this coincidence occurs, 
there will Ik* no fraction for the ear to estimate, and the differ- 
ence of the two instruments at this time will be obtained exactly. 
The only error will be that which arises from judging the beats 
to be in coincidence when they are really separated by a small 
fraction ; and it is found that the ear will easily distinguish the 
beats as not synchronous so long as they differ by as much as 
0\05; consequently the comparison is accurately obtained within 
that quantity. Indeed, with practice it is obtained within 0 s . 03, 
or even 0\02. Now, since 1* sidereal time — 0\ 99727 mean time, 
the sidereal chronometer gains (X 00273 on the solar chronometer 
in 1*; and therefore it gains 0 s . 5 in 183 s , or very nearly in 3 m . 
Hence, once every three minutes the two chronometers will beat 
together.* When this is about to occur, the observer begins to 
count the seconds of one chronometer, while he directs his eye to 
the other; when he no longer perceives any difference in the 
heats, he notes the corresponding half seconds of the two instru- 
ments. 


Example. 

A solar and a sidereal chronometer were compared by coinci- 
dent beats, as follows: 

Solar chron. 4* 16 m O'. 4* 19 m 10'. 

Sidereal “ 1 3 11.5 1 6 22 . 

Difference 3 12 48 .5 3 12 48 . 

Here the interval between the two comparisons being about 3 m , 
the sidereal chronometer has gained a beat. In order to judge 
of the accuracy of the comparisons, let us reduce the second to 
the time of the first. The solar interval is, by the solar chro- 
nometer, 3 m 10 s ; the corresponding sidereal interval is, by the 
tables, 3 m 10 s . 52; the second comparison reduced to the time of 
the first stands as follows : 

Solar chron. 4* 16 w 0®. 

Sid. “ 1 3 11 .48 

Difference 3 12 48 .52 


* They will either beat together, or at least their beats will both fall within a 
space of time equal to one-half of 0*. 00273. 

Vol.II.— 6 
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that R it agrees with the first comparison within Q\Q2. Suppose 
that at tlu* second comparison the time when the beats were 
coincident was mistaken, and the observer made his comparison 
W later; he would have had 10* more on each chronometer, and 
consequently would have put down the comparison thus: 

Solar ehron. 4 & 19 m 20*. 

Sid. “ 1 6 82 . 

The mean interval between the comparisons would have been 
3* 20\ and the equivalent sidereal interval is 3 m 20*.55, so that 
this second comparison reduced to the time of the first would 

have stood thus : 

Solar ehron. 4* 16 m O'. 

Sid. “ 1 3 11.45 

Difference 1 12 48 .55 

that is, the two comparisons would still have agreed within 0*.05. 
The observer can in this way satisfy himself by a few trials that 
the two chronometers can really be compared within 0*.05 with 
certainty. 

When two solar chronometers are to be compared together, it 
will be most accurately done by comparing each with a sidereal 
chronometer by coincident beats, and reducing the comparisons 
as follows ; 


Example. 

Two solar chronometers A and B are compared with a sidereal 

chronometer Q as below: 

C 6* lZ m 20*. A i h 40 w 10\5 

C 6 15 15. B 5 21 13. 

Sid. interval 1 55 . = 1 54 .69 solar 

B reduced to time of A = 5 19 18 .31 
Difference of A and B = 0 39 7 .81 

The intermediate chronometer used for comparison is not 
necessarily a sidereal one. It may be a mean time chronometer 
which does not beat half seconds; for example, a pocket chro- 
nometer which beats 18 times in 6 seconds. In this case each 
beat of the pocket chronometer is worth T %, and therefore differs 
from that of a chronometer beating half seconds by & of a second 
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The inaccuracy of a coincidence cannot exceed this quantity, and 
the comparison may, therefore, also be made within of a second. 

67. Probable error of an interpolated value of a chronometer cor- 
rection. — 'When the corrections a T and a T ! for the times T and T ( 
are given, the correction for any other time T + t = T f — V is 
found by interpolation. Denoting the rate by ST \ and the 
required correction by x, we have 

either x = a T -f* t . ST or x = aT' — f . ST 

is ow, granting that the given quantities a T and a T f are perfectly 
correct, the interpolated values of x will also be correct if there 
are no accidental irregularities in the going of the chronometer. 
But such accidental irregularities certainly exist, and tend to 
diminish the weight to be assigned to any interpolated value of 
the correction. If the mean (accidental) error in a unit of time 
is £, the mean error in the interval i is, by the theory of least 
squares, e\ /\ and the weight is inversely proportional to the 
square of this error, that is, inversely proportional to t We shall 
have then 

k 

x — a! + t.dT with the weight - 
x = aT* — tf.dT “ “ « l 


in which k is an undetermined constant. 

Multiplying each value by its weight, and dividing the sum by 
the sum of the weights (according to the usual process in the 
method of least squares), we have 


x 


t.AT+t.AT' ... ■ . w + 

j-j-j , with the weight == k I J 

or with the mean error == £ 

t — |— tf 


(55) 


This error is zero either for t = 0 or t' = 0, and is a maTimnm 
for t = t', that is, when the correction is found for the middle 
time between the two given times T and T'. 


68. If, however, the chronometer has accelerated or retarded 
uniformly, the error will obtain a different expression. Let the 


t * ! ; ; t ■ T W i'T and at the time* T' be d f T. The 
ia .i am! «*f time is 


.V’T 



(56) 


The rate at the middle instant between T and T ~f- i is oT 
• and at the middle instant between 7 V and 7 V — V 

it < > d’ f * t' . d” 1 : lienee we have 

a • aT • t ' T - It.-r'T - a 7' -±- 1 .o T ~f- lt 2 .o"T 
* aF- f-.'T d’."'F-Ar-fJT T lf\r>”T 


M vintr tin* first by /\ the second by /, and dividing the sum 

of the prod new by / — f , we have 

x = - »'• ' r f + i ft', 

f ~e f r r 

or 


f . A r 4 - t . A F 


f + f 


— lit'.rT 


(57\ 


whence it appears that the error of the value obtained by simple 
interpolation, or upon the supposition of a uniform rate, is 
§■ if, iV I\ and this error is also a maximum for the middle instant 
between T and T\ when i — t\ and vanishes for t = 0 or i! = 0. 


69. Every chronometer has, moreover, its own peculiarities 
which render the application of any formula for weight more or 
less uncertain. Struve found that, for the greater number of 
the chronometers which he tried, the mean error of an interpo- 



cal form ula s • — h* differing from the above theoretical formula 

* ~t* [ 

by the omission of the radical sign. {Expedition Chrononietrique , 

P : loi.) 

70, Clocks .■ — -The astronomical clock is provided with a com- 
pensation pendulum, by which the effect of temperature is even 
more completely eliminated than in chronometers. ' The only 
forms in use are the Harrison (the gridiron) and the mercurial 

pendulum. 

In the gridiron pendulum the rod is composed (in part) of a 
number of 'parallel bars of steel and brass, so connected together 
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that the expansion of the steel bars produced by an increase of 
temperature tends to depress the “ bob" of the pendulum, the 
greater expansion of the brass bars tends to raise it, so that when 
the total lengths of the steel and brass bars have been properly 
adjusted a perfect compensation occurs, and the centre of oscil- 
lation remains at a constant distance from the point of suspen- 
sion. The rate of the clock, so far as it depends upon the length 
of the pendulum, will therefore he constant. 

In the mercurial pendulum, the weight which forms the bob 
in other eases is replaced by a cylindrical glass vessel nearly 
tilled with mercury. With an increase of temperature the rod 
lengthens, but the mercury expanding must rise in the cylinder, 
so that when the quantity of mercury is properly proportioned 
to the length of the rod the centre of oscillation remains at the 
same distance from the point of suspension. If a clock is to be 
exposed to sudden changes of temperature, the gridiron pendulum 
will he preferable to the mercurial, as the large body of mercury 
will obtain the temperature of the air more slowly than the 
thin metal rods. 

In setting up the clock the chief point to be observed is that 
its alternate beats are exactly equal. The pendulum usually 
carries a pointer at its lower extremity which indicates upon an 
arc below the pendulum the extent of a vibration. Let the 
pendulum be drawn towards one side gently, until a tooth of the 
escapement wheel is just freed, and mark th§ point of the arc at 
which this occurs; then let the pendulum be drawn towards the 
other side, and mark the point of the arc at which a tooth escapes. 
Find the middle point A of the included arc. Then let the 
pendulum come to rest in a vertical position : if the pointer is on 
A the adjustment is correct, and the vibrations on each side will 
be isochronous ; if not, the clock case must be moved until the 
vertical pendulum is directed exactly towards A. The equality 
of the vibrations may also be tested by the electro-chronograph, 
hereafter described. 

What has been said above respecting the comparison of chro- 
nometers will apply, with scarcely any modification, to that of 
blocks, or of a clock with a chronometer. 

In the observatory, a clock regulated to sidereal time is the 
indispensable companion of the transit instrument. The standard 
or normal clock of an observatory is carefully mounted upon a 
stone pier which is disconnected from the walls or floors of the 
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building, and also protected as much as possible from ch^* 1 ^ * 
of temperature. For the latter purpose it is sometimes imb^ 4 ^ * 
in a stone pier, in an air-tight compartment below the " 

of the ground. Struve found that the changes of barorx^ 4 ^ * ' 
pressure, by varying the resistance which the air opposes to f * ’ 
motions of the pendulum, caused a variation in the rate of * * 3 
normal clock of the Pulkowa Observatory of 0 s . 32 for a vari^f 1 # * 
of one English inch of the barometer.* 


71. The electro-chronograph. — This contrivance may be reg^** 4 1 ^ ^ 
as an appendage of the astronomical clock, and bearing the 1 1 * *'* 
relation to it that the reading microscope bears to a di^** 1 ^ 

circle ; for its chief use is to subdivide the seconds of the ol* 
and thus to measure micrometrically the smallest fraction *■* • 

time. In order to effect this micrometric subdivision, the 
beats are converted from audible into visible signals, whicTi 
recorded on paper by means of an electro-magnet. The ixxBt ***** 
of the occurrence of any phenomenon is also registered l*v zi 
visible signal on the same paper, and thus referred to tho § ♦ r e- 
ceding clock beat with great precision. This general state i i * * *** 
covers a great variety of special contrivances leading to the rsu» 
end. We shall here treat only of those which, thus far, liar***** 
been most used. 


72. The simplest form of register is that known on our- ted*** 
graphic lines as Morse’s, in which a fillet of paper is reeled oil' 
at a uniform velocity by means of a train of wheels moved. T*y m 
weight. The fillet passes over a small cylinder and just 
a hard steel point, or pen (as it is called, for brevity), which, in mm 
connected with the armature of an electro-magnet that when «*%*** r 
the electric circuit of the galvanic battery is established, tho | ,***$$. 
is pressed upon the paper and leaves a visible mark. The wire 
from one pole of the battery which passes around the eIoc*f r##® 
magnet does not return directly to the other pole, but first pau#*#*#*# 
through the clock, where, by a contrivance presently to f w 
described, the circuit is broken and restored at every secoiicl 
The Morse fillet in running off, therefore, receives an imprest#! mm 
every second, and thus becomes graduated into spaces represent, 
ing seconds. These spaces are greater or less according to 


* Description de V ohservatoire astronomtque central de JPoulkova, p. 220. 
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velocity with which tin* paper rims off; an inch per Haemal in 
even more than Butlicient, m it in easy to divide an ineh into fifty 
parts hy a wale, even without the aid of a magnifier. 

It in td’ import ance that the paper should rtm off with a uni- 
form velocity ; at leant, no Hudden ehuugcH of veloeity nhould 
occur. In the Mo rue register thin regularity in maintained hy an 
ordinary fly-wheel. In the e/#rue/-//o/rr//er, invented hy the 
M vHurn. Ho.\n t a fly-wheel and pendulum are both lined. The 
pendiil tun nee urea the rendition that the neemidn nludl lie of the 
name length, while the fly in nupponed to maintain a uniform 
motion during the second. In thin and in other ehronographie 
in*! rnmontH there in Huhafituted for the fillet a nheet of paper 
wrapped aliout » ey tinder whirl* muken one revolution per minute. 
Ah the eyliuder revolve*, a fine twrew eauneH it to move uIko in 
the direetioii of it* length, Ho that the pen reeordn in a perpetual 
Hpirah and when the paper in removed from the eyliuder the 
HUeeemdvc min u tea are found recorded in HUeeennive parallel 
linen. One Hindi nheet will eontaiu the record of upwards of 
two hour*** work. Thin cylindrical register in preferable to the 
Mom* fillet for iinmt ehronographie purponen, on neeount of the 
convenience with which the aheetH may he read off and filed 
away for Huhnetpient reference. 

In Saxton’h eylindrienl regiater the movement in regulated hy 
a eomhiuation of the enrnk motion with the vibration of two 
pendulum*. 

ProfeHHor MitmiKU employed a eireular dine upon which the 
Hliecennive minute* occupied rotieelilrie circle#, each of whieh 
w m graduated into nceomU with great, preeiaion hy connection 
with the ch*ek. 

73k The connection of the clock with the register m made in 
one of two way* ; either ho a# to break the circuit every necond, 
or ho an to it. 

Tin* method tit oh t uned of canning the clock to break the 
circuit U that Huggented hy Mr. Haxtox, of the i'mnt Hurvey. 
ACIt, Fig, lb, b a mnall and very light •* tiltdmnmier/’ mnnlly 
ffttide of platinum wing mounted upon a pivot (\ m that the end 
A idndl alight ly preponderate and rent upon n platinum {date K 
The end ll in bent into an obtime angle. The wire F from one 
pole of the galvanic battery in mmUmtly with the tilt* 

Immtner through the metallic support IX Another wins 0 U 
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commoted with tin* phim h\ ami ;/.**■* 
first to tin* elect r*» imejmi Mf'rb.- 
and t f it *n <•«* !*♦ flu* * » j I * » * r j *n\<* m i j , ^ mm 
t<*rv. This aj*i»arat n* j, j.In.-.-d jj, fb»* 
(dork rax* in tVuiif «»|‘ flu- j» nduiiufj PM, 
with tin* vertex id’ tie* angle // an a m-r 
tical lim* below f hr .<f mm?; 

P- A small j *in A jtrnji'rt in g fr*t?H 
pendulum rod | »a *-*”** ^ * »\ *• r f h» - a ugh* /I 
at each vibration u| i f i « * pmiduhif in ami, 
hy thus depressing ?j }r |f|M j // M | f j 4 ,, » i|j .. 
hammer, raises the end J fr*»iu t )«*• phn** 
and break* tin* idiviiif, whic h 
wis(‘ is eomplef** thrmigh the omiuw* tmi* 
of tin* portion ,|T of tlie fiif hammer 
with hot 1 1 tin* wires p ami //. The in 
t(*rval of time during with*!* tin- * tmin? 
is broken will bo longer m* shorter u*'*'**t4* 
ing as the pin N" strikes the sides of the angle // farther from or 
nearer to its vertex. It may he adjusted so that the break *hali 
last but one-twentieth of a second, or for » sborfer time if 
required. 

Now, if the pen of the renter in kept pressed m,,.„ the r 
by the attraction of the eleetro-iangnct. it |* • i.-ar that tie- ht*->,k» 
produced hy the clock will produce corresponding hre«k* «m the 
continuous line made hy the pen, ami the paper will he g,.,.h, 
ated into seconds, thus: 



But if the pen is pressed upon the paper hv a spring acting 
y the clock will give a corresponding short mark «.t> the paper 

toiztrz? K * 

“0“ of , th f c «>*•* i» commonly 

"t u - 

y ic dock dons not eituse fin* § f | 


< t rn. 


mi 

r i - * ' !>«*?!! t Si*' paprix hut ntuv^ if laterally ; in thi* *«a^* thr paprr 

i * i5f'a»i uaf r»l inti* ^**r* *n»I t|»u*: 


I , r. Im* &!■; ah** rmploynl a f Sit luimimt f * * r hrruktmc \ h«* rir 
; fail I la* hafum* r \\a* workr*f hv t hr tmlh of a n h**rl j «)a» « *i 
nil * In* axi* t *t tii»“ r ^’ajM-nn’iit wIhm*! of tin* Hook, 

At tin- \\ a4*intrf**u * horrvatnrv* tin* n*<*« ml *»n thr paprr <>f 
tbr r\ hml rhal rriri^f or* ha*** al**» born ttiatit* hy fim* j»um1 uiv** 
*1 1 i% a m^ii* point, Thr ft* **■# 1 1« * ha* a tiffin piny whirh 
j*ri \ * nt m it m !v*i*fu**r tin* motion of tin* <y limlrr iltiriu^ fhr film* 
tv*juirrii fur f }»«* n» wfrr ami h*uv«* t Is*’ pup<*r. 

71. Tli- ti****! «a?np|r irtHhuil l»y whirls tin* pt'iniuhtiii multM 
fin.* at rarli brat i* a !•*»«» f }$** *«iij£yr«Miuh of Mr. S,\X‘pnv, 

A Htnall ***!« »huh* nf mrivtiry U pbmnj jihi fiHou tin* | *<«f m I ts! tint, 
a* sit A, KijLfr IT, upon a mrtallir ntipporf whirl* by 
tin* win* F i* in <*t«fin«*rfioii with otm po|r of f hr 
hattrrv. Aimfhrr win* if in rohfirrtnj with tin* 
mrtaliit* Htpport of f)m prmlulum n mI at l\ uml in 
roftjirrfnf with tin* othrr poh» * *!’ f t*** hattrry through 
flip Hrufru-ma^in't. A lino point m upon tin* ux* 
ttviliity of fbr prinhlittfn }ia«»f** through f Im y'lobulr 
at »*ii«*h vi f*rat >*•!» ami * *M;f n f *1 i h| i**m iIm* rlrrfrtr rir- 
for a .Htuall traction *4 a wromb through flit* 

}**ii»lsil?nii Th*’ will hi* u * ^raihuifn 

fin* pa; # **r in * mm’ *»f fh** ah«»vi* mcnfionni wava 

am-tnlin^ w# th»* of fin* rr^infcr, 

7**, Having tl«fi h obfutncil a yrmhiamil vi#ihh< 
titiit^Hruha if.?* application ft* the v%w t rrronlitijg i# f 

an n«t rtiismniral nSiHi-rvathm i*4 v**ry nimphx W«« 

? fi#I v in !rt mip* (if tin* u tr#** in «nMitmrtinn with 
tSi« j pn** t an it-H way tu tfm hattnry, tf*rum/h 4 i 

liif kiwi * : f fk' *Jtwr***i% whim thi* rimiit may In* 
hrnkm usitt at jilriMiim, A Httali j*i**« *’ ^ 

nf apparatus raSInl #i k nmnl for tUU purpu^ts If rtim 

**I « of fivn or *i% in* h* ^ in hii^fti, Fi^ tm 

wliiofi k it %wAn\Vw Hprinjr A /k wiiirh hy n wry flight 

|ifi^**iirr nf thn fin^rr run hr hroi*|clif- ilitu rciiiliti f with it tiniiillir 
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pint** Hi C MUi’rlVi* ih«‘ ^ * r ‘ 

lli*’ 1., 

Fsg. I*. fihi' »•' 


mr*!* «i 


Thin Vi *UHf it Ut*’ 1 * H lit* i Li' <\i ■ *■' 

ttrruiij^mimiit may h*' r»# -* ,s 

continuity *4* t i*» win* k mh-mq 
£*■*/, Xuu\ w h« m v* i* th»* *T‘on«- 
du«*«’ ujiMii hi* tum* *'"•» 

(dork, 1»Ut n»*».*tly dintiutfukhalM* 
MorncTillct, nil*! with a f *r*-uk * n > 


JJiTi*, at A, i* u r**vnr*i **f hu A , 

lM*tWi**«|l tint *JUf fl III 4* 1 •*!'*! *«*»‘on<i . I* v : , ^ U" * ■'* 

find tin* «lintaim»< *»f A Iron* :i*f a* 14 «•! - - 4 iF* -h; 

to 4 1 % ami hrtin" !}*** inntiiiit -of tfvr oh 4«- ir •?, .ntnor- ?•* 

In Mnl**r to identify it*** mi ^ 

mcchiinmal contrivatm** twhkh n<-<-4 n*4 k-. 4«-*' 
ciN|»h*v»**h I iv innii** *4 wln< l< <**h v *4 hi?*- &»*« *■*» 
fin* tin^iniiiiin of vn*'U minot*- *«| thv * h«* k . 


Tim tAm*rv**r hm *m\\ f#< identify Os*' mmon- #1*4 
fillet, a* ill thin r^ainjdr, For |»? «-Al4vr **-.< suriS* , **-i 
fifth minute k ul»n4i«tJM£0**}'4»«l h% <!**>■ * 

five break#, flit*#: 


A record on 11 nvlimlrkal reimter Haml* ih%m . 


where f hi? olmnrvttlion A oc^nr* ai I#*? I Tim ^Wfm * • 
m j^nimmlly ri»rtui|r«ti«hutil* from fit*- rj#*4i w$n%i*, m m tin# 
example, by tin form. 





in 



In nil fh«* form* of ivmrding if mu. 4 Iw obmrv«*d that t!m 
of ill*- bnmk, or dm, mark* tin* point of finm nmonlod. 

In onlrr to road of} tin* n*«*« ml with t Im proaf «\4 n >mwmrum\ a 
pda** Hoaio i* u*id, < *n which an* Holmd »dovon p<juidi4anf parallel 
IinoH, dividing Hn* Horoml of the *d monograph into tmf tin ; flm 
liujuin dfh* an* obfahmd by optima! inn, { Plato I. Kig, *k| 

W J * > - 1 * fin 4 length of a *im«»nd tin flm ruginf it in greater than 
th* perpendicular dbfulm** of tin* extreme lino* of flm mule, wo 
have onK !** plaoo f !m neale obliquely on fin* lint* of woo min, 
nlwa\* ranging flmir extreme Him* ft* pa** through two eoh*erii> 
five tiiMud ijofn, Hornet linen flm linen ou flm male atv made 
divergent ; It U limn always applied .ho that flm Him of «eenudi* 
*dmll b** perpendicular t « * tin* middle liim of flm m’ab% ami af flu* 
point where flm distance of flm extreme linen \n equal ft* flm 
length of fjm jmi’ojftjb f Flute l. Kip'. ‘J, j 

Tb. WJmii the pan of flm elmonograph in made to pn»nH upon tint 
paper by fit* 4 attraction of flm elect rnujjaguet upon it* armature* 
n certain Hinail fraction of finm «du|»Hi*H after flm cloning of flm 
circuit fbv flu* Hock or by t!m observer) before flm HgituI jh 
actually impm^ed upon flm paper. Thin finm in culled flm 
mmtihm $wu\ If it won* certainly comgjmf* ami flm Haim* for flm 
clock »igtud*t amt for tho*e of flm observer, it would have no 
offer! upon flu* difference of time between any fwo recorded 
phenomena, Ihtf tin* nrmnUtrv lino* probably vurte* both n it h 
tin* Hfrotipflt of f lit* battery and flm length of flm win* through 
which flm electric current pu«*r*, The variable error wlmd* 
would finm he introduced inf** ottr re*ult# \ » monied, **r at leant 
vrry numb reduced hi magnitude* by employing /mo4vr#'fr#uf 
fdgiml* exclusively ; for flm interval of finm between fin* hrm.k'mtj 
of tin* circuit mid fti«* rrsmtion **f tfm notion of flm magnet h pro 
fml»Iy smaller nud morn eomdattl thnn that between flm tmkhuf 
nf till* circuit mid tfm mmnmmmrnt of ftm amt ion of flm ttiiigtmt. 

77. To give flm rimder it jtosf appreciation of the* degree of 
arrtintry itflitiimil in flm recording of finm by ftm chronograph, 
full dm* n|iimifimiin of flm nmont* on fltroo diffonuit kiftd« of 
rvglmm urif gtvmi in I Hut*? f, Fi^* 4 mol f$ urn ^mnttwm of 
tdwlc m fmnmtml *m it Mor*t<»K»!U*t amt Saxton 'a t^ylifo 

driml B^gmter mid on fint IJnitnd Stiitifu CVntut Humiy, Fig, 
« » a ftintrioH-n of tdonk mgimh and » nntrit i«r of me.tuml 
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1 rsU'lhli* ?h- I* tv li« V * V. 
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iff \|*T1 11 !\. 

tur \i: Vf .wf , ji * * 7 Hi j-, svi n.i * t. 


7 *. Till' A\X, -1 v- ; -"v 1 * ’ f ! ■■ v -il 

I^J.r, lilHy *•' lln- i-"-n '< * *'•< -■* •■•••■i 
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|m«!< 1 Hi t ii»- li.lU*!, itSi'l IliJ ’3 .:*?.,«■ 5 - « • ’"V*. 1 '? • * * f 4 5 < ’4 'in? 

fl V«l 3 ‘t ^ 1 .-? ■ ; ■. 

114 f In" ln*i*<j* <*1 ;* 1 -kif ,*t ih* | $* ’ '.*•**•:’•< ‘H 

**t*f.jmi*'*i hbllh 31 an * 
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I <rt#|a 4«*4 s« tW- n->.£ “ ^ 

|i|f|)t IWm *? frAr* si» tAUur t«s«l 

jiliiiiit mirror*, tl.^- hm-t 

iif llir my t*% K*.*' tlif <4 !!•**• 

I # ^t , 1 / iitid ?fi y Ki#< I !-**•• -•« *n*tv*>-sn <'■ ih*'- *h%**r% 

iiih! rvflr# %i 4 mv* >*i« ^3 •> f< m*l *u *4 ^ j * ^ 

In tji 4 rrf$rr|j|j£ #i*|fnNr^, c^llrif Oj .4 *<*.>> . * # m*. ^ » 

lllllf* #ll*trr fm 'a M-%* %‘ *" U* fl* ?«•; #'i3if I# # * J#.*| 

ilimltoin *4 iIih rsri ' m ill !#<•• f*m%**\ m ti. * | - 4 

1*11 1 V ttipHI til** JilatM- *4 f* v llr-* In.'!* 3 * j,<- f|.< vr : ;«i m- : 

In tli* *l!ii|friim,. l*-f t|#* *-f f* Ik *,^ 5 . 1 ) .,1 4 Hj< I 

IT Mf**t*f* vt ih>+ ** Jf 1,4 %*a|r* S« , * | ♦ it |t%| »»# 

i £•*!*>* * f # 1 % aute# 4 # ^aftt*isv 1 fr»» t» < *v I wf-U-t ^ t '* fc t 4 t * » i , i 

,i% t« n*-^*-#*#* »4 | f |4> # ft, \ t ‘ *? I 

l* 5 |. 
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thr liars ,1/ mii| in hr lug tin* intrrsrrtioim of this plain* with tin* 
of t hr inirr* »rn. Lrt AM 

hr f hr jfirrrf rav falling Upon I hr ^ |,|iS ' u ' 

mirror d/, \\ hh-h wr shall first sup 

* "*V 

| 'si< |»t U*' iii fir* tiirrrf hit) Mt 

lrt Mat hr thr dhvrf }* ni « »f flu* ray I 

attrr tin* tiiNt rrfh*rtiun, and »n E u JM* 1 

its dim-lion at? it Hr* o*rnnd w 7 p /7 R 

flrri h *h, Mraw M It parallrl to t ~ - — JNr \ \ * 

Em, MP prrprialirular t* • M<\ / \ \ \ 

id*# i Mp pri’priidirular m thr mir / \\ \ 

r«»r «/, Thr augtr AM It is tin* / W \ 

tlillrrmrr uf thr tir«t and last dL \ 

inrr filth* Ilf thr ray, Thr Uliglr I ■ 

/M//» is t Iif- *amr as thr angtr 

n lift sii ttni hy tin* mirror*, bring obvious! v rtpml to A! Pm. Wr 
ha\r f fhiTrthrr, tit pj’ovr that AMP 2 i'Mp. 

If wr ruffrrhv a prrprtidiruhir drawn at up parulhd to M/k wr 
rasily *rr that p Mm is njuul to fin* auglr uf’ Inridrnrr fifth** ray 
Mm falling upon up and pM It in rtpml to thr unglr of rrilrrtion 
of thr safnr ray; and sinrr fhrnr auglrn* hy a primuplr of Option, 
an* rijuuh wr Imvr 

pMm pM H !*Mp \ PMP 

lint* on f In* asim** prinriphn wr huvr 

PMm /M/d AMP J PM ft 

Thr iliflrrriirr of thr.Hr two rtpmfiotiH givrn 


wlirtin* 


PMp AMP PMp 
AMP 2 /M/p 


HO, In onlrr to apply thm prmripl«% Irf thr mirror Mbm tit- 
turlinl to mi itiflrjc arm M < 7* whirh rrvolvr* upon a pivot »t 
M tn tlir rriitrr of ii gmdwitrd am 0/,V« iiiul lrt m hr prrtim* 
tirnfly ftrrtirnl in n fixnl position at right nngl<«» to tin* phmr of 
thit* nn\ hr! MO hr thr dimtion of thr* rrnfml mirror find of 
thr tihlrx iirtri wlirn it $h pumUrl to thr fixr#l mirror np nti«l lrt 
tlir graduation of tin* nrr rommrurr at (K In tlm poidtiftn, an 
itirhtrtif rny ftM from u ilistanf ohjrrf //will hr rrflrofrd firm to 
m uml flictti in tlir diiwtion mE* which will in? rmrnlM to tlir 
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firM liinM-tinn rt.V. i- - ^ - w 1 r4 I^ 

front if, /*U t him! t*m, falhnir nj«'*n lb*- t *-v • * ! ^ :rr ‘ 11 ,J?3 ] h4 : ! ' ! '7 
{♦aralb'b uii « 4 m* n **r i* *-y at l ** *> 1 i in ! * * ? *„* 

hm and f!*- hfln-l-l r*»j a* K af th.* *aiif 1M-* ’• • *' 

wrivr will »<»'*• fw*» innoj*-^‘.f Uo' ran**- *>hu~' * a dir* - * and a 

rrf!*'* s trd innufo •■in 

In fh«' iM'^f pliM'M, l*d tb«* iiiin***i' 4 / 1 **' ■■-** l ' ' ” * 

ti«m ,V*7. in \%Iik1i a m* 4 4/ fr-in a **•»*. *n4 *d*jr*t J n> id!«'.‘u| 
liijullv info tlM- lino /- I br >4 i*# ** ** ! n-'-a •** * *• • 1** 1 * - 5 1 ' 1 * 

nf tin’ olijrrl //ill a]1 Mr ‘' Ut ''""" *’ b |n *’ wifl * fW iViA *^ 

nf f),r i.hjrr! 4 . Tli» ( 4 i*tanro J ,V /* *»| *b<- ta i-j* • t* 

If# flii'ii I’ljita! !*» I %v i * - * • ?b*' **f *b«‘ iwiror*, fbat 3< n ,J< ’ " ^ *" 

Jfr#« nf III nvirr tit //, Tbr jirr **L »bi- I* im »#nr« * fh>* ai^ir, 
Ji# fji^u f||i» !M«’*{t*ufv nf nil*’ but! fit*'- angular 4j*fan j «- fb** 
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reflection, wliirli, however, remains always parallel to the plana 
of tin* sextant : tin* use of the motion being merely to regulate 
f!n* relative brightness of tin* direct and reflected images. 

Tin* vernier is road with tin* aid of a #1 ass H attached to an 
arm whirl* turns upon a pivot S % and in curried upon the index 
our. 

Tin* iWor tjhsH J/, or central mirror, in secured in a hraHH 
frame, whieh is firmly attached to the head of the index bar by 
screw* *t % <t, ft. Thin glass in generally set perpendicular to the 
plain* of the sextant by the maker, and there are no a<lj anting 
screw* connected with it. 

The fixed mirror m in usually railed the. horizon tjhts^ bring 
that through whieh the horizon in observed in taking altitudes. 
It in usually provided with screws by whieh it h position with 
respect to the plane of the sextant may la* rectified. 

At P and <j are colored glasses of different shades, whieh may 
he used separately or in combination, to defend the eye from 
the intense light of the sum 

I shall first treat of those eommmi adjustments of the sextant 
whirh the observer is obliged to attend to in the ordinary use 
of the instrument, and shall afterwards treat fully of its iniithti- 
iriatieiil theory. 

WL Adjmtmmt of the index yhim,— The reflecting surface of the 
glass must be perpendicular to the plane of the sextant The 
simplest test of its perpendicularity is the following. Het the 
index near the middle of the are; then, planing the eye very 
nearly in the plane of the sextant, and near the index glass, 
observe whether the are seen directly and its reflected image, in 
the glass appear to form one continuous are, which will be flics 
ease only when the glass is perpendicular* The glass leans for* 
mini or haefamrd according us the reflected image appears tm 
hiijh or km tom, ft may he corrected by putting n piece of paper 
under one edge of the plate by which the glass is secured to the 
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plant* of fin* sextant. If the lint bn of t ht* two ol *j h appear to 
m ptiniii on t hi* throat! farthest from the instrument, tin* object 
oml of flit* tohw opt* dr oops towards tin* ho x taint ; otherwise it 

rises. 

If in to bo observed tlmt when tin* telescope in adjusted anti 
two images am* brought into contact at either thread, tin * y will 
not bo hi contact in tin* middle of the* field, hut will f here over- 
lap; consequently, the reading of tin* sextant will be lens for a 
contact in the true sight-line in the middle of tin* field than 
for one on either nidi*. If tin* telescope in out of adjustment the* 
middle of fin* field in no longer in tin* true sight-line, and the 
contacts observed there g ive angles which an* too great. The 
correction for a given inclination of tin* telescope will he inves- 
tigated in a subsequent article. 

This adjustment may aim* he examined an follow*. Place the 
sextant horizontally on a table, and plain* two small metallic 
td glits /l, A (Pig, 2hj on the are. At 
a distance of* at least Id or 20 feet, let 
a well defined mark he placed ho as 
to lie in the name at might line with 
the upper edges of tin* sights, and in 
Hindi a position that it may also he seen through tin* telescope* 
The fop edges of the sights should he at the name distance from 
the plane of the sextant an tin* axis of the telescope. Tin* 
threads of the telescope being made parallel to the plane of the 
sextant, tin* mark should be seen in the middle between them* 

Tlit* adjustment of the teleseope when necessary is effected 
by means of two small opposing screws in the ring which 
curries it. 

8ft. Tht inrhx mrrrciwn * — Having made the preceding adjust- 
ments, It is necessary to find the point of the graduated are at 
which tlie .zero of the vernier fulls when the two mirrors urn 
parallel ; for nil angles measured by the instrument are reckoned 
from this point (Art. 80), if this point is to the left of the 
actual zero of the smile by n quantity r, all readings in the lire 
wit! he too great by r; if it is to tin* right of the actual zero, nil 
readings wall lie too small by the same quantity. If we wish 
the reading to he zero when the mirrors are parallel, wu must 
place the zero of the vernier cm the zero of the are, and then 


ki* n . 
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and reflected images of the same object coincide. Some Instru- 
ments are provided with a pair of opposing screws by which this 
revolution can be effected ; but in others no such adjustment is 
possible. In fact, the adjustment is unnecessary, as we can 
always determine the correction to be applied to our readings to 
reduce them to what they would be if the adjustment were 
made. This index correction is found as follows : 

1st. By a star.— Bring the direct and reflected images of a star 
into coincidence, and read off the arc. The index correction is 
numerically equal to this reading, and is positive or negative 
according as the reading is on the right or the left of the zero. 
For example, the direct and reflected images of a star being in 
coincidence, we read on the arc 5' 20"; then, calling the index 
correction x , we have 

x = — V 20". 

In another sextant the direct and reflected images of a star 
being in coincidence, we read on the extra arc 2' 40" ; then 

x = 4- 2' 40". 

This method may be used with the sea-horizon instead of a 
star, but not with great precision. 

2d. By the sun . — Measure the apparent diameter of the sun by 
first bringing the upper limb of the reflected image to touch the 
Lower limb of the direct image ; and again by bringing the lower 
Limb of the reflected image to touch the upper limb of the direct 
image. Denote the readings in the two cases by r and r f ; then, 
if s — the apparent diameter of the sun and B is the reading of 
the sextant when the two images are in coincidence, w© have 

r = B -f s 
f= R — s 

whence 

B= i(r + t*) 

and the index correction is x = — R. The practical rule derived 
from this is as follows. If the reading in either case is on the 
arc, mark it with the negative sign; if off the arc (L e. on the extra 
arc), mark it with the positive sign ; then the index correction is 
one-half the algebraic sum of the two readings. For example, 
we hare read as follows: 
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On the arc — 31' 20" 

Off the arc 33 10 

+ 1 50 
x = + O' 55" 

We have s = J(r — r'): hence, if the observations are good, we 
ought to find that half the algebraic difference of the readings is 
equal to the sun’s diameter as given in the Ephemeris on the day 
of the observation. But, in order that this comparison may he a 
good criterion, we should measure the sun’s horizontal diameter, 
which is not sensibly affected by refraction. (Yol. I. Art. 134.) 

In order to obtain the index correction with the greatest pre- 
cision, the mean of a number of measures of the sun’s diameter 
should be taken. 

Example. — March 15, 1858, the following measures of th© 
sun’s horizontal diameter were taken : 


On the arc. 

Off the arc. 

— 31' 20" 

+ 38' 10" 

“ 10 

“ 0 

“ 15 

“ 20 

“ 25 

« 15 

“ 20 

“ 10 

“ 20 

« 10 


Means — 31 18.3 + 33 10 .8 

— 31 18 .3 
x = + 56".3 

Observed sun's diameter, S = 32' 14". 6 
By the Ephemeris, S = 32 13 .3 

86. To measure the angular distance of two objects with the sextant — 
Place the threads of the telescope parallel to the plane of the 
instrument. Direct the telescope towards the fainter of the two 
objects, and revolve the sextant about the sight-line until its 
plane produced passes through the other object, observing to 
have the index glass on the side towards this object. Then 
move the index until the reflected image of the second object is 
nearly in contact with the direct image of the first ; clamp the 
index, and make an exact contact (at the middle point between 
the threads) by means of the tangent screw. The reading of the 
arc will be the instrumental distance: applying to this the index 
correction according to its sign, the result will be the observed 
distance. 
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In order to make a good observation, it is important that the 
two images whose contact is observed should be equally bright. 
Hence, we direct the telescope towards the fainter object, so that 
it may be the brighter one which suffers the double reflection. 
But in observing the distance of the moon from a star it will 
generally be found that, even after the double reflection, the image 
of the moon is so bright that the star will appear very indistinct 
unless the telescope is raised (by the screw for that purpose) so 
that the sight-line is directed through the transparent part of the 
horizon glass; for then, a portion of the reflected rays from the 
moon being lost, the intensity of its light is rendered more 
nearly equal to that of the star. When the distance of the sun 
and moon is observed, the telescope is usually directed towards 
the moon, and the intensity of the sun’s rays is diminished by 
putting one or more of the colored shades between the index and 
horizon glasses. It will be found necessary in this case also to 
regulate the distance of the telescope from the plane of the 
instrument, in order to give the image of the moon the same 
intensity as that of the sun. It is a common error of inexpe- 
rienced observers with the sextant to have the images too bright. 
It is essential to a good observation, 1st, that the images be well 
defined by carefully adjusting the focus of the telescope; 2d, that 
they be so faint as not in the least to fatigue the eye, yet perfectly 
distinct; 3d, that their intensities should be as nearly as possible 
equal. 

In the case of the moon and a star, we observe the distance of 
the star from that point of the moon’s bright limb which lies in 
the great circle joining the star and the moon’s centre. To 
ascertain that this point has actually been brought into contact 
with the star, the sextant must be slightly revolved or vibrated 
about the sight-line (which is directed towards the star), thus 
causing the moon to sweep by the star; the limb of the moon 
should appear to graze the star as it passes, or, rather, the limb 
should pass through the centre of the star’s light, for in the 
feeble telescope of the sextant the star does not appear as a well 
defined point. 

In the case of the moon and a planet we bring the reflected 
image of the moon’s limb to the estimated centre of the planet. 

In the case of the moon and the sun, the contact of the nearest 
limbs is observed, vibrating the instrument as above stated, and 
making the limbs just touch as they pass each other. 
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It facilitates the observation of lunar distances to set the index 
approximately upon the angular distance before commencing 
the observation. The approximate distance for a given time 
may be found from the Ephcmeris (see Vol. I. Art 65); the dis- 
tance thus found is in the case of the sun and moon to be 
diminished by the sum of the semidiameters of the two bodies 
(say 32'), and in the case of the moon and a star or planet it is 
to be diminished or increased by the moon’s semidiameter (say 
16'), according as the bright limb is nearer to or farther from the 
star than the moon’s centre. This proceeding is also a check 
against the mistake of employing the wrong star. 

87. To observe the altitude of a celestial body with the sextant and 
artificial horizon . — The artificial horizon is a small rectangular 
shallow basin of mercury, over which is placed a roof, consisting 
of two plates of glass at right angles to each other, to protect the 
mercury from agitation by the wind. The mercury affords a 
perfectly horizontal surface which is at the same time an excel- 
lent mirror.* If MN (Fig. 21) is the horizontal 
surface of the mercury, SB a ray of light from a 
star, incident upon the surface at J5, BA the re- 
flected ray, then an observer at A will receive 
the ray BA as if it proceeded from a point S' 
whose angular depression MBS' below the hori- 
zontal plane is equal to the altitude SBM of the 
star above that plane. If then SA is a direct ray 
from the star, parallel to SB , an observer at A 
can measure with the sextant the angle 8 AS' 

= SBS' = 2 SBM, by bringing the image of the 
star reflected by the index glass into coincidence 
with the image S' reflected by the mercury and seen through 
the horizon glass. The instrumental measure, corrected for 
index error, will be double the apparent altitude of the star. 

The sun's altitude will be measured by bringing the lower 

* Observers are sometimes annoyed by impurities in the mercury which float on 
its surface, and imagine that it is important to have very pure distilled mercury. 
I have found it preferable to use mercury amalgamated with tin (a few square 
inches of tin foil added to the mercury of an ordinary horizon will answer). When 
the mercury is poured out, a scum of amalgam will cover its surface: this scum can 
be drawn to one side of the basin with a card or the smooth edge of a folded piece 
of paper, leaving a perfectly bright reflecting surface, entirely free even from the 
minutest particles of dust. 


Fig. 21 . 
£ 
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limb of one image to touch the upper limb of the othc 
the corrected instrumental reading will be the apparen 
of the sun’s lower or upper limb, according as the ? 
farthest limbs of the direct and reflected suns were bro 
contact. For examples, see Yol. I. Arts. 145, 151, &c. 

In observations of the sun with the artificial horizon 
is protected by a single dark glass over the eye piec 
telescope, thereby avoiding the errors that might poss: 
in the dark glasses attached to the frame of the sextanl 

The glasses in the roof placed over the mercury s' 
made of plate glass with perfectly parallel faces. If tlj 
all prismatic, the observed altitude will be erroneous. r . 
may be removed by observing a second altitude with th 
reversed position, and, in general, by taking one-half 
of altitudes with the roof in one position and the other 
the roof in the reverse position. It is easily proved 
error in the altitude produced by the glass will have 
signs for the two positions : so that the mean of all the 
will be free from this error. 

Instead of the mercurial horizon, a glass plate is sc 
used, standing upon three screws, by means of which it is 
a small spirit level being applied to the surface to tesl 
zontality. The lower surface of the plate is blacken e< 
the reflexion of the celestial object takes place only at t 
surface. 

88. In the observation of the altitude of a star with 
ficial horizon, it requires some practice to And the ima| 
star reflected from the sextant mirrors; and somethin 
two bright stars stand near each other, there is dange 
ploying the reflected image of one of them for that oft 
A very simple method of avoiding this danger, by w 
observation is also facilitated, has been suggested by ] 
Knorre, of Russia.* From very simple geometrical c< 
tions it is readily shown that at the instant when the tw 
of the same star — one reflected from the artificial hor 
other from the sextant mirrors — are in coincidence, the 
tion of the index glass to the horizon is equal to the in 
of the sight-line of the telescope to the horizon glass 


* Asiron. NacK r Yol. VII. p. 262. 
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therefore, a constant angle, which is the same for all stars. If, 
therefore, we attach a small spirit level to the index arm, so as to 
make with the index glass an angle equal to this constant angle, 
the bubble of this level will play when the two images of the 
star are in coincidence in the middle of the field of view. With 
a sextant thus furnished, we begin by directing the sight line 
towards the image in the mercury; we then move the index 
until the bubble plays, taking care not to lose the image in the 
mercury; the reflected image from the sextant mirrors will then 
be found in the field, or will be brought there by a slight 
vibratory motion of the instrument about the sight line. 

It is found most convenient to attach the level to the stem 
which carries the reading glass, as it can then be axranged so as 
to revolve about an axis which stands at right angles to the plane 
of the sextant, and thus be easily adjusted. This adjustment is 
effected by bringing the two images of a known star, or of the 
sun, into coincidence, then, without changing the position of 
the instrument, revolving the level until the bubble plays. 

89. Observations on shore may be rendered more accurate by 
means of a stand to which the sextant can be attached, and 
which is so arranged that the sextant can be placed in any 
required plane and there firmly held. The manipulation must be 
learned from the examination of the stands themselves, which 
are made in various forms. 

90. On account of the feeble power of the sextant telescope 
and consequent imperfect definition of the sun’s limb, the 
apparent diameter of the sun is somewhat increased. This error, 
however, may be removed by taking the mean of two sets of 
altitudes, one of the lower limb and one of the upper limb. 

91. To measure an altitude of a celestial object from the sea horizon . 
— Direct the telescope towards that part of the horizon which is 
beneath the object. Move the index until the image of the 
object reflected in the sextant mirrors is brought to touch the 
horizon at the point immediately under it. To determine this 
point, the observer should move the instrument round to the 
right and left (by a swinging motion of the body, as if turning 
on his heel), and at the same time vibrate it about the sight line, 
taking care to keep the object in the middle of the field of view; 
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the object will appear to sweep in an arc the lowest point of 
which must be made to touch the horizon, by a suitable motion 
of the tangent screw. 

In general, altitudes for determining the time should be taken 
when the altitude varies most rapidly ; and this is near the prime 
vertical. (See Vol. I. Arts. 143 and 149.) If the ohject is the 
sun, the lower limb is usually brought to touch the horizon ; if 
the moon, the bright limb. 

The apparent altitude of the point observed is found by cor- 
recting the sextant reading for the index error, and subtracting 
the dip of the horizon. (Vol. I. Art. 127.) To obtain the ap- 
parent altitude of the sun’s or moon’s centre, we must also add 
or subtract the apparent semidiameter. (V ol. I. Art. 135.) 


92. As the sea horizon is often enveloped in mist, even when 
the celestial bodies are visible, various attempts have been made 
to obtain an artificial horizon adapted for use on shipboard. 
The simplest apparatus heretofore proposed for the purpose is 
that of Capt. Becher, of the English Havy. “ Outside the horizon 
glass of the sextant is a small pendulum about an inch and a 
half long, suspended in oil (in order to check its sudden oscilla- 
tions); to the pendulum is attached a horizontal arm, carrying 
at the inner end a slip of metal which is seen in the field of the 
telescope at the usual focus, and whose upper edge when it coin- 
cides with a given line is the true horizon. The error is easily 
determined by a known altitude, and is the same for all altitudes. 
The apparatus, which is in a very compact form, is easily attached 
to any reflecting instrument, and is shipped and unshipped at 
pleasure. A lamp is attached for observing at night.”* With 
this apparatus, when the motion of the ship is not too great, an 
altitude can be obtained within 5' by a practised observer; and 
this is often sufficient. 


93. Method of observing equal altitudes with the sextant . — Some 
observe^ set the sextant at pleasure, and note two instants, 
namely, the contact of the nearest and farthest limbs of the two 
images of the sun (one from the sextant, and the other from the 
mercurial horizon), both morning and evening, without touching 

* Raper’s Practice of Navigation , 24 edition, p. 151. It does not appear, how- 
ever, how the slip of metal behind the horizon glass could be distinctly seen in the 
field of the telescope. A. plain tube must be used. 
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the index in the mean time. With a star they obtain hut one 
observation on each side of the meridian. This practice is de- 
signed to secure the condition that the altitudes observed before 
and after meridian shall he absolutely identical, which may not 
be the case of the index if the sextant is moved and brought 
back again to the same reading. The errors to be feared, how- 
ever, from not setting the index correctly on a given readings 
are, in general, so much less than errors of observation, that it 
is better to sacrifice this merely theoretical consideration for the 
sake of multiplying the observations. The following method 
will be found convenient in practice. 

1st. For the sun. — In the morning, bring the lower limb of the 
sun, reflected from the sextant mirrors, and the upper limb of 
that reflected from the mercury, into approximate contact; 
move the 0 of the vernier forward (say about 10 7 or 20') and set 
it on a divisioi of the limb ; the images will now appear over- 
lapped, and will be separating; wait for the instant of contact: 
note it by the chronometer, and immediately set the vernier on 
the next division of the limb, that is, 10' in advance ; note the 
instant of contact again, and proceed in the same manner for as 
many observations as are thought necessary. If the sun rises 
too rapidly, let the intervals on the limb be 20'. 

Now, find (roughly) the time when the sun will be at the same 
altitude in the afternoon, and just before that time set the vernier 
on the last altitude noted in the morning (of course employing 
the same sextant) ; the images will be separated , but will be ap- 
proaching ; wait for the instant of contact; note it by the chro- 
nometer; set the vernier bach to the next division of the limb 
(10' or 20', as the case may be) ; note the contact again, and so 
proceed until all the A.M. altitudes have been again noted as 
P.M. altitudes. 

If, instead of noting the times directly by the chronometer, a 
watch is employed (compared with the chronometer both before 
and after each observation), it will generally be found necessary 
to allow for its gain or loss on the chronometer, so as to obtain 
the exact difference between the two at the instant of observation. 

The mean of all the A.M. chronometer times and the mean of 
all the correspondingP.M. times are regarded as two simple obser- 
vations of the same altitude, and the computation proceeds from 
these according to the method and example of Yol. I. Art. 140. 

2d. For a star . — Set the sextant, and note the coincidences of the 
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two images of the star in the same manner as the contact# € * ' 
sun’s limbs are oberved. * * *** 

In selecting stars for this observation, it is to be observe 1 * ^ 

the nearer the zenith the star passes, the less may the 
time be ; and when the star passes exactly through the ^ 

the two altitudes may be taken within a few minutes ( 

other. But with the ordinary sextants altitudes near 90 a 1 

be taken with the artificial horizon, as the double altitude * ** ? 

nearly 180°. The prismatic sextants and circles of PisT* *** 
Martins are adapted for measuring angles of all magnitt-** ** " 4 

to 180°, and are, therefore, especially suitable for these ol**** r 
tions. 

94. To examine the colored glasses. — The two faces of any* <J ^ 

the colored glasses, or shades, may not be parallel. The ******* 
then act like prisms with small refracting angles, which 4-1******* 
the direction of the rays passing through them, and, consecj *** 
vitiate the angles measured. To examine them, meaBii*"*^ 
sun’s diameter with a suitable combination of shades; tl**?** 
vert one of the shades, turning it about on an axis perpeti ♦!**"*”** 
to the plane of the sextant, and repeat the measure; 
difference of the two measures will be the error prod u «-****$ % 
that shade. A number of measures must, of course, be tm m 
both positions of the shade, in order to eliminate aecri^l^tol 
errors of observation. 

In order to save the necessity of this examination, the* 
are so arranged in Pistor and Martin- ’ sextants that tltoir mmf 
be instantaneously reversed. ¥e have then only to take Wf 

of a set of observations with one position of the shades^ mMm - 1 iff# 
other half with the reverse position, and take the mean of* m 1 1 fit 
measures, in order fully to eliminate the errors of these 

95. To find the constant angle between the sight line anri 
pendieular to the horizon glass . — A knowledge of the 

this angle will be useful in following out the thebry ffc* 

errors of the sextant in the subsequent articles. It V'murium ill 

different instruments, and must be found for each by m 

examination. Let the sextant be placed on a firm 

support ; direct the sight line towards a distant objeot 

22, and bring the two images of the object into 

The mirrors 3£ and m are then parallel; and, if we ptarfe 
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fi = the angle between the sight line and the perpendicular 
to the horizon glass, 

vre have 

BMm — = 2/9 

We have, therefore, only to find some means of measuring the 
angle BMm. Leaving the sextant in 
its present position, place a theodolite 
in the line Mm produced, with its tele- B 
scope TN on a level with the sextant - 
mirrors and looking into the index 
glass ; adjust it so that the image of 
B reflected from M shall be seen upon 
the cross-wire w in the focus. Hays 
from w passing through the object glass 
N emerge in parallel lines, as if from 
an infinitely distant object lying in the 
direction MNT. Bring the sextant tele- 
scope to look into the theodolite tele- 
scope, and reflect the image of JB to the cross-wire : the reading 
of the sextant corrected for the index error is the measure of the 
angle BMm , ox of 2/3. If the object is not very distant, the 
angle subtended by the distance Mm at the obj ect may he ap- 
preciable. This angle may he called the sextant parallax , and 
denoted hy p. We shall have 

j BMm = 2ft — p 

When the object audits reflected image are in coincidence, let 
the reading be JR, and let x be the true index correction for an 
infinitely distant object; then we have 

R -)- x = — p 

and when the object is reflected to the cross- wire of the 
lite, let the sextant reading he It'; then we have 

_£'4:r = 2j9— p 

and from these two equations, 

JEt' — Jt —20 (60) 

By this method I found for one of Tbougetox’s sextants, at 
ths Naval Academy, = 33° 6'. 


( 58 ) 
theodo- 

(59) 
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96. The sextant 'parallax for an object at a known distance is 
found with the aid of the angle j3. Let 

/— the distance of the index and horizon glasses, 
d= the distance of the object from the index glass. 

The perpendicular drawn from M upon mJE is equal to / sin 2/9; 
and for the angle p at the object, subtended by this perpendicular, 
we have 

. f sin 2/9 f sin 2/9 

sm p = — or p== — (61) 

r d tZsm 1 

From this formula we may find a rough value of /9 when p has 
been determined for a near object by means of (58) and / and d 
are carefully measured. 

The distance of an object for which the sextant parallax will 
be 1" will be found by the equation d — / sin 2/9 cosec 1". In 
the sextant mentioned in the preceding article we have/ -=8 
inches, whence d = 5.83 miles. 

In measuring horizontal angles between terrestrial objects, 
the effect of the sextant parallax may be eliminated by deter- 
mining the index correction from the object which is seen 
directly through the horizon glass. This index correction will 
involve the parallax, and, when applied to the sextant reading 
of the angular distance between the objects, will give the angle 
subtended by the objects at the centre of the sextant. The sex- 
tant must, of course, remain in the same position in the measure 
of the angle and the determination of the index correction. 


97. To determine the error produced by a prismatic form of the index 
glass . — Let us first consider the case of a 
p , Flg *. 23 p glass with parallel faces. Let MM', NN ', 

/ A Fig. 23, be the parallel faces, of which 
\ / NN ' is silvered. An incident ray AB is 

N \ & A refracted by the glass at B , and takes the 

r “7 M direction BC; at C it is reflected into 

■ m OB' ; and at B' it is refracted into BA 

■ H — n N If we put 

m == the index of refraction for glass, 

<p — the angle of incidence ABP , 

& = the angle of refraction DBG, 
f = A'B'P', 


l' 

rr \ 

& 

A 

[/ 


M 

r/ 


N 

1 

y o i 
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we have, by Optics, 


sin cp = rn sin 
sin <p’ ~ sin »V' 


But when the faces MM ’ and NN' are parallel, the normals BD 
and B r D f are also parallel ; moreover, the incident ray B 0 upon 
NN', and the reflected ray CB ', make equal angles with l)D f : 
hence, also $ = d\ and, consequently, <p = If AB and A' If 
are produced to meet in O', we see that A'B' has the same direc- 
tion that it would have had if it had been reflected directly from 
the plane surface m,G'm/ parallel to MM' or to NN'. The re- 
fraction which the ray suffers in passing through the glass, there- 
fore, produces no error when the surfaces of the glass are parallel. 
It may here he remarked, also, that it is not necessary that the 
reflecting surface of the mirror should stand exactly over the 
centre of the arc of the sextant. 


Let us next consider the case of a glass whose faces are not 
parallel, as M'B, N'l) , Fig. 

24, which, produced to meet 
in M, form a prism MM'N 
Let us assume that these faces 
are perpendicular to the plane 
of the sextant, and, conse- 
quently, that the refracting 
edge of the prism is also per- 
pendicular to this plane. The incident and reflected rays will 
he found in a plane parallel to that of the sextant. The ray 
being traced through the glass, we shall have, as before, employ- 
ing the same notation, 


Fig. 24. 



sin <p = m sin S 
sin <p f = m sin S' 



but here j? and are no longer equal. If we put 


M — the angle of the prism = M’MN’ 


we shall evidently have 

90° — * == CBB' = BCD -)- M 
90° — #= GB’B= B' CD ' — M 


and, sine & BCD — B'CD', the difference of these equations gives 

#' — * = 2 M (63) 


no 
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From (62) and (63), <p, m, and M being given, we can determine 
<p', or tbe difference <p ’ — <p. From (62) we deduce 

cos i (f + <p’) sin } (?'— <p) = m cos £(# -f #') sin J (#' — #) 


whence, by (68), 


sin i (/ — y>) = m sin M- 


cos j (fl + #') 
cosJ(y + <p’) 


As M is always a very small angle, approximate values may be 
employed in tbe second member of this equation: it will be suffi- 
cient to take 

am i{<p'—<p)=m sin M- — — 


<p r — <p = 2mM sec ? 


\ m 2 


which may be reduced to the form 

<p' — <p = 2M Vl + (m 2 — 1) sec 2 ^ 


or, finally, by putting 


to the form 


q 2 ~ m? — 1 


<p r — (p = 2 M l/ 1 -f- sec 2 <p 


The error varies with <p, and consequently with the angle mea- 
sured. If 

y = the angle given by the sextant, 

we have, in Tig. 19, PMm = PMp + pMm, or 

<P = + 0 ( 65 ) 

The whole error in the measured angle will be the difference of 
the errors produced at the reading y and at the zero point of the 
sextant; and at the zero point we have <p = Hence the error 
will be the difference of the values of (64) for <p = + ft and 

<p = j, 9, so that, if y f denotes the true value of the angle, we shall 
have 

y — /=2M [1/ 1 + 2 3 see* (if + /S) — t/ 1 + fsec’ys] (66) 

For glass we have usually m = 1.55, and hence <£ = 1.4025. If 
M = 10", ^ = 10°, and y = 120°, we shall find y — y’ — 41". 
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The effect of the error in the glass is evidently less for small 
rallies of /9 than for large ones. Moreover, the smaller the angle 
/9, the larger the angle which can he measured with the sextant, 
for all reflection from the index glass ceases when <p — 90°, and 
this value gives by (65) y — 180° — 2/9 as the limit of possible 
measures with the instrument. 

The preceding investigation is confined to the ease in which 
both faces of the glass are perpendicular to the sextant plane ; 
but it suffices to show the nature of the effect produced. This 
case is, moreover, that in which the effect is greatest. 

The glass reflects from its outer face as well as from its silvered 
face, though in a less degree. If the faces are parallel, the rays 
from a distant object reflected from the two faces will be parallel 
after leaving the glass; they will, therefore, be converged to the 
same focus in the telescope and produce but a single image of 
the object. But if the glass is prismatic there will be two images, 
a fainter image superposed upon the stronger one and not quite 
coincident with it. The effect will be to give an image with an 
indistinct outline; a star will present a somewhat enlarged or 
elongated image. "We can, therefore, very readily determine 
whether the glass is prismatic by examining the reflected image 
of a star when the index is set upon a reading of about 120°. 

The best makers will reject a glass that does not stand this 
test. If, however, an instrument is found to be defective in this 
respect, we may determine the error produced by it as follows. 
After carefully adjusting the instrument and finding its index 
correction, measure a large angle between two well defined ter- 
restrial objects. Then take out the index glass and invert it 
(so that the edge, which was before uppermost, may now be next 
the plane of the instrument), readjust the instrument, determine 
the new index correction, and again measure the angle between 
the two objects. Half the difference of the two measures will be 
the error in either measure produced by the glass. The same 
process repeated for a number of angles of various magnitudes 
will furnish a table of errors, from which the error for any par- 
ticular angle may be obtained by interpolation. 

98. A prismatic form of the horizon glass affects all angles, the 
index correction included, by the same quantity, and therefore 
produces no error in the results. 
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99. To determine the error produced by a small inclination cf the 
sight line to the plane of the sextant . — Tlie directions of lines in 
space are most clearly represented by points on the surface 
of a sphere described about an assumed centre with an arbitrary 
radins (Vol. I. Art. 1). The radii drawn parallel to any given 
lines in space will intersect each other under the same angles as 
those lines, and these angles will be measured by the arcs of 
great circles joining the extremities of the radii on the surface 
of the sphere. Let ns here take the centre of the sextant arc 
as the centre of such a sphere. Let 0, Fig. 25, be that centre, 

OP the direction of the perpendicular 
to the index glass, Oj> that of the per- 
pendicular to the horizon glass. The 
points P and p are the poles of the 
great circles whose planes are parallel 
to those of the glasses, and may be 
called, briefly, the poles of the index' 
glass and horizon glass, respectively. 
Let OA be the direction of the sight 
line. When the instrument is per- 
fectly adjusted, the lines OP, Op, and 
OA are in the same plane, which is 
parallel to that of the sextant. The course of a ray which 
reaches the eye will he most readily followed by tracing it back- 
wards from the eye. Thus, the ray OA coinciding with the sight 
line is reflected from the horizon glass in the direction B 0, so 
that pB = pA. It is then reflected from the index glass in the 
direction OC, so that PB — PC; and OC is therefore the direc- 
tion of an obj ect whose image is reflected to the eye in the same 
direction, AO, in which another object is seen directly. Hence 
AOC, or AC, is the angular distance of the objects. From this 
construction we obtain easily A C = 2Pp, which is the funda- 
mental property of the sextant (Art. 79). 

But if the sight line is inclined to the plane of the instrument, 
it meets the sphere in a point A' not in the great circle Pp. 
The inclination is measured hy the are AA! perpendicular to 
Pp, which is a part of the arc QA'A drawn through A' and the 
pole Q of the great circle. The point Q may be called the pole 
of the sextant plane. Tracing the ray OA' backwards, we ob- . 
serve that the plane of reflexion from the horizon glass is repre- 
sented hy the great circle A'pB ' , determined by the ray and the 


Fig. 25. 
Q 
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normal Op, so that if we take pB f — pA f , the reflected raj takes 
the direction B f 0. The plane of reflexion from toe index glass 
will be represented by the great circle B f PC r , and by taking 
PC' = PB 0(J' will he the direction of the reflected ray. 
lienee, A r O' will be the true angular distance of the two objects 
observed in contact; while A C or 2 Pp will he the angle given 
by the sextant. Let 

y ~ the angle given by the sextant = AC, 
y' = the true angle = A'C f , 

i = the inclination of the sight line = AA'. 

It is evident that CC' = BB f = AA', and therefore QA'C' is an 
isosceles triangle of which the angle Q = y, the side A' O' — y' , 
and the side QA.' or QG' = 90° — - i If then we divide this 
triangle into two rectangular ones by a perpendicular from Q , 
we obtain 

sin } / = cos i sin \ y (67) 


for which, as i is always very small, we may take the approxi- 
mate equation* 

/ — y = — - i 2 sin 1" tan & y (07*) 


According to the second method of adjustment in Art. 84, if 
the mark is placed at a distance of 20 feet, and if the error of its 
position in a vertical direction is not more than J an inch (which 
is a large error in such a case), the telescope adjusted to it will 
have an inclination which will be found by the equation sin i 

= which gives i = 7' 10". Taking this value of i, the 


formula (67*) gives y r — y = — 0",897 tan \ y, and for y = 120°, 
r f — y = — 1".5. The error may therefore be regarded as evan- 
escent when ordinary care has been bestowed upon the adjust? 
ment. When the error exists, the observed angles are always too 
great. 


100. If the contact of the images of two objects is made on 
either side of the middle of the field of the telescope, the actual 
sight line is inclined, although the axis of the telescope may be 
parallel, to the sextant plane. 


* This approximate equation can be deduced from (07) or taken directly from 
gph. Trig. (112). 

Vol. IL— S 
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The inclination of this actual sight line can be estimated by 
the aid of the angular distance of the threads. To find this 
distance, place the threads at right angles to the plane of the 
sextant, bring the direct image of a distant, well defined line on 
one thread, and the reflected image on the other thread, and 
read the arc; then move the index until the images have 
exchanged places on the threads, and again read the arc ; the 
half difference of the two readings is the angular distance of 
the two threads. 

Let this distance of the threads be denoted by d , and suppose 
an angle y is observed by making the contact at a distance nS 
from one of the threads (the fraction n being estimated at the 
time of making the observation) ; then the inclination of the 
actual sight line to the true sight line corresponding to the 
middle point between the threads will be i — \ d — nd 7 with 
which value of i, the correction of the observed angle y, will 
be found by (67*). 

The distance S in the best sextant telescopes will not exceed 
30'. When the instrument is held in the hand, we cannot make 
all contacts exactly in the middle of the field ; but, if we assume 
that we can always make them at a distance greater than $•<? 
from either thread (which a little practice will enable us to do),' 
we shall always have i < or i < 5', and hence the correction 
y r __ y < 0".44 tan \y . For any tolerably good observer, there- 
fore, this correction will be practically insensible. 

At the same time, however, we see the importance of making 
the contacts as near to the middle of the field as possible, since 
the error always has the same sign and all the measured angles 
are liable to be too great. If a contact is made on either thread, 
and we have d = SO', the error in y will be 3". 93 tan \y 7 or 6".8 
for y = 120°. 

101. The distance d of the threads may also be used to find 
the inclination of the axis of the telescope, or rather of the true 
sight line. Measure an angular distance of 120° or more, be- 
tween two well defined objects ; bring the images in contact first 
on one thread and then on the other (the threads being placed 
parallel to the plane of the instrument), and let the readings on 
the arc be y and y v Then, y' being the true reading in either 
case, and i the inclination of the true sight line, we have 
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Bin 1" tan \y 


sin 1" tan $ ft 


whence, taking tan %y = tan Jft in the second members, 


: jv zr -cottr 

25 sin 1" A 


( 68 ) 


It is evident that, when i is positive, the greater measure is ft, 
taken on the thread nearest the plane of the instrument, and 

| + i is the distance from this thread to the point in the field 
£ 

which represents a direction parallel to the plane of the sextant. 
Hence the first method of adjusting the telescope given in Art. 84. 


102. To find the error produced by a small inclination of the index 
glass. — The horizon glass, being ad- 
justed by means of the index glass 
(Art. 83), may be supposed to have the 
same inclination. Let pP (Fig. 26) be 
the great circle of the sextant plane ; 
let the poles of the mirrors be at P' 
and p f , and put 

l = the inclination of the index glass = PP' = that of the 
horizon glass =pp f . 

If we suppose that the sight line is adj usted by the first method 
of Art. 84, it will be found in a plane perpendicular to both 
mirrors, and its direction will be represented by a point A ' in the 
great circle p'P'. The direct ray from the eye to an object A r 
will be reflected in the direction B f , and thence to C these points 
all lying in the same great circle ; A' O' will be the true distance 
y f of the objects observed, andyP' = \y f will be the true angle 
of the mirrors, while pP= \y will be the angle given by the 
sextant reading. 4 In the isosceles triangle P f Qp\ we have the 
angle p'QP'= § y and Qp' = QP^ = 90° — l ; and, dividing it 
into two right triangles by a perpendicular from Q , we obtain 



sin t / = cos l sin i y 


(69) 
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whence, very nearly, 

y — y = — 2 P sin 1" tan } y (69*) 

By the method of adjusting the index glass given in Art. 82, it 
may easily be placed within 5 ; of its true position, and for 
1 = 5'= 300", and y = 120°, this formula gives f — y = — 0".5. 
Hence, with ordinary care, this error will also be practically 
insignificant. 

The inclination of the sight line, in this solution, is variable 
with the angle measured. Denoting it by i' — A A', we readily 
find, by the aid of a perpendicular from Q upon p'P', 


tan f = tan l • 


cos (ly — P) 
cos i y 


in which /? = Ap\ or 

i! = l sec i y cos (i y — /?) 


(TO) 

(70*) 


103. If, however, the sight line is not determined as above 
supposed, hut has a constant inclination to the plane of the sex- 
tant, denoted by i, its inclination to the plane of reflection p'P' 
will he i' — i, and the additional error produced by this inclina- 
tion will be found by (67*) to be 

— (i 1 — iy sin 1" tan i y 


Combining this with (69*), the complete formula is 
y — y — — 2 Z 2 sin 1" tan \y — [Z sec \y cos (1 y — /9) — i'] 2 sin 1" tan \y 
which can he put under the form 

/ — r — — 2 sin 1" tan 1 y [Z 2 -f sec £ y [Z cos ( \y — /9) — i cos 1 y] 2 ] (71) 

which agrees with Encke’s formula in the Berlin Jakrbuch for 
1830, p. 292. 

Taking, as an extreme case, l = 5',i = — W, y = 120°, /9 = 30°, 
this gives y' — y = — 4".0. 

104. To find the error produced by a small inclination of the horizon 
glass . — Assuming that the index glass and the telescope are in 
adjustment, let the pole of the horizon glass be at //, Fig. 27, 
the pole of the index glass being at P, and the sight line directed 
towards A in the plane of the sextant. The ray from the eye 
towards A is reflected to B' in the arc Ap', so that p'B' = p'A, 
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and thence to C", which is at the distance CC f = BB' from the 
great circle pPC. AC=y is the 
angle given by the sextant; and £' r 
AC'=f is the true angular dis- 
tance between the two objects whose 
images are observed in contact. 

Putting 

k = the inclination of the horizon glass = pp f j 
m=zCC'~BB', fi = Ap, 

we have from the triangles App r and ABB*, very nearly, 

m = 2 k cos (3 

and, from the triangle A C’ C, 

cos / = cos m cos y 


whence 


y — r — $ m 2 g in. 1" cot ^ = 2 k 2 sin 1" cos* /? cot p 


(72) 


This error is sensible only for small values of y. For y = 0 the 
expression becomes infinite ; for in fact it is inapplicable in this 
case, since when the horizon glass is inclined it is impossible to 
make a contact of two images of the same point. But in the deter- 
mination of the index correction by the sun, the limbs of the 
two images will be brought into contact alternately on each side 
of the true zero point of the arc, and we shall have y= ± 0° 32'. 
For this case, with /? = 30° and k = 30" (which ought to be 
the maximum error in the adjustment by Art. 83), we find 
y ' — y= Hh 0".7 \ and even this error is eliminated from the 
index correction itself. For all angles greater than 0° 32' the 
error is wholly inappreciable. 


105. To find the eccentricity of the sextant — As the arc of the 
sextant is limited, the method of determining whether the centre 
about which the index arm revolves is coincident with the centre 
of the graduations by means of two verniers 180° apart (Art. 28) 
is not applicable. We can find the eccentricity only by comparing 
various angles measured with the sextant with their known values 
found by some other means. Thus, the angular distances of a 
number of terrestrial points situated in a horizontal plane may 
be accurately determined with a good theodolite and then also 
measured with the sextant. 
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Or we may measure with the sextant the distance of two well 
known fixed stars and compare it with the apparent distance 
computed from their right ascensions and declinations. The re- 
fraction, however, must be taken into account, which may be 
done in either of two ways. 1st, The true distance of the stars 
will be found as in the ease of the moon and a star, Vol. I. 
Art. 255. Then the apparent distance will be found by the 
formulae (448) and (449) of Vol. I, in which we must for this 
case suppose A', H', d' to be the true altitudes and distance, and 
h v H v d l to be their apparent values affected by refraction. 'The 
altitudes will be computed by Art. 14, Vol. I, the local time, 
and consequently the hour angles of the stars, being given. 

2d. We may compute the zenith distances and parallactic 
angles of the stars for the time of the observation by Vol. I. Art. 
15, and then the refraction in right ascension and declination by 
Art. 120. We shall then have the apparent right ascensions and 
declinations, from which the apparent distance will be directly 

computed by the method of Vol. I. Art. 255. 

Now, let y be the sextant reading, x the index correction (here 
supposed to be unknown, as we must regard the zero point as 
likewise affected by the eccentricity), f the true value of the 
measured angle, e the eccentricity; then, since the readings of the 
sextant are double the true arcs, we have, by (9), 

y — O' + aQ = 2e sin (J / -f E) 
or, putting n = y' — y t 

x -j- 2 e cos E sin i / -(- 2 e sin E cos i/ — n (78) 

To find the three unknown quantities x, 2ecos JS, and 2esmJE, 
we must have three such equations derived from three angles 
falling in different parts of the arc, — for example, near 0°, 60°, and 
120 . ^ If we have measured a large number of angles, of various 
magnitudes, we can treat the equations by the method of least 
squares. 

As the index correction is liable to change from one observa- 
tion to another, we can let y represent the reading corrected for 
the index error found at each observation, and then x will be the 
correction of the zero point for eccentricity. 
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THE SIMPLE REFLECTING CIRCLE. 

106. If the arc of the sextant is extended to a whole circum- 
ference, the index arm may be produced and carry a vernier 
upon each extremity. The mean of the readings of the two 
verniers may then be taken at every observation, and will be 
wholly free from the error of eccentricity. This constitutes a 
simple reflecting circle, the manipulation of which is in every 
respect the same as that of the sextant. It has not only the 
advantage of eliminating the eccentricity, but at the same time 
of diminishing the effect of errors of reading and accidental 
errors of graduation, since every result is derived from the 
mean of two readings at two different divisions of the arc. The 
only objection to the instrument is found in the slight increase 
of its weight. 

The simple reflecting circles of Troughton are read by three 
verniers at distances of 120° ; but, as the eccentricity is already 
fully eliminated by two verniers, the third can increase the 
accuracy of a result only by diminishing the effect of errors of 
reading and of graduation. If e 2 is the probable error of the 
moan of two readings, that of the mean of three readings will be 

e 8 = £ a l/l = 0.81 e„ 

so that if two verniers reduce the error to 5" the third willonly 
further reduce it to 4", an increase of accuracy which for a 
single observation is not worth the additional complication and 
weight and the trouble of reading. As was to be expected, 
these instruments, though of very refined and perfect construc- 
tion, have been but little used. 

The prismatic reflecting circles of Pistor and Martins noticed 
below have but two verniers, and combine many practical ad- 
vantages. 

THE REPEATING REFLECTING CIRCLE. 

107. In the repeating reflecting circle the small mirror, or 
horizon glass, is not permanently attached to the frame of the 
instrument, but is attached to an arm which revolves about the 
centre of the instrument. As the telescope must always be 
directed through this glass, it is also attached to the same arm 
and revolves with it. This arm also carries a vernier at its 
extremity. 
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Let ETH (Fig. 28) be tlie revolving arm to which are attached 

the small mirror m, the 


Fig. 28. 



telescope T, and the ver- 
nier, or index H; M the 
central mirror which is 
revolved by the arm MI, 
carrying the vernier, or 
index I In accordance 
with the nomenclature in 
nautical works, we shall 
call II the horizon index , 
and / the central index. 

The arc is graduated 
from 0° to 720° in the di- 
rection IIIE. 


Let A and B be the objects whose angular distance is to be 
measured. First: let the central index I be clamped at any 
assumed point of the arc. Bring the plane of the instrument to 
pass through the two objects. Direct the telescope towards the 
right hand object B , and, without touching the central index, 
move the horizon index II (or rather revolve the instrument, 
keeping the telescope bearing on B ), until the image of the left 
hand object A is reflected from the central mirror M to the 
horizon glass m, and thence to the eye, and thus into coincidence 
with the object B seen directly. This completes the first part 

of the observation. Now, 
leaving the horizon index 
II clamped in this posi- 
tion, unclamp the central 
index I; direct the tele- 
scope to the left hand 
object A , Fig. 29, and 
move the index I for- 
ward (in the direction of 
the graduations) until the 
reflected image of the 
right hand object B is 
brought to coincide with 
the direct image of A. 
This completes the second 
part of the observation. 
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Then, the difference betioeen the readings of the central index in its two 
positions is twice the angular distance of the objects . For let It, Fig. 
29, be the point of reading of the central index before the first 
contact, and R' that after the second contact. At each contact 
the angle of the mirrors is equal to one-half the angle measured 
(Art. 80) ; and it is evident that the points It and It' are at equal 
distances on each side of that point of the arc at which the cen- 
tral index would have stood had we stopped its motion when the 
mirrors were parallel. lienee the angle ItMR' is twice the 
angle of the mirrors at either contact. Denoting the angle 
measured by y, and the readings by It and we have, there- 
fore, 

2y =: It' — It 

The half difference of the two readings is then the mean of 
two measures of the required angle ; while with the sextant two 
observations are necessary to furnish one measure of an angle, 
since one observation must be made to determine the index cor- 
rection, which is here dispensed with. 

If we now recommence the observations, starting from the 
last position of the central index, this index will be found after 
the fourth contact at a reading It ", which differs from It' by 
twice the angle y: so that we have 

2y = It" — R' 

and, consequently, 

R"—M 


Continuing this process as long as we please, we shall have, after 
any even number n of contacts, a reading JR n of the central 
index, and 

ny = Ji n It 


or 



(74) 


Hence it is necessary to read off the arc only before the first and 
after the last observed contact, which is one of the greatest 
advantages of this instrument for use on board ship in night 
observations. 


108. If the distance of the objects is changing, as in the case 
of a lunar distance or an altitude, the difference between the 
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first and last readings will be the sum. of all the individual 
measures, and the value of y found by dividing this sum by the 
number of observations will be the mean of all these measures. 
The time of each observation having been noted, this value of y 
will be the value of the observed angle at the mean of these 
times, provided the angular distance is changing uniformly. 

109. "We have thus far supposed the telescope to be directed 
alternately towards each object; but (as in the measurement of 
a lunar distance, for example) it is expedient to look directly at 
the fainter object and reflect the brighter one. This can be done 
by reversing the face of the instrument after each contact; for 
the relative position of the mirrors will thus be inverted without 
requiring the line of sight to be shifted from one object to the 
other. 

It is convenient in practice to distinguish the two kinds of 
observation by the relative positions of the mirrors. For this 
purpose, let a plane be conceived to be passed through the axis 
of the telescope at right angles to the plane of the circle ; the 
instrument is thus divided into two portions, of which that which 
is on the same side of the perpendicular plane as the central 
mirror will be called the right, and that which is on the opposite 
side, the left ; these designations, however, having no reference 
to the right and left of the observer when the instrument is held 
in various positions. 

An observation to the right is one in which the object reflected 
from the central mirror is on the right of the instrument. 

An observation to the left is one in which the object reflected 
from the central mirror is on the left of the instrument 

A cross observation is one consisting of two observations, ono to 
the right and one to the left 

The observation to the right is precisely like that with the 
sextant. We may, in fact, use the instrument as a sextant 
Clamp the horizon index at any point of the arc ; bring the direct 
and reflected images of the same object into coincidence by 
moving the central index, and read off this index. Call this 
reading R; then, making any observation to the right, let the 
reading be R f ; the angle measured is R ' — JB, and — R may be 
regarded as the index correction, as in the sextant 

110. In observing altitudes with the repeating circle, the tele- 
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scope is directed to the image in the artificial horizon. The 
central index is, for convenience, set upon zero, and we com- 
mence with an observation to the left, as in Fig. 28, holding the 
instrument in the left hand. The next observation is to the 
right, as in Fig. 29, and the instrument is held in the right hand. 

111. In order to facilitate the repetition of the observations, 
the horizon glass and telescope carry with them an inner circular 
arc, which is called the finder. This finder moves under the 
central index arm alternately backwards and forwards in the suc- 
cessive observations ; and, consequently, when the two places of 
the index arm have been once noted on the finder, it can be 
brought approximately to these places for the succeeding obser- 
vations, whereby the images will be already approximately in 
contact. Two sliding stops are usually placed on the finder, and, 
when once set, serve to indicate the two positions of the central 
index. The finder is also roughly graduated for the same pur- 
pose. 

112. The adjustment and verification of the glasses and tele- 
scope are in every respect the same as for the sextant. The 
theory of the errors is also similar, only we have a compensa- 
tion of some of them which is worthy of notice and will be 
considered below. 

Dark glasses or shades are placed, as in the sextant, behind 
the horizon glass and between the horizon glass and central 
mirror, for observations of the sun. In cross observations, the 
errors of these glasses are eliminated, since their positions with 
respect to the incident rays are reversed at each alternate contact. 
In observations to the left, however, Fig. 28, it is evident that 
when the angular distance between the objects A and B is small, 
colored glasses midway between M and m would intercept a 
portion of the direct rays from A on their way to M. In this 
case, therefore, it becomes necessary to substitute for them a 
large shade immediately in front of the central mirror. The 
same shade serves for the observation to the right ; but, as the 
angle of incidence of rays falling upon it is no longer the same 
as in the observation to the left, the error of the shade is 
not wholly eliminated. However, as the angle of incidence is 
small in both positions, the errors produced by a prismatic form 
of the shade will he small, and the partial compensation of these 
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errors wliicli occurs will leave a residual error mostly inappre- 
ciable. 

113. To determine the error produced by a prismatic form of the 
central mirror in a cross observation with the circle. — Let us consider 
the two contacts separately. 

1st. The observation to the right is the same as with the sextant, 
and hence we have, for this observation, by (66), 

r —f = 2 M [y 1 +q 2 see 2 -j- p) — ]/!-+ (75) 

in which q ) /?, 7, and f have the same signification as in Art. 9T. 

2d. In the observation to the left , the central mirror is reversed 
Fig 30 with respect to the incident ray, and 

c M therefore the sign of M must be 

V changed. Bat the angle of incidence 

\ / \ E 0 is also changed. Let M and m, Jig. 

T 30, be the positions of the mirrors, 

1 AM a ray from the left-hand object A 

1 reflected from the central mirror to m, 

a and thence to E in coincidence with 

the direct ray from the object B. Producing the faces of 
the mirrors, we readily find, from the triangle MQm ) 

<p—ir~P 

This value is to he used in the equation (64). The error in the 
measured angle will he the difference of the values of (64) for 
<p = — /? and <p — — /} ; and we shall therefore obtain for it 

a formula differing from (75) only in having — /3 instead of +* ft 
and — M instead of -+ M. Hence the error in an observation 
to the left is 

r _ yj _ _ 2M [/l4- ? =sec 2 (iy— J) — l/I+jpW?] (76) 

3d. For the error in the cross observation -we have, by taking tlie 
mean of (75) and (76), 

7 — i = M. \V 1 + q 1 see 5 Q r + J) — |/T + see 3 JJ} — J ) j (77) 

Ef we suppose, as in Art. 97, q 2 = 1.4025, M= lit' 1 , j = 120°, 
(? = 10°, we find, by these formulae, that the error of an observa- 
tion to the left is 41", that of an observation to the right is 11^, 
and that of a cross observation is 15". The error of the central 
mirror, though not wholly eliminated, is reduced to about one- 
third that of a sextant observation. 
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Borda,* to ■whom we owe the most important improvements in 
the reflecting circle, gave the numerical values of the formulae 
(75), (76), and (77), in a small table with the argument y, for a 
circle in which /? = 10°. Table XXXIV. of Bowditcii’s Navi- 
gator is derived from similar formulae. 

The error produced by the central mirror for a given angle 
may be found by Art. 97, and then by means of Borda’s table 
we may infer the correction for any other angle, by simple pro- 
portion. 

114. The errors of reading, of imperfect graduation, and of 
eccentricity are all nearly eliminated by taking a sufficient num- 
ber of cross observations. For these errors affect only the first 
and last readings, and are divided by the number of observations. 
If the sum of all the measures is very nearly 720° or 1440°, &e., 
so that the central index has made one or more complete revo- 
lutions, the eccentricity is wholly eliminated. 

The error resulting from an inclination of the sight line of the 
telescope is not reduced by repetition, since it makes every 
measure too great. (Art. 99.) 

In theory, therefore, the repeating circle is very nearly a per- 
fect instrument, capable of eliminating its own errors. As, how- 
ever, we cannot pretend to measure “ what we cannot see" the 
refinement of the circle may really be thrown away, so long as 
the optical power of its telescope is so feeble. In fact, the results 
obtained with the circle do not appear to have surpassed those 
obtained with the sextant so much as was expected from its theo- 
retical perfection. This may, however, be due, in a degree, to 
the mechanical imperfections arising from the centring of two 
axes one within another, f 

* Description et mage du Cercle de lUficxion, par Oh. I)b Borda, 4 m * ed. Paris, 1816. 

t It seems that the instrument makers have supposed that it was necessary that 
both the horizon and the central indices should be perfectly centred. In Gamiiky's 
circles the axis of the central index turns within that of the horizon index, and any 
shake of the latter is communicated to the former. But, if we use the instrument as 
prescribed in the text, reading off only the central index, it is quite unimportant 
whether the hqrizon index is correctly centred or not. It is only necessary that it 
should revolve in a plane parallel to the plane of the instrument, and should remain 
firmly clamped throughout each cross observation ; and this will be secured by giving 
it a broad bearing about the centre. The axis of the central index ought then to 
pass directly into the solid frame of the instrument, and the horizon index should 
turn upon a fixed collar, which would entirely separate it from the former. From 
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115. The circle, as above described, is capable of measuring 
no angles greater than about 140°. In this respect, therefore, 
it does not excel the sextant. A very simple addition proposed 
by M. Daussy obviates this difficulty. On the horizon index 
arm Fig. 31, he places a second small mirror n, which 

is of only one-half the 
height of the silvered 
part of the horizon glass 
m . The angle at which 
it stands is more or less 
arbitrary, but it is con- 
venient to have it make 
an angle of about 45° 
B with the mirror m. Let 
A be any distant object, 
and let the instrument 
he held so that a ray An, 

, falling upon n , shall be 
reflected in the line nm 
to m and thence to the eye at E. Now move the central index 
until the ray AC \ from the same object, is reflected from the 
central mirror MN in the line On, passing over the small mirror 
n to the horizon glass, and thence to the eye in coincidence with 
the first ray. (This observation is like the ordinary one of deter- 
mining the zero point of a sextant or circle, only the line of sight 
is directed to a point about 90° from the object.) The mirror 
MN and the small mirror n are now parallel. Let JR be the 
reading of the central index. Now let B be a second object 
which may be even more than 180° from A reckoned in the 
direction HER'. Move the central index until this object is 
reflected from the central mirror M'N ' to m, and thus into coin- 
cidence with the image of A reflected from n. Let R f be the 

the fact that such a construction has not been heretofore adopted, I infer that this 
part of the theory of the instrument has not been well considered. 

If this change iB made, and the instrument is used on land upon a stand, I cannot 
see any reason why we should not realize all the theoretical advantages of the in- 
strument, especially if we considerably increase the optical power of the telescope. 

The opinion of Sir John Herschel ( Outlines of Astronomy , Art. 188) that “the 
abstract beauty and advantage of this principle” (of repetition) “seem to be counter- 
balanced in practice by some unknown cause , which probably must be sought for in 
imperfect clamping ” is hardly sustained by practical experience with instruments 
having a single central axia 


Fig. 31. 
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reading. The angular motion of the mirror MN being always 
equal to one-half the angular distance of the objects, JR' — It is 
the required angle. M. Daussy calls this contrivance a ddpressio- 
mttre, or dip-measurer, from its application to the measurement 
of the dip of the sea horizon, by measuring the angular distance 
between two diametrically opposite points of the horizon, this 
angular distance being 180° plus or minus twice the dip accord- 
ing as we measure through the zenith or through the nadir. It 
finds, however, another important application in observations 
with the artificial horizon when the altitude exceeds 65° or 70°, 
and the double altitude is consequently too great to be measured 
in the usual manner. The additional mirror is usually furnished 
with the Gambey circles, and is readily applied to any instru- 
ment. Since the angle at which it stands is not required to be 
found, the only adjustment necessary is to make it perpendicular 
to the plane of the instrument, which is done by the aid of the 
same test as that which is used in adjusting the horizon glass; 
we have only to observe that the two images of the same object 
A (which for this purpose may be a bright star) reflected from 
MN and n can be brought into coincidence in the middle of the 
field of the telescope ; the mirrors MN and m having of course 
been previously adjusted.* 

THE PRISMATIC REFLECTING CIRCLE AND SEXTANT. 

116. The prismatic reflecting circle, constructed by Pistor and 
Martins of Berlin, differs from the simple reflecting circle 
(Art. 106) by the substitution of a glass prism for the horizon 
glass, and by the position of this prism with respect to the cen- 
tral mirror. 

ABC, Pig. 32, represents the circle; M the central mirror 
upon the index arm ae, which carries a vernier at each end a 
and c; m the prism, which is nearer the telescope T than the 
central mirror, and is permanently attached to the frame of the 
instrument. The prism has two of its faces nearly perpendicular 
to each other, and the third face acts as the reflector. A ray 
from the central mirror entering one of the perpendicular faces 
is totally reflected at the inner face and passes out through the 


* Special instruments for measuring the dip of the sea horizon hare been contrived. 
For an account of TnouaHToy’s Dip- Sector, me Simms's Treatise on Mathematical 
Instruments, 
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other perpendicular face in the direction of the sight line of the 
telescope. The height of the prism is only one-half the diameter 
of the object lens of the telescope, and therefore direct rays 
from any object passing over the prism enter the telescope and 
are brought to the same focus as the reflected rays. When the 
central mirror is parallel to the longest side of the prism, as in 
Fig. 32, two images of the same object are in coincidence, and 
the index correction is determined as in the sextant, except that 
every reading is here the mean of the readings of the two 
verniers. 

IsTow revolving the index into the position, Fig* 33, an object 

Fig. 32. Fig* 33- 




to the right will be reflected into coincidence with the direct 
object, and the angular distance of the two objects is given by 
the reading corrected for the index error. When the central 
mirror becomes nearly perpendicular to the line Mm, the prism 
intercepts the rays from the right hand object. This occurs 
when the angular distance of the two objects is about 130°. 
Beyond this point the head of the observer also intercepts the 
rays, until we come to the position of Fig. 34. 

In this position two objects 180° apart can be brought into 
optical coincidence. But, although the prism does not interfere 
with the rays from the second object, the head of the observer 
may; and this is obviated by placing a small prism I) at the eye 
end of the telescope, to reflect the two images which are in 
coincidence, to the eye in the direction DJE . 
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Continuing the motion of the index, we see, by Fig. 85, that 
angles greater than 180° can now be obtained until the index 
arm. comes against the prism, which occurs when the angle is 
about 280°. The angles thus measured may be reckoned either 
as between 280° and 180° or between 80° and 180°. Of these, 
the angles falling between 80° and 130° may be observed in two 
reversed positions of the instrument, constituting a cross obser- 
vation, as with the repeating circle, whereby the index correc- 
tion becomes unnecessary, and the errors arising from a prismatic 
form of the central mirror are partially eliminated. 


Pig. 34. 



Pig. 35. 



When the index is on zero. Tig. 32, the rays incident upon 
the central mirror make an angle with it of 20°, and in this posi- 
tion we obtain the feeblest reflected images. When the index 
is at 130°, the incident rays make an angle with the mirror of 
85°, and we obtain the brightest reflected images. In the com- 
mon sextant, the reverse takes place ; the feeblest images occur 
for the angle 180° when the incident rays make an angle of only 
10° with the central mirror ; and the brightest images when the 
index is on zero and the rays make an angle of 75 ° with the 
mirror. The angles of incidence in the prismatic instruments 
are, therefore, more favorable for the production of distinct 
images than in the common sextant, since even the smallest 
angle which the incident rays make with the mirror in the 
former is double the corresponding angle in the latter. 

Vox.. xr._(> 
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The adjustments of the prism and central mirror are similar to 
those of the horizon and index glasses of the sextant 

The theory of the errors is also similar to that above given 
for the sextant and circle. 

117. The advantages of these instruments over the common 
sextants are: 1st. Angles of all magnitudes can be measured; 
2d, the eccentricity is completely eliminated by always employ- 
ing the mean of the readings of the two verniers; 3d, there- 
fleeted images are brighter than in other reflecting instruments, 
both because the angles of incidence upon the central mirror are 
more favorable, and because the inner face of a glass prism is a 
much better reflector than a silvered glass; 4th, the errors 
arising from a prismatic form of the central mirror are much 
less than in the sextant. The instruments, as made by Pistor 
and Martins combine also other improvements which might be 
introduced into the common sextant. Thus, the shade glasses 
admit of reversal, by which their errors are wholly eliminated; 
a revolving disc, containing small colored glasses or shades, is 
adapted to the eye piece of the telescope, for use in taking alti- 
tudes of the sun with the artificial horizon ; all lost motion is 
avoided in the tangent screw, by causing it to act against a 
spring ; the arc is read off* at night by the aid of a lantern which 
is placed over the centre of the instrument and the light of which 
is concentrated upon the arc by a lens. 

The prismatic sextant differs from the circle only in dispensing 
with the second vernier (the vernier a in the above figures), and 
that portion of the arc upon which it reads. The same angles 
can be measured with this instrument as with the circle, but 
without the advantage of eliminating the eccentricity. 

For an extensive series of observations, illustrating the capa- 
bilities of the sextant in the hands of a good observer, and espe- 
cially demonstrating the excellence of the prismatic sextants, see 
an article of Schumacher, in the Astron. NaeL, Vol. XX UL p. 
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CHAPTER V. 

THE TRANSIT INSTRUMENT. 

118. The transit instrument is an instrument for determining 
the instant of a star’s passage through any given vertical plane ; 
or (which is the same thing) the time of a star’s transit over any 
given vertical circle. For this purpose, it is necessary that the 
motion of the telescope he confined to the vertical plane ; and this 
is effected by attaching the tube to a horizontal axis and perpen- 
dicular to it, so that by revolving the instrument upon this axis 
the principal sight-line of the telescope describes a plane passing 
through the zenith. The common theodolite may therefore he 
used as a transit instrument when its telescope admits of a com- 
plete revolution upon its horizontal axis. 

The time of transit over the assumed vertical circle is deduced 
from the time when a star passes a given thread placed in the 
focus of the objective. 

The instrument may he mounted in any vertical plane, hut is 
chiefly used either in the meridian or in the prime vertical : in 
the first position, for finding either the true local time or the 
right ascensions of stars ; in the second, for finding either the 
latitude of the place of observation or the declinations of stars. 
When spoken of simply as “the transit instrument,” however, 
it is usually understood to he in the meridian. 

It admits of some variety of form. In the old and still most 
common form, the telescope and horizontal axis bisect each 
other,* and the two ends of the axis are supported on pillars 
between which the telescope revolves. 

A second form is that in which, starting from the first form, 
one-half the telescope tube is dispensed with, that half which 
contains the object glass being retained, while the horizontal axis 
is made to perform the part of the other half. At the internee-' 

* In transit instrument (still preserved m a relie in tEe (Jreeti wielt Ob- 

aervatory) the pivots of the axis are at unequal distances from the telescope. 
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tion of the tube with the axis is a glass prism which bends the 
rays from the object glass at right angles, and transmits them 
through the hollow axis to the eye piece which is placed at the 
end of this axis. The chief advantage of this construction is 
that the observer does not have to change his position to observe 
all the stars which cross the plane of the telescope. It has also 
the advantage, for a portable instrument, of diminished weight 
and a more compact form. 

In a third form, proposed by Steinheil* of Munich the 
telescope tube is dispensed with entirely, or rather the horizontal 
axis is converted into a telescope, by starting from the 'second 
form just described and shortening the tube until the object 
glass is brought next to the prism, so that the rays are bent 
immediately after entering the instrument. This is therefore, 
practically, an instrument of the second form with the telescope 
tube reduced to its minimum length ; but, to gain sufficient focal 
length, the object glass and prism (which are connected together) 
are placed near one end of the axis. This form evidently offers 
the greatest advantages for a portable instrument ; its want of 
symmetry, and the loss of light incurred by the introduction of 
the prism, seem to prevent its adoption for the larger instruments 
intended for the more refined purposes of the observatory. 

The principles governing the use of such instruments being 
essentially the same as those which apply to the transit instru- 
ment of the common form, I shall here treat exclusively of the 
latter. 

119. Plate TV. represents the meridian transit instrument of 
the Washington Observatory, made by Ertel and Sons, Munich. 
It has a focal length of 85 inches, with a clear aperture of 5.3 
inches. The dimensions of all the parts may be found from the 
drawing. The portions of the telescope tube TT ' which are 
made conical to prevent flexure, are screwed to the hollow cube 
M. The conical portions of the horizontal or rotation axis NN 
are also screwed to this cube ; this axis is hollow, and terminates 
in two steel cylindrical pivots which rest in Vs at VV. It is 
highly important that these pivots be perfect cylinders ar>d of 
precisely equal diameters. 

If the whole weight of an instrument of this size were per- 


*Astron. Nach. f Vol. XXIX. D. 177. 
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mitted to rest upon the Vs, the friction would soon destroy the 
perfect form of the pivots, and hence a portion of this weight is 
counterpoised by the weights WW, which, by means of levers, 
act at XX, where there are friction rollers upon which the axis 
turns. By this arrangement, only so much of the weight of the 
instrument is allowed to rest upon the Vs as is necessary to 
insure a perfect contact of the pivots with the Vs. This not only 
saves the pivots, hut gives the greatest possible freedom of 
motion to the telescope, the lightest touch of the finger being 
now sufficient to rotate the instrument upon the axis. 

The counterpoises may be made to perform another important 
service in diminishing th flexure of the horizontal axiH, which they 
will evidently do if they are applied nearer to the cube than in this 
instrument. With cones, such as NX, of very broad base, the 
amount of flexure must be extremely small ; still, with counter- 
poises properly placed, the necessity of making the cones so 
large and heavy would be obviated. (See the arrangement of 
the counterpoises in the meridian circle, Plate VII.) 

In the principal focus of the objective, at m, is the reticule, con- 
sisting of seven parallel transit threads; these are parallel to the 
vertical plane of the telescope and perpendicular to its optical 
axis (Art. 5). These threads and the images of stars in their 
plane are observed with the eye piece E. Eye pieces, or oculars, 
of various magnifying powers are usually supplied, to be used 
according to the nature of the object observed and the state of 
the atmosphere, the highest powers being available only in the 
most favorable circumstances. One of these eye pieces (and 
usually one of the lowest powers) is fitted with a mirror to throw 
light down the tube in observations for collimation, as will he 
fully explained hereafter. This constitutes what is called the 
collimating eye piece; hut the plan of placing a small piece of mica 
outside the eye piece (Art. 47) converts any one of the eye pieces 
into a collimating eye piece. 

There is also a micrometer thread which moves so nearly in 
the plane of the transit threads as to he sensibly in the same 
focus. This thread may be either parallel or at right angles to 
the transit threads according to the application of it intended ; 
but in the simple transit instrument its use will bo chiefly to 
determine the collimation with the mercury collimator, and then 
it will be most convenient to make it parallel to the transit 
threads. For this purpose, it will he still better to substitute for 
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tie single movable tliread a cross-thread or two very dose parallel 
threads. 

Tie transit threads are rendered visible at night by light 
thrown, into the interior of the telescope through the hollow 
rotation axis from a lamp on either side. The light is reflected 
down the telescope tube by a small silver mirror in the cnhe Jf, 
or by an open metallic ring, which does not interfere with rays 
from the object glass. The amount of light can easily he regu- 
lated by a contrivance which it is not necessary to describe. The 
color of the light may he varied by passing it through glass of 
the desired shade. 

The light thus thrown down the tube illuminates th e field, and 
the transit threads appear as black lines upon a bright ground. 
For very faint stars it may be necessary to reduce this held 
illumination to such an extent that the threads cease to lie dis- 
tinctly visible, and then the direct illumination of the threads is 
to be resorted to. This direct illumination of the threads is 
effected, in the instrument here represented, by two small lamps 
(omitted in the drawing) suspended upon the telescope near 
the eye piece, which throw their light obliquely upon the threads 
without illuminating the field. The lamps are bo suspended that 
their flames occupy the same position relatively to the threads 
for all positions of the telescope. The threads are thus made to 
appear as bright lines on a dark ground. Two lamps, one on 
each side, are used in order to produce symmetrical illumination 
of the threads. The threads may also be illuminated by light 
admitted through the axis, but so brought down the tube (by the 
aid of a small lens) as not to illuminate the field; this light being 
finally received by small reflectors near the eye piece, and by 
them thrown upon the threads in such a manner as to produce 
the required symmetrical illumination. 

At F and F are two small finding circles , also called finding levels , 
or simply finders , which serve in setting the telescope at any given 
elevation or zenith distance. They will be more fully explained 
in connection with the portable transit instrument in the next 
article. 

The handles, A and 23, which are within reach of the observer’s 
hand, act upon a clamp and fine motion screw by which the tele- 
scope is fixed and accurately set at any zenith distance. 

The inclination of the rotation axis to the horizon is measured 
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with the striding level L (Art. 51), which is applied to the pivots 
VV. The feet of the level have also the form of Vs. 

The piers are so nearly adjusted in the first place that the Vs 
are nearly in a true east and west line, but a small final correc- 
tion is still possible by means of screws which act horizontally 
upon one of the Vs. In the same manner, the inclination of the 
axis to the horizon is made as small as w r e please by screws 
acting vertically upon the other V. These screws are not shown 
in the drawing. 

In order to eliminate errors of the instrument, it is necessary 
to reverse the rotation axis from time to time, that is, to make 
the east and west ends of the axis change places. The reversing 
apparatus or car for this purpose is shown at R. It runs upon 
grooved wheels which roll upon two rails laid in the observatory 
floor between the piers PP 9 and is thus brought directly beneath 
the axis. By the crank h acting upon the beveled wheels e and 
/, two forked arms aa are lifted and brought into contact with 
the axis at NN; then, continuing the motion, the telescope is 
lifted just sufficiently to clear the Vs, and the friction r#llors at 
XX; the car is then rolled out from between the piers, bearing 
the telescope upon its arms ; a semi-revolution is given to the 
arms, the exact semi-revolution being determined by a stop d 9 
the car is rolled back between the piers, and the telescope lowered 
into the Vs. It is hardly necessary to observe that the telescope 
is placed in a horizontal position during this operation. 

An observing couch C runs on the rails between the piers. It 
is so arranged that the observer reclining upon it may give his 
head any required elevation, and thus be able to observe stars at 
high altitudes without the discomfort which would destroy the 
accuracy of his observations. 

The piers PP are of granite, and rest upon a foundation of 
stone sunk ten feet below the surface of the ground. .They are 
wholly insulated from the walls and floor of the building. 

Between the piers, a granite slab about a foot broad and ten 
feet long is placed on a level with the floor. This rests firmly 
upon the foundation which supports the instrument, and, like 
the piers, is insulated from the floor. On this slab may be 
placed a basin of mercury at various distances from the instru- 
ment, for observing stars by reflexion. 

I do not propose to enter into the details of constructing the 
observatory itself, as many of these details will vary according to 
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the taste aud means of the builder; but it is essential to remark 
that the opening in the roof and sides of the building through 
which the observations are to be made should he much wider 
than the mere aperture of the telescope; for there are always 
currents of air of various temperatures near the edges of the 
openings, which produce unsteadiness in the images of stars. A 
width of two feet at least should be allowed. 

It is also well to observe that the observing room should be 
large and high, that the radiation from the walls may not have 
too much effect upon the instrument. No artificial heat should 
he permitted in it or near it. Its temperature at the time of an 
observation, and that of the whole instrument, should be as 
nearly as possible the same as the temperature of the atmosphere 
outside the observatory. 

The indispensable companion of the transit instrument in the 
observatory is the sidereal clock, which is to he secured to a 
stone pier, resting upon a foundation which is insulated from the 
floor, and so placed that its dial may he seen by the observer 
from my position he may occupy at the telescope. If, however, 
the transits are recorded by the chronograph (Arts. 71~T7) the 
clock may he in any part of the observatory, and a single clock 
may be used for all the observations with all the instruments. It 
will only be necessary that each instrument should have its own 
chronographic register, which is graduated into seconds by the 
one standard clock. However, a clock in the room with the in- 
strument is still necessary to enable the observer to prepare for 
his observations at the proper time; but this may then be re- 
garded as a sort of finder merely, and it will be necessary to regu- 
late it only approximately. 

120. Plate V. represents a portable transit instrument as con- 
structed by Mr. W. ~W urdehann ( W ashington, D. d). The focal 
length of such an instrument is usually from 24 to 36 inches. 

The letters common to Plate V. and Plate IV. represent the 
same parts. The peculiar feature is the portable frame PP, which 
here takes the place of the piers. It is made of iron, and is made 
as light as possible without the sacrifice of strength and stability. 
The screws it being removed, the inclined supports pp fold in 
against the upright ones, and then the latter fold down upon the 
horizontal frame; and the whole frame can be placed in a box. 
This box is deep enough to receive the telescope also. The 
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instrument can thus be conveniently transported and set up in a 
few minutes upon any temporary pillar Q. In the field it will 
often be convenient to mount the instrument upon the trunk of 
a tree cut off to the required height. The frame is quickly 
levelled approximately by the foot screws 8 , S, S. 

A diagonal eye piece F (Art. 12) is necessary for observing stars 
at considerable altitudes. 

The eye tube of the telescope is moved out and in by a rack 
and pinion r, to bring the threads precisely into the focus of the 
object glass. The rack and pinion 1c carry the eye piece to the 
right and left so as to bring it opposite each thread in succession 
as a star crosses it. 

The finder F consists, 1st, of a small graduated circle which is 
permanently attached to the telescope; 2d, of a spirit level g 
attached to an arm which revolves about the centre of the circle. 
This arm carries a vernier, and has a clamp and fine motion 
screw at/. When the vernier reads 0°, the axis of the level is 
parallel to the optical axis of the telescope ; consequently, if we 
set the vernier to this reading, 0°, and then revolve the tele- 
scope until the bubble stands in the middle of the tube, the 
optical axis will be horizontal. If then we set the vernier at 
any other given reading i2, and revolve the telescope until the 
bubble stands in the middle of the tube, the inclination of the 
telescope to the horizon will be = R. The altitude of a star 
whose transit is to be observed is known from its declination 
and th& latitude of the place of observation, and it is usually 
necessary to prepare for the observation by setting the telescope 
at the proper altitude by means of the finder. 

A rack and pinion (not shown in the drawing) serve to revolve 
the eye piece and micrometer so as to make the threads vertical, 
or rather parallel to the vertical plane of the telescope. 

The illuminating lamps are shown in their position. Their 
light is thrown into the axis in nearly parallel lines by means of 
a lens in the lantern opposite the middle point of the flame, the 
flame being nearly in the focus of the lens. 

120*. A small altitude and azimuth instrument so constructed 
that it may be used also as a transit instrument is called a universal 
instrument The horizontal graduated circle renders such an in- 
strument very convenient for observations out of the meridian. 
See Chapter VXL 
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121. Method of observation. — In all cases, the celestial 
tion made with the transit instrument consists only in n- 
a clock or chronometer, the several instants when a star 
object crosses the threads. The method of doing thin 
cision is as follows. The instrument remaining static 
diurnal motion causes the star to pass across the fmh 1 
telescope. As it approaches a thread, the observer lov- 
elock and begins to count its beats; and, keeping tin* 
his head by the aid of the audible beats of the clock, 
turns his eye to the telescope and notes the beat when 
appears on the thread. The transit over the thread in * * ; 
ever, fall between two beats; and then the fraction of ** 
to be estimated. This estimate is made rather by the ** ^ 
the ear. Suppose the clock beats seconds. Let a, Ft 

the position of the star at the I ^ 
before the star comes to the thiw**'* 
its position at the next follow?*' 1 
The observer compares the dintu^-* ' 

a to the thread with the distance f #"• 

' i, and estimates the fraction w ! 

presses the ratio of the former ^ 
in tenths ; and these tenths are tl#* v 
added to the whole number of * 
counted at to express the instant of transit. Thus, if l » * 
20 seconds by the clock at a , and estimates that from ** 
thread is ^ of ab , the instant of transit is 20.4, which !i* * 
together with the minute and hour by the clock. 

In the transit of the sun, the- moon, or a planet, tit** 
when the limb is a tangent to the thread is noted. Tlho 
of inferring the time of transit of the centre from thmM 
limb will be explained hereafter. 

The most accurate method of observing transits is f*jr 
of the chronograph. At the precise instant when the * 
the thread, the observer presses the signal key am! 
record on the register, which is read off at his leisure, 
to the methods explained in Arts. 71-77. The record 
transits of stars over the five threads of the Cambridge! % m 1 
is shown in Plate L Fig. 6. Each transit is precedm^l 
irregular signal, produced by a rapid succession of 
signal key, by means of which the place of the obsftrv ^ 
e register is afterwards readily found. As the 
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relieved by the chronograph from the necessity of counting the 
seconds and estimating the fractions, the transit threads may be 
placed much closer to each other and their number greatly in- 
creased. In the transit instruments used in the United States 
Coast Survey for the telegraphic determination of differences of 
longitude (see Vol. I. Art. 227), the diaphragms contain twenty- 
five threads, arranged in groups, or “ tallies,” of five, as in Plate 
I. Pig. 1. 

GENERAL FORMULA OF THE TRANSIT INSTRUMENT. 

122. In whatever position the transit instrument may be placed, 
we may consider its rotation axis as an imaginary line, passing 
through the central points of the pivots, which, produced to the 
celestial sphere, becomes a diameter of the sphere; and the axis 
of collimation as an imaginary line, drawn from the optical centre 
of the object glass perpendicular to the rotation axis, and de- 
scribing a great circle of the sphere as the telescope revolves. 
The position of this great circle in the heavens is fully deter- 
mined when we have given the position of the rotation axis ; 
and the position of the rotation axis is given when we know the 
altitude and azimuth of either of the points in which it meets 
the celestial sphere. 

The sight-line marked by a thread in any part of the field is 
a line drawn from the thread through the optical centre of the 
object glass. The angle which this line makes with the axis of 
collimation does not change as the telescope revolves : so that, 
while the axis of collimation describes a great circle, the sight- 
line describes a small circle parallel to it whose distance from it 
is everywhere the constant measure of the inclination of the 
sight-line. If then a star is observed on the thread, the position 
of the star with respect to the great circle of the instrument 
becomes known when we know the inclination of the sight-line 
or the angular distance of the thread from the axis. 

* The general problem to which the use of the transit instru- 
ment gives rise is the following: 

123. To find the hour angle of a star observed on a given thread of * 
the transit instrument in a given position of the rotation axis . — Let 
Pig. 87 represent the sphere stereographically projected upon 
the plane of the horizon, NS the meridian, WE the prime 
vertical. Suppose the axis of the instrument lies ip the vertical 
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plane ZA , and that A is the point in which this axis produced 
Fis 37 towards the west meets the celestial 

sphere. Let N'Z'S' be the great 
circle described by the axis of colli- 
mation ; A is the pole of this circle. 
Let nOs be the small circle described 
by the sight-line drawn through a 
thread whose constant angular dis- 
tance from the collimation axis is 
given = c. Let b denote the altitude, 
90° -+ a the azimuth, 30° — n the 
hour angle, n the declination of the 
point A ; cp the latitude of the observer; d the declination of a 
star observed at 0 on the given thread- Join PA, PO , AO . 
We have 

NZA = 90° + a, ZPA = 90 ° — m 

ZA = 90° — b, PA = 90° — n 

AO = 90° + e, PZ = 90° - <p 

PO = 90 * — 9 

and the triangle PZA gives the equations [Sph. Trig. (6), (3), (4)] 

cos n sin m = sin b cos <p -f- cos b sin a sin (p 
cos n cos m = cos b cos a 

sin n = sin b sin <p — cos b sin a cos <p 

which determine m and n when a and b are given. Now let 

r == the hour angle of 0 east of the meridian ; 

then the angle APO = 90° — m + r = 90° +• (r — m), and the 
triangle APO gives 

— sin c = sin n sin d — cos n cos sin (r — m) 

whence 

sin (r — n) = tan n tan d -4- sin c sec % sec <? (T9) 

which determines r — m, whence also r. 

These general formulae admit of simplification when the in- 
strument is either near the meridian or near the prime vertical. 

THE TRANSIT INSTRUMENT IN THE MERIDIAN- 

124. The instrument is said to he in the meridian when tlie 
great circle described by the axis of collimation is the meridian. 
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The axis of rotation is then perpendicular to the plane of the 
meridian, and, consequently, lies in the intersection of the prime 
vertical and the horizon. If, further, the thread on which the 
star is observed is in the axis of collimation, the time of obser- 
vation is that of the star’s transit over the meridian; and, since 
at that instant the sidereal time is equal to the star’s right ascen- 
sion, the error of the clock on sidereal time is obtained at once 
by taking the difference between that right ascension and the 
observed clock time of transit (Vol. I. Art. 188.) 

Practically, however, we rarely fulfil these conditions exactly, 
but must correct the time of observation for the small deviations 
expressed by a, 6, and c, of which a is the excess of the azimuth 
of the west end of the axis above 90° (reckoned from the north 
point), and is called the azimuth constant; h is the elevation of the 
west end of the axis, and is called the level constant ; and c is the 
inclination of the sight-line to the collimation axis, and is called 
the collimation constant. 

We must first show how to adjust the instrument approxi- 
mately, or to reduce a , b 7 and c to small quantities. 

125. Approximate adjustment in the meridian . — 1st. The middle 
thread of the diaphragm should coincide as nearly as possible 
with the collimation axis. Tins adjustment can be approxi- 
mately made before putting the instrument in the meridian, by 
moving the thread plate laterally until the middle thread cuts a 
well defined distant point in both positions of the rotation axis 
in the Vs. 

2d. The middle thread (and, consequently, all the transit 
threads) should he vertical when the rotation axis is horizontal ; 
that is, it should be perpendicular to the rotation axis. This 
can he verified while adjusting the sight-line, by observing 
whether the distant point continues to appear on the thread as 
the telescope is slightly elevated or depressed. After the instru- 
ment has been placed in the meridian and the axis levelled, the 
vertically of the threads may also be proved by an equatorial 
star running along the horizontal thread, which is at right angles 
to the transit threads. 

The axis, being placed nearly east and west (at first by estima- 
tion), is levelled by means of the striding level. Thus c and 6 
are easily reduced to small quantities. 

3d. To reduce a to a small quantity, or to place the instrument 
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very near to the meridian, we must have recourse to the obser- 
vation of stars. The following’ process will be found as Bimple 
as any other with a portable instrument. 

Compute the mean time of transit of a slow moving' star (one 
near the pole), and bring the telescope upon it at that time. For 
the first approximation, the time may he given hy a common 
watch, and the telescope may he brought upon the star hy 
moving the frame of the instrument horizontally. Then level 
the axis, and note the time by the clock of the transit of a star 
near the zenith over the middle thread. It is evident that the 
time of transit of a star near the zenith will not be much affected 
by a deviation of the instrument in azimuth, and therefore the 
difference between the star’s right ascension and the clock time 
will be the approximate error of the clock on sidereal time. 
With this error, we are prepared to repeat the process with 
another slow moving star, this time employing the clock and 
causing the middle thread to follow the star by moving only the 
azimuth V. When the clock correction has been previously 
found by other means (as with the sextant), the first approximation 
will usually be found sufficient. The instrument is now suffi- 
ciently near to the meridian, audthe outstanding small deviations 
can he found and allowed for as explained helow. 

In mounting a large transit instrument in an observatory, it 
will he convenient first to establish the approximate direction of 
the meridian with a theodolite, and to set up a distinct mark at 
a sufficient distance to he visible in the large telescope without 
a change of the stellar focus. The middle thread of the instru- 
ment can then he brought upon this mark before proceeding to 
the observation of stars. 

4th. Finally, it is necessary to adjust the finder whereby the 
telescope is to he directed to that point of the meridian through 
which a given object will pass. If the finder is intended to give 
the zenith distance (£), we take 

t = </> — $ — r -f P for an object south of the zenith, 
f = i — <p — r+j> “ “ north “ “ 

m which r is the refraction, andp the parallax of the object for 
the zenith distance r. But, for the purpose of finding an object 
merely, we may neglect r, except for' very low altitudes, and f 
may be neglected for all bodies except the moon. 

To adjust the finder, we have only to clamp the telescope when. 
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some known star is on the horizontal thread, and in that position 
cause the finding circle to read correctly for that star, by means 
of the proper adjusting screws. It will then read correctly for 
all other stars. In large instruments the finder is sometimes 
graduated from 0° to 360°. 

"With respect to the time when a star is to be expected on the 
meridian, the sidereal clock or chronometer answers as a finder, 
since (after allowing for its error) it shows the right ascensions 
of the stars that are on the meridian. 

126. Equations of the transit instrument in the meridian. — By the 
preceding process we can always easily reduce a, 6, and c to 
quantities so small that their squares will be altogether insensible, 
or, which is the same thing, we can substitute them for their 
sines, and put their cosines equal to unity. And, since m, n, and 
r will be quantities of the same order as a, b , and the general 
formulae (78) will become 

m = b cos <p + & sin <p 
n = b sin <p — a cos <p 

and (79) gives 

r = m + n tan 3 + c sec 3 

which is Bessel's formula for computing the correction to bo 
added to the observed sidereal clock time of transit of a star 
over the middle thread to obtain the clock time of the star’s 
transit over the meridian. It is hardly necessary to observe that 
the unit of all the quantities a, 6, c, m, n, r should be the second 
of time. 

If now we put 

T = the observed clock time of the star’s transit over the 
middle thread, 

a T = the correction of the clock, 
a = the star's apparent right ascension, 

the true sidereal time of transit will he T~ f r + a 3P 5 and this 
quantity must he equal to a. Hence we have 

a =. T + A T + r 
or 

ft=T+AT'4*^ + ^ tan d c mo 3 
by which formula the right ascension of an unknown star can be 




144 


TRANSIT INSTRUMENT IN THE MERIDIAN. 


found when aT and the constants of the instrument are known. 
Trom the transits of known stars, on the other hand, this equa- 
tion enables us to find aT, when the constants of the instrument 
are given. 

The apparent right ascension in this equation should he 
affected, by the diurnal aberration, which, by Vol. I. Art. 398, is 
0". 311 cos if sec o =0.021 cos <p seed when the star is on the 
meridian. If then cl denotes the right ascension' as given in the 
Bphemeris, the first member of (82) ought to be a -f O''. 311 
cos f seed, so that the equation becomes 

a = T aT in n tan -j- (p — O'- 021 cos <p ) sec 8 (882) 

Hence, if instead of c we take 


c'= c — CK021 cos <p 


we may use (82) without further modification, and the diurnal 
aberration will be fully allowed for. Since, for each place of ob- 
servation, the quantity 0*.021 cos <p is constant, there is no reason 
for omitting to apply this correction, although its influence is 
scarcely appreciable except with the larger instruments ot the 
observatory. 


127. Bessel’s form for the correction t is usually the most 
convenient; hut other forms have their advantages in certain 
applications. Brom (80) we deduce 


a = m sin <p — n cos <p 
b =?n cos <p -f- n sin <p 

and from the second of these we have 

m = b sec <p — n tan <p 



which substituted in (81) gives Hansen’s formula, 

* 

r = b sec <p -j- n (tan 8 — tan <p) -j- o sec S (86) 

This is convenient in reducing observations of stars near the 
zenith, where the coefficient tan $ — - tan <p becomes small. Ife 
shows that for a star in the zenith the correction depends only 
on b and e, and that in general the best stars for determining' 
the clock correction are those which pass nearest to the zenith. 

If we substitute the values of m and n from (80) in (81), we 
readily bring it to the form 
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t = a 


sin Qp 


cos <5 


n +h cos ^ 


•*) 


COS d 


+ 


a 

COH d 


(87) 


which is known as Mayer’s formula. This is the oldest form; 
but where many stars are to be reduced for the same values of 
the constants, it is much less convenient than the preceding. It 
has its advantages, however, in eases where the constant a is 
directly given, or in discussions in which this constant is directly 
sought. 


*> 

128. These formulae apply directly to the ease of a star at its 
upper culmination. To adapt them to lower culminations (that 
is, of circumpolar stars at their transits below the pole), wo 
observe that in the general investigation Art. 128, 3 represents 
the distance of the star from the equator reckoned towards the 
zenith of the place of observation, and, consequently, the 
formula will be applicable to lower culminations if we still repre- 
sent by 3 the distance of the star from the equator through 
jhe zenith and over the pole ; that is, if we take for 3 the supple- 
ment of the declination. This being understood, we shall bo 
saved the necessity of duplicating our formula). 

Again, the time of the lower culmination differs by 12 A of 
sidereal time from that of the upper culmination of the same 
star. Hence, to apply the formula) to the case of a lower cul- 
mination, it is also necessary to suppose that a represents the 
star’s right ascension increased by 12 A . 

In short, for lower culminations, we must substitute I2 h ■+ a 
and 180° — 3 for a and 3. 


129. Since the instrument may he used in two positions of the 
rotation axis, it is necessary to distinguish these positions. Wo 
shall suppose that the damp is at one end of the axis, and shall 
distinguish the two positions by “ clamp west” and w clamp east/’ 
If the value of c has been found for clamp west, its value for 
clamp east will be numerically the same, but will have a different 
sign; for, since in reversing the collimation axis remains in the 
same plan©,* any thread will be at the same absolute distance 
from this axis, but on opposite sides of it in the two positions. 


* Except when the pivots are unequal, the correction for which will He eofttiderei 

hereafter. 

Voi,. TT.-10 
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For example, if we have found for clamp west c = — 0.292, we 
must take for clamp east c = -f 0.292. 

If, however, we take the diurnal aberration into account, we 
must observe that c f is not numerically the same in the two posi- 
tions of the axis. For example, if tp = 88° 59', the correction 
0*.021 cos <p is 0.016 ; and if for clamp west we have c = — (K292, 
we shall have for this position c' = — O'. 292 — 0'.016 = — 0*.308> 
but for clamp east c' = + 0\292 — 0*.016 = + 0.276. 

130. In the abgve, we have assumed that the star has been 
observed on a single thread whose distance from the collimation 
axis is known. The same method may be applied to each thread ; 
but when the intervals between the threads are known, each 
observation may be reduced to the middle thread or to a point 
corresponding to the “mean of the threads,” and the correction 
r will then be computed only for this middle thread or this mean 
point. I proceed to show how these intervals are to be deter- 
mined and applied. 

THREAD INTERVALS. 

131. An odd number of threads is always used, and they are 
placed as nearly equidistant as possible, or, at least, they are 
symmetrically placed with respect to the middle one, and this 
middle thread is adjusted as nearly as possible in the collimation 
axis. If the threads were exactly equidistant, the mean of the 
observed times of transit over all of them could be taken as the 
time of transit over the middle one, and this with the greater 
degree of accuracy (theoretically) the greater the number of 
threads.* But since it rarely happens that the threads are per- 
fectly equidistant or symmetrical, it becomes necessary to deter- 
mine their distances ; and this is usually the first business of the 
observer after he has mounted his instrument and brought it 
approximately into the meridian. 

Let i denote the angular interval of any thread from the 
middle thread ; I the time required by a star whose declination 
is d to pass over this interval. Then i, being expressed in 
seconds of time, will also denote the internal of sidereal time 
required by a star in the equator to describe the space between 


* The practical limits to the number of threads will be considered in another 
place. 
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the threads ; for this is the case in which the apparent path of 
the star is a great circle. Our notation, therefore, may be ex- 
pressed by putting 

i = the equatorial interval of a thread from the middle thread, 

1 = the interval for the declination <5. 

If now c denotes the collimation constant for the middle thread, 
the distance of the side thread from the collimation axis is £+ c; 
and if x is the hour angle of a star when on the middle thread, 
I-\- r is its hour angle when on the side thread. lienee, by our 
rigorous formula (79), applied to each thread, we have 

sin ( I -f- r — mi) = tan n tan 8 + sin (i -f- c) soe n hoc 8 
sin (t — »i) = tan n tan 3 sin c sec n hoc 3 

the difference of which is 

2 cos (il+r — m) sin i 1=2 cos (if -|~ c ) sin 1 1 sec n sec 8 

for which, since r — m, c, and n arc here very small quantities, 
we may write, without sensible error, 

2 cos il sin 11 = 2 cos 1 i sin 1 i sec 8 "| 

or V (88) 

sin I = sin i sec 8 J 

From this, I can be found when i is given. On the other hand, 
if I is observed in the ease of a star of known declination, we 
deduce i by the formula 

sin i = sin T cos 3 (89) 

If the star is not within 10° of the polo, it is quite accurate to 
take for these the more simple forms 

1 = i sec 8 i = I cos 3 (90) 

These formulae show that the observed interval will he the 
greater the nearer the star is to the pole. Hence, for finding i 
from observed values of J, it is expedient to take stars near the 
pole, since errors in the observed times will be reduced in the 

ratio 1 : cos 8. 

When the star is so near to the pole that either (88) or (89) is 
to be used, it will be found convenient to substitute for them 

the following : 

I =i nac 3. k i = —j . — (91) 


148 


TRANSIT INSTRUMENT IN TIIE MERIDIAN. 


in which k = an( ^ its logarithm may be readily taken 

from the following table : 


I 

log i sec 6 

log k 

l m 

1.778 

0.00000 

2 

2.079 

.00001 

3 

2.255 

.00001 

4 

2.380 

.00002 

5 

2.477 

.00003 

6 

2.556 

.00005 

7 

2.623 

.00007 

8 

2.681 

.00009 

9 

2.732 

.00011 

10 

2.778 

.00014 

11 

2.819 

.00017 

12 

2.857 

.00020 

13 

2.892 

.00023 

14 

2.924 

.00027 

15 

2.954 

.00031 


1 

log i sec 6 

log* 

15 m 

2.954 

0.00031 

16 

2.982 

.00035 

17 

3.008 

.00040 

18 

3.033 

.00045 

19 

3.056 

.00050 

20 

3.079 

.00055 

21 

3.100 

.00061 

1 22 

3.120 

.00067 

23 

3.139 

.00073 

24 

3.158 

.00080 j 

25 

3.175 

.00086 1 

26 

3.192 

.00093 ’ 

27 1 

3.209 

.00101 

28 | 

3.224 

.00108 

29 

3.239 

.00116 

30 

3.254 

.00124 


Example 1. — If for a star whose declination is 8 = 88° 33' we 
have observed the interval between a side thread and the middle 
thread to be 1= 25 m 17*.6, required the value of i. 

We have 


log / 3.18116 

log cos d 8.40320 

ar. co. log k 9.99912 

i = 38*.325 log i L58348 

Example 2. — Given i = 38*.325, find /for d = 87° 15'* 

We have 

log i 1.58348 

log sec d 1.31896 

log i sec £ 2.90244 

(Argument 2.902) log k 0.00024 

I = 799*.25 log/ 2.90268 

132. The thread intervals may also be found by Gauss’s 
method, with a theodolite, precisely as in the method of deter- 
mining the value of a micrometer screw in Art. 46. 

If the instrument is furnished with a micrometer, the value 
of the screw may be determined by the transits of circumpolar 
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stars over the micrometer thread, and then it may he employed 
to measure the thread intervals. 

REDUCTION TO THE MIDDLE THREAD. 

133. Suppose that the reticule contains five transit threads, 
nnd that they are numbered consecutively from the side next to 
the clamp: so that for “clamp west” stars at their upper cul- 
minations cross the threads in the order of their numbers. Then, 
if we denote the observed clock times of*a transit over them by 
i v t 2y / 3 , / 4 , tp and the equatorial intervals of the side threads from 
the middle thread by i v i 2 . i 5 (observing that \ and i 5 will be 
essentially negative), the time of passing the middle thread 
according to the five observations is either i x seed, / 2 + i 2 sec d, 
+ i 4 sec d, or t 5 + i 6 sec d, which, if the observations were pei’- 
•feet, would be equal to each other. Taking their mean, which 
we shall denote by T, we have 

T = h. dl h. + ^3 + ^4 + t 5 \ + h + h + h gec $ 

5 5 

If we put 

A - __ h + h + h + h 

5 

and denote the mean of the observed times by !T 0 , we have 

T=~ T Q -\- az sec <5 for elamp west, 

T = T q — a i sec d for clamp east 

If the threads are equidistant, &i vanishes ; otherwise Ai sec d 
is the correction to be applied to what is called the mean of the 
threads , to obtain the time of passage over the middle thread. 

If there are seven threads, 

__ (*i h “b V) ~h (V+ h 4“ h) ^ 92 ) 

7 

and so on for any number of threads. 

At the lower culmination, a star crosses the threads in the 
reverse order, and, consequently, the sign of the correction 
sec d must be changed ; but this change of sign is effected by 
talking for d the supplement of the declination, according to the 
xxxethod pointed out in Art. 128. We shall, therefor^, regard 
fcTxe above formulae as entirely general. 

K broken transit (one in which the transits over some of the 
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threads have not been observed) is reduced in the same manner; 
that is, -we take the mean of the observed times and apply to it 
a correction which is the mean of the equatorial intervals of the 
observed threads multiplied by sec o. Thus, if only the 1 st, 3d, 
and 4th of five threads have been observed, we have for T the 
several values q -f h sec 5, t„ t 4 -f i 4 sec 8, the corresponding 
thread intervals being i u 0, i l : so that we have 

T = 4 . h ± 1* sec 8 

O u 

In general, if we put 

Jf = the mean of the observed times on any number of 
threads, 

f— the mean of the equatorial intervals of these threads, 
the time T of transit over the middle thread will be 

T — M + / sec 8 (93) 

If the clock rate is considerable, the reduction of M to I 
must be corrected accordingly. Thus, if 

a'T = the clock rate per hour, 

the reduction / sec 8 becomes /sec 8 1 1 — 

p = the factor for rate = 1 ■ 

T = M -|- pf sec S 

Tor a sidereal clock which gains V per day, we have aT = 
— -fa, whence log/) =0.000005, and for a gain of x seconds daily 
log p = Q . 0000 05 a:. 

For a mean time clock which has no rate on mean time, and, 
consequently, loses 9*.83 per hour on sidereal time, we find 
log p = 9.99881 ; and, if it gains x seconds per day, Log p = 
9.99881 + 0.000005 c;. 

If the star is very near the pole, each thread should he sepa^ 
rately reduced, the reduction to the middle thread being com- 
puted by the formula I=i sec S . kp, log k "being taken from die 
table in Art. 131. 


m) ] or > puttin s 

aT 


3600 
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REDUCTION TO THE MEAN OE THE THREADS. 

134. Another mode of reducing transits is commonly used in 
the observatory. We may suppose an imaginary thread so 
placed in the field that the time of transit over it will be the 
same as the mean of the times on all the threads, and for brevity 
this imaginary thread is called the mean of the threads , or the 
mean thread. Then all observations are reduced to this imaginary 
thread, and the constant c as well as the intervals of the several 
threads are referred to it, precisely as if it were a real thread. 
It is evident that, where many complete transits are to be re- 
duced, this method saves labor, as the correction a i sec 3 is avoided. 

135. Example 1 . — The upper transit of Polaris was observed 
with the meridian instrument of the Naval Academy on Jan. 
26, 1859, as in the second column of the following table : 


Clamp East. c5 = 88° 88' 64". 8 


Thread. 

Sid. clock. 

/ 

log/ 

logfc 

log* 

i 

VII 

0* 44 m 65* 

— 23 m 49' 

»3. 15503 

0.00079 

nl. 65290 

— 8S*.720 

VI 

62 60 

— 15 48 

n2. 97681 

84 

nl.87618 

— 23 .721 

V 

IV 

1 0 64 

8 44 

- 7 50 

»2. 67210 

09 

nl. 07007 

— 11 .767 

III 

16 82 

+ 7 48 

2.67025 

09 

1.06882 

11 .717 

II 

24 81 

+ 16 47 

2.97685 

84 

1.87407 

-f 28 .690 

I 

82 80 

+ 28 40 

8.15412 

78 

1.66200 

+ 85 .645 


The table exhibits the computation of the equatorial intervals 
of the side threads from the middle thread. The values of log k 
are taken from the table in Art. 181, and each value of log i in 
found by the formula log i — log J + log cos S — log k. The 
signs of I and i are given for clamp west. 

The values of the intervals must be found from a number of 
observations of this kind, and the mean of all the determina- 
tions should be finally adopted. 

According to this single observation, the value of At for this 
instrument will be 

a £ = — 0*.021 

If the reductions are to be made to the mean of the threads, 
we find the values of I by taking the difference between the 
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mean of all the observed times and tlie time oil eacli thread, 
and compute i as "before. The values of i that would result in 
the above example may be immediately inferred, since they 
will be equal to those above found diminished by a i Thus, 
arranging th$ values in their order for c'amp west, we have — 


^ Thread. 

Intervals to 
middle thread. 

Intervals to 
mean thread. 

i 

+ 3 5*. 64 5 

+ 85*. 666 

ii 

+ 23 .696 

+ 23.717 

iii 

-f 11.717 

+ 11.738 

IV 

0. 

+ 0.021 

V 

— 11 .767 

— 11.746 

VI 

— 23 .721 

— 23 .700 

VII 

— 35.720 

— 35.699 


Example 2. — With the same instrument or the same date, the 
transit of a Arietis was observed as follows [clamp east ) : 


Thread. 

Clock. 

VII 

1* 58“ 58*. 2 

VI 

lost 

V 

1 59 24.1 

IV 

36 .9 

III 

49 .8 

II 

2 0 2.8 

I 

15.9 


Mean = 1 59 41 .28 


The algebraic sum of the intervals to the middle thread for 
the threads here observed, taken from the table in the preceding 
example, is + 23 a .571, or for clamp east — 23'.571; and therefore 
the time of transit over the middle thread is 

$>$)« R71 

T = 1* 59** 41*28 — - sec S=l h 59™ 37' 02 

6 

To reduce this observation to the mean of the threads, the 
shortest method is to take one-sixth of the interval corresponding 
to the missing thread, — thus : 
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9 Qs 700 

T 0 = l h 59- 4P.28 — sec (5 = 1* 59- 37'.00 

186. Having shown how the quantity T in (82) or (88) is 
found, I now proceed to show how to determine the constants 
m , n, and c. Since m and n hoth involve 6, let us begin with the 
investigation of this quantity. 

THE LEVEL CONSTANT. 

137. The inclination of the rotation axis to the horizon is 
usually found by applying the spirit level as explained in Art. 
52; and this inclination expressed in seconds of time is the 
value of the level constant 6, positive when the west end of the 
axis is too high. 

But the spirit level applied to the outer surface of the cylinders 
which form the pivots does not directly determine the inclina- 
tion of the rotation axis which is the common axis of these 
cylinders, unless the pivots are of equal diameters. 

To find the correction for inequality of the pivots , let (7, Fig. 38, 

Fig. 38. Fig. 39. 



be the centre of a cross section of a pivot, A the vertex of the "V 
in which the pivot rests, JB the vertex of the V of the spirit level 
applied to it. Put 

2i = the angle of the T of the level, 

2 i — “ “ “ V “ transit inst., 

r = the radius of the pivot, 
d = the vertical distance of B above C, 
d — u « “ G u A } 

i 

we have 

d — - d — - 

sin i 1 sin i t 

If now, in Fig. 39, CO' is the rotation axis, A and B the 
vertices of the transit and level Vs at the end next the damp, 
A f and B f the vertices of the Vs at the other end of the axis, 
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r' the radius of the pivot at that end, then tee have for the dia 
tances B' C', A' O', 


U/ , 

sin i sin i x 

The level gives the inclination, of the line BB r to the horizon, 
and we wish to find that of CO r . Let ns suppose the clamp at 
first is west, and afterwards east, and that in both positions of 
the axis the inclination given hy the level is observed. Let 


B } B' = the inclinations given by the level for clamp west 
and clamp east, respectively, 

b , V = the true inclinations of the rotation axis for clamp 
west and clamp east, 

ft — the constant inclination of the line AA\ 


Also draw CJE and GF parallel to JBB f and AA f , and put 
p = HOC' p : = FOG* 

then, L being the length of the level, we have 


sin p = 



r ' — r 
L sin i 



sm p x : 

for which we may take 
P = 


d/~A 


X sin i 


r'- 


X sin i sin 15" 


Pi- 


L sin l x sin 15" 


in which p and p x are in seconds of time. Now, we have evi 
dently for clamp west ( b denoting the elevation of the wed end) 


b — B 4 -p 
and for clamp east, 

b’=B'—p 


b=p— Pl 

6 — p + p x 


B 


b ’ — b = £' — B — 2 p — 2 p } 

^= ? + Pi = p+p .*»4 =p (!!E1±^M 

1 sin i, \ sin t, j 





whence 
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and, consequently, 


B'~ B , 


( sin i, •. 
sin i -f sin i, / 


(95) 


By this formula, when i and i l are known, wo can directly com- 
pute the value of p from the level indications B and B', observed 
in the two positions of the axis. 

If the angles of both the transit and the level Vs are equal to 
each other, which is usually the case, we have sin i — sin \ ; and 
then we have 


P = 



(96) 


The value of p thus found is called the correction for inequality 
of pivots. It is to be carefully found by taking the mean of a 
great number of level determinations in the two positions of the 
axis. By determining it according to the above formula, it is a 
correction algebraically additive to the level indication for clamp 
west : so that the true level constant in any case is found by the 
formulae 

b — B + P for clamp west, 1 

b' = B' — p for clamp east. J 

138. The inequality of the pivots may also be found without 
reversing the axis, by using successively two spirit levels, the 
angles of whose Vs are quite different. Let 2 i and 2 i' he their 
angles; and B and B' the apparent inclination of the axis given 
by the two levels respectively. If then b is the true inclination, 
and we put 

r'—r 

2 “ L sin 16" 


we have, by the preceding article, 


whence 


b = B + - 1 - 

sin i 


b = B'+ 


j 

sin H 


sin { — sin f 


m 


and the correction of inclinations found with the level the angle 

of whose Vs is 2i will be 
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(B - B') 


sm v 

sin i — sin V 


If we construct the levels so that their angles are supplements 
of each other, that is, make 2 a' = 180° — 2 i, the formula becomes- 

B — B' 

P = 

tan i — 1 

For example, if 2i = 157° 23' and 2 ? y — 22° 3v', we have 
JB r ) : so that as accurate a determination of p may 
be found in this way as by reversing and employing the formula 
(96). 

139. Example 1 . — The following example of a case in which 
the angle of the level V differed from that of the transit V is 
given by Sawitsch. A portable instrument was mounted in the 
meridian, and three sets of observations were made consecutively 
for the determination of p, as in the following table : 


No. of deter- 
mmation. * 


Level readings. 

West. 

East. 

B. 

13.2 

13.1 

A. 

14.0 

12.4 

A. 

18.4 

8.4 

B. 

17.9 

8.2 

B. 

18.8 

8.3 

A. 

19.1 

7.2 

A. 

13.6 

12.0 

B. 

13.2 

13.0 

B. 

13.6 

18.0 

A. 

14.0 

12.5 

A. 

18.2 

8.3 

B. 

18.3 

8.0 


JB and & 


>B’=-\- 5.60 
► B = -f 0.45 

■ B =- f 0.52 

■ B’ = 4 . 5.05 


B’ — B 


diy. 

+ 4.50 


+ 5.15 


+ 4.53 


The letters A and B in the first column of level readings refer 
to the position of the level on the axis. 

The value of one division of the level was l' 7 . 68, or, in time, 

0M12. 

The angle of the level Vs was 85°= 2 i: that of the transit 
Vs was 91° = 2i r 
We find, hj taking the mean, 

B’ — B = - f 4. 73 div. = -f 0*.53 
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and lienee, by (95), 

f -- + 0*.14 

If we liad assumed i = i h we sliould have found, by (96), 
p = -f 0M3, very nearly the same as by the complete formula, 
although there is a considerable difference between i and 
To find the true inclination of the axis during these observa- 
tions, we have, by taking the mean of the values of B ancl JB\ 

dir. 

B = +- 0.46 = + 0*.05 
B'= - h 5.19 = + 0.58 

whence 

b = 4 - 0*05 -f 0*14 = +- 0-19 
b'= + 0 .58 — 0 .14 = -f- 0 .46 

Example 2. — In October, 1852, the pivots of the Repsold 
meridian circle of the U.S. Naval Academy were examined by 
twenty-four determinations of the inclination of the axis, twelve 
in each position, and the means were 

div. 

Clamp west, B = 4- 0.68 
“ east, B! = 4 - 0.74 

One division of the level was equal to CK079 ; and hence 

dir. 

p = + 0.015 = + 0-.0012 

which was neglected, as of no practical importance. Indeed, it 
is hardly to he presumed that the level readings were sufficient 
to determine so small a quantity with certainty; nevertheless 
they suffice to prove the same excellence of workmanship in 
these pivots as in those of other instruments of Repsold’s. In 
the meridian eircle of Pulkowa, made by the same distinguished 
artist, Struve found an inequality of pivots of only 0.0025. 


140. The linear difference of the radii of the pivots may also 
be found ; for, by the above formulae, we have 


r> — r = pjj sin. i sin 15' 


Ir (E — B) If sin 16" sin 1 sin 

™ 2 (si n t 4- sin h) 


( 100 ) 


The value of L in the Example 1 of the preceding article was 
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10.85 inches, and hence r / — r = 0.000075 inch. Small as this 
difference appears, it is satisfactorily determined by the level. 


Fig. 40. 
a E a! 


141. The level constant may also be found by the aid of the 
mercury collimator (Art. 47) and the micrometer. For large 
instruments, it is convenient to have the mercury basin perma- 
nently placed immediately under the instrument, a little below 
the level of the floor, and covered only hy a small movable 
trap-door in the floor. 

let CC r , Fig. 40, be the rotation axis of the instrument; EO 
the collimation axis, perpendicular to CO 1 ; 
MN the surface of mercury. There will he 
formed in the field of the telescope a reflected 
image of. each thread of the reticule; hut 
we shall here use only the movable micro- 
meter thread (which will he assumed to he 
parallel to the transit threads). Let this 
micrometer thread he brought into coinci- 
dence with its own reflected image, which 
occurs when it is at that point a of the 
field which lies in the line bO drawn 
through the optical centre of the objective, 
perpendicular to the horizontal surface of 
the mercury ; and hence it follows that, in 
this position, the angle aOJE is equal to the 
inclination of the rotation axis CC' to the surface MAT, or that 
aOE is equal to the required level constant. Now, let the rota- 
tion axis he reversed; the directions CC f and JEO remain un- 
changed (provided the pivots are equal), and the micrometer 
thread is now at a ! , at the same distance as before from the col- 
limation axis ; if then the thread is again brought into coinci- 
dence with its image, it must be moved over a distance a'a 
= twice the required level constant. If then we put 

M = the micrometer interval (expressed in seconds of time), 
positive or negative according as the micrometer thread 
is east or west of its image after reversal, 

we shall have 



2 

and b will thus he positive when the west end is elevated. 


( 101 ) 
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If the pivots are unequal, b and b r being the true inclinations 
of the axis for clamp west and clamp east respectively, we shall 
have, after reversal, JEOa f = 6, and after making a coincidence 
again, EOa = V; and hence 


and, from (96) and (97), 
whence 


&'+& = M 
b'—b=2p 




( 102 ) 


It appears, then, that the mercury collimator alone is not ade- 
quate to the determination of the level constant when the pivots 
are unequal, since the quantity^ must he otherwise determined. 
The only independent method of finding p is by the spirit level ; 
but we shall see hereafter how the level may be dispensed with 
(or its indications verified) by means of the mercury collimator 
in combination with collimating telescopes. 


142. The pivots may be not only unequal, but also of irregular 
figures. To determine the existence of irregularities of form, 
the level should be read off with the telescope placed successively 
at every 10° of zenith distance on each side of the zenith. The 
mean of all the inclinations found being called ZJ 0 , and J3' being 
that found at a given zenith distance J? 0 — j B f is the correc- 
tion to be applied to any level reading afterwards taken in the 
same position of the rotation axis and at the same zenith dis- 
tance. The level readings are thus freed from the irregularities 
of the pivots, hut we still have to apply the correction for in- 
equality of the two pivots ; and this inequality will be deter- 
mined by taking one-fourth of the difference of the mean values 
of B 0 (found as just explained) in the two positions of the rota- 
tion axis. 

For the examination of the form of the pivots of the great 
Transit Circle of Greenwich, “each is perforated, and within 
the hollow of the eastern pivot is fixed a plate of metal perforated 
with a very small hole, behind which a light can be placed for 
illumination; and in the hollow of the western pivot there is 
fixed an object glass at a distance from the perforated plate equal 
to its focal length. This combination forms a collimator re- 
volving with the instrument. It is viewed by a telescope of 7 
feet focal length, which, when required, is placed on Ts, one of 
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them planted in the opening of the western pier, and the other 
in a hole made for that purpose in the western wall of the room. 
By a series of most careful observations in 1850, ’51, and 5 52, no 
appreciable error could be discovered in the form of the pivots.”* 
These pivots are six inches in diameter. 

THE COLLIMATION CONSTANT. 

143. The constant c may express the distance from the colli- 
mation axis either of the middle thread or of the fictitious thread 
denoted by the “mean of the threads;” the former, when Tin 
(82) is the time of transit over the middle thread, and the latter 
when T is the time of transit over the mean of the threads 

Let ns first determine c for the middle thread ; its value for 
the mean of the threads can afterwards be found by adding th^ 
quantity (Art. 133) ; thus, denoting the latter by c 0 , we shall 
have 

c 0 = e-f-Ai (103) 

144. First Method . — Place the telescope in a horizontal position, 
and select any terrestrial object that presents some well defined 
point, and so remote that the stellar focus of the telescope need 
not he changed to obtain a good definition of the point, f Mea- 
sure with the micrometer the distance of the point from the 
middle thread. Reverse the rotation axis, and again measure 
this distance. If it is the same as before, the thread is in tht 
collimation axis, ande = 0; otherwise c is one-half the difference 
of the micrometer measures. To obtain a simple practical rub 
which will fix the sign of c for c^amp west, put 

if, M'= the micrometer distances of the middle thread from 
the point, positive when the thread appears in the 
field to be nearer to the clamp than the point; 

then, for clamp west, 

c=i(M+M') (104) 

This gives e with the positive sign when the thread is nearer 
to the clamp than the collimation axis, in which case stars at 


* Greenwich Obs. for 1852. Iatrod. p. rv. 

f The meridian mark, if one has been established, will, of course, be used for 
this point. See Art. 159. 
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their. upper culminations arrive at the thread before they reach 
the axis, and tie correction c sec <3 must be additive. 

By this method, no correction, for the inequality of the pivots 
is required, since the telescope is horizontal. 

Instead of a distant terrestrial point, we may substitute the 
intersection of two threads in the focus of a horizontal colli- 
mating telescope, placed north or south of the instrument. To 
avoid reversing the axis, two such collimators are used, as in 
the following method. 

145. Second Method . — Let two horizontal collimating telescopes 
D and F, Pig. 41, he mounted on piers in the transit room, one 


Jig. 41 . 



north and the other south of the transit instrument, in the same 
plane with its^rotation axis, their objectives turned towards this 
axis, and* consequently, towards each other. Suppose, for sim- 
plicity, that the collimators have each a single vertical thread 
JV or S in the principal focus. The transit instrument being at 
first removed so as not to obstruct the view of one collimator 
from the other, an image of the thread of either collimator will 
be formed at the focus of the other, and either thread may be 
adjusted so as to coincide exactly with the image of the other. 

Then the two sight lines of the collimators are in the same 
line, or at least are parallel to each other, and their threads 
when viewed hythe transit telescope represent two infinitely 
distant objects whose difference of azimuth is precisely 180°. 
Replacing the transit instrument, direct it first towards the 
north collimator. Let CC' he its rotation axis, AA' perpendi- 
cular to CC' its collimation axis, T the middle thread of the 
diaphragm at the distance AT— c west of the axis. An image 
of N will be formed at N’ at a distance AN ' from the collima- 
tion. axis, which is the measure of the difference of directions of 
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the common sight line of the collimators and the axis AA'\ 
Measure with the transit micrometer the distance (= M) of T 
from N'. Next revolve the telescope upon its rotation axis and 
direct it towards the south collimator. The axis CC f is un- 
changed, and the point A of the focus which represents the 
collimation axis is now found at A The image of S is formed 
at S' at a distance A r S f from the collimation axis, which is again 
the measure of the difference of directions of the common sight 
line of the collimators and the axis AA r : so that we have AN r 
— A'S 1 ; but the points S' and JS Tf are on opposite sides of the 
axis. The middle transit thread is now at T r on the same side 
of the collimation axis and at the same distance from it as 
before: so that we have also A'T'=c. Hence, remembering 
that 

M, M’ = the micrometer distances of the middle thread west 
of the north and south collimator threads, respect- 
ively, 

we evidently have 

To give this method the greatest degree of precision, it will 
not suffice to use single vertical threads in the collimators, on 
account of the difficulty of estimating the coincidence of two 
superposed threads. It is also clear that the sight lines of the 
two collimators must not be marked by two entirely similar and 
equal systems of threads, since to bring the sight lines into coinci- 
dence we should still have to superpose one system upon the other. 
A simple method is to substitute for the single thread in the 
north collimator two very close parallel vertical threads, and in 
the south collimator two threads intersecting at an acute angle 
and making equal angles with the vertical. Then the middle 
point between the close parallel threads marks the sight line of 
the north collimator, and the coincidence of the intersection of 
the cross threads of the sonth collimator with this point can be 
judged of by the eye with great delicacy. It will assist the eye 
somewhat if the collimators have also two parallel horizontal 
threads equidistant from the middle of the field, but not at the 
same distance from each other in both telescopes. 

In the large transit-circle of the Greenwich Observatory the 
whole system of transit threads is moved hy the micrometer 
screw In this case let JMC and M r he the micrometer readings 
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when the middle thread Is in coincidence with the two colli- 
mators respectively; then M 0 = \ [M + M ') is the reading when 
the middle thread is in the axis of collimation, and c— 0; and 
if during any subsequent observations the micrometer is placed 
at a different reading m, we must take for the reduction of such 
observations c = Jf 0 — m. 

Example. — On Eeb. 7, 1853, the collimators of the G-reenwieh 
transit-circle having been brought into coincidence, the middle 
transit thread was brought successively upon each collimator, 
and the reading of the micrometer for the north collimator was 
31 r .300, and for the south collimator Sl r .521. Hence, the micro- 
meter being set at the mean 31 r .411, the middle thread would 
be in the collimation axis, and then c = 0. But if the transit of 
a star was observed on that date with the micrometer set at 
31 r .5, we should have c = 31 r .411 — 31 r .5 = — 0 r .089, or, since 
V = 0*.985, e = — O’. 088. 

146. For merely determining the collimation constant, It is 
not necessary, as has been above supposed, that the collimators 
be in the same horizontal plane with the axis of the transit 
instrument. They may be in a plane so far above (or below) 
that of the transit instrument that the telescope of the latter 
when horizontal will not intercept the view from one to the 
other. If then* each collimator is mounted as a transit instru- 
ment and its rotation axis is level, it can be depressed (or 
elevated) until its threads can he viewed by the transit tele- 
scope. If the inclination of each collimator to the horizon is 
the same, and the measures of the distances of the middle transit 
threads from the two collimating threads are as before M and M r , 
w T e still have c — %(M + M r ). The objection to this arrange- 
ment -is* that the sight lines of the collimators must he made per- 
pendicular to their rotation axes, and these axes must he levelled* 
adjustments which are unnecessary when they are in the same 
or very nearly the same horizontal plane as the axis of the prin- 
cipal instrument. 

To avoid the necessity of raising the transit instrument out 
of the Vs (when the three instruments are in the same horizontal 
plane), two apertures may be made in the cube of the telescope, 
through which,, when the telescope is vertical, the horizontal 
rays from the collimators may pass. 
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147. Third Method . — Direct the instrument vertically towards 
the mercury collimator, and measure with the micrometer the 
distance of the middle thread from its image ; put 

M = the micrometer distance of the thread from its image, 
positive when the thread is west of its image; 

then it is evident that, if the rotation axis is horizontal, we shall 
have M — 2c; hut, if the west end is elevated by the quantity b. 
the apparent distance of the thread and its image will he dimim 
ished by 2b: so that wc shall then have M = 2c — 2b, whence 


c — ^M + b (105; 

which gives c with its proper sign for the actual position of the 
rotation axis. 

If we wish to determine the level constant at the same time, 
we reverse the axis, and again measure the distance of the middle 
thread from its image. Then, putting 


M, M'— the distances of the thread west of its image for 
clamp west and clamp east, respectively, 
b, V == the level constants in the two positions, 

we h‘ ve, for clamp west, 


and (since the sign of c is changed hy the reversal), for clamp 


east, 

whence 


— c = ijr-H-y 
c = {(M- if') — i(b f — b) 


or, since b' — b — 2p, 


and 


c — | {M — if ') — p clamp west, 

c = — \ — M") p “ east, 



Wo have also 

&'+& = — £(M +- M r ) 

V — b — 2 p 

whence 

b — — |(Jf + M') — p damp west, 
b’= — |(ikf + M')-\-p “ east. 


} (W7) 


! "When the micrometer thread is at right angles to the meridian, 
and, consequently, moves only in declination, it can nevertheless 
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be used for determining the small quantities c and b according 
to the above method, as follows. Let A B , Fig. 42, 
be the middle transit thread, A'B' its reflected 
image in the collimator, CD the micrometer thread. 

Move the micrometer thread CD until the distance 
between it and its image CD', estimated by the 
eye, is equal to the distance between the transit 
thread AB and its image, that is, until the two threads and 
their images form, to the eye, a perfect square. This square is 
always very small in a tolerably well adjusted instrument, and 
can be very accurately formed by estimation. We have then 
only to measure the distance of CD and CD' to obtain the 
required distance. Now, if we move CD we also cause the 
image C'D' to move ; but it is evident that (the telescope not 
being disturbed) if CD is moved to C'D', the image will be seen 
at CD, and, in passing from one position to the other, the thread 
and its image will be in coincidence at the point midway between 
the two positions. If this coincidence could he observed with 
perfect accuracy, we might read the micrometer head first when 
the square was formed, and secondly when the coincidence 
occurred and the difference of the readings would be one-half 
the required measure of the side of the square. But, as the 
threads have sensible thickness, it is difficult to estimate the 
coincidence of the middle of the thread with the middle of its 
image, and therefore it will he better to read the micrometer, 
first when the square is formed by the thread at CD and its image 
at CD', and secondly when the square is again formed by the 
thread at CD’ and its image at CD. The difference of the 
readings will then be the required measure of the side of the 
iquare or of the quantity above denoted by M. 

Example 1. — En 1857, June 28, at the Naval Academy, to find 
the collimation constant of the meridian circle, the distance of 
the image of the middle thread from its image in the mercury- 
collimator was measured, by forming a square, as above explained, 
with the declination micrometer thread, alternately north and 
south of its own image. The readings of the micrometer were 
58.5 div. and 59.5 div. The middle thread was west of its image. 
The value of one division of the micrometer was 0*.0618. The 
level constant found by the spirit level was b = — 0'.247* Clamp 
West. 
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We find 

div. 

M — -f 6.0 = + 0*.371 
e = < M 4- b = + 0M86 — 0-.247 = - 0-.O61 

Example 2. — In 1855, May 11, with tlie same instrument, a 
similar observation was made, both with clamp west and clamp 
east, and there were found 

div. 

Clamp W., M — — 5.4 (Thread east of its image) 

“ E., M'= — 2.7 “ “ “ “ 

Hence, since for this instrument p = 0, we find 

c — -4 (M — M‘ ') = — 0*.042 for clamp W, 

b = — M')= + 0.125 

148. By combining the collimating telescopes with the mer- 
cury collimator, we can deduce both the coll imation and level 
constants without reversing the rotation axis and without in- 
volving the inequality of the pivots. For, by the collimating 
telescopes, we deduce the value of e, and by the mercury colli- 
mator iu the same position of the axis, the value of b — c — J M. 
This is the method now employed at the Greenwich Observatory, 
where the transit circle is never reversed ; hut it is better also 
to reverse, and thus obtain two independent determinations of 
our constants for verification. 

If we reverse the instrument and determine the level constant 
by this method in both positions, we can find the inequality of 
the pivots ; for we shall have p — \ {b’ — 4). 

149. Fourth, Method. — The preceding methods are very precise 
and convenient, but are practicable only with instruments pro- 
vided with collimators. The following method is independent 
of these auxiliaries, and is practicable with all instruments which 
admit of reversal; and, being quite accurate, it may be used 
also with the larger instruments in connection with the other 
methods, as a cheek upon them. 

Direct the telescope upon a star near the pole, and observe 
its transits over one or more of the side threads (and also over 
the middle thread, if the instrument can be reversed in the 
interval between two threads). Then immediately reverse the 
rotation axis and observe the transits of the star over one or 
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more of the same side threads again. Let T and T' be the 
mean of the clock times of transit over the middle thread, 
deduced from the several observations for clamp west and clamp 
east respectively (Art. 183) ; b and b' the level constants in the 
two positions (the pivots being supposed unequal) ; then, by (82), 
(83), and (87), we have, for clamp west, 

a = T+ aT + a + b . c .. 0‘-°21 cos y 

COS 8 COS 8 COS 8 4 COStf 


and, for clamp east, 
a == T'+ a T+a ~ ^ -f b'~ 

COS 8 COS 8 


c 0*.021cos^ 

COS 8 COS 8 


From the difference of these equations we deduce 

c = ^ (T' — T) cos 8 -|- p cos (j> — 8) (108) 

in which we have substituted^ for \{b f — b ). If the pivots are 
equal, the term p cos ( <p — 3) will disappear. 

If IT 7 and T f are the times- of passing the mean thread (Art. 134), 
then c is the collimation of this fictitious thread. 


150. If the equatorial intervals have not been previously well 
determined, the mean of the transits over the same thread in the 
two positions must be compared with the transit over the middle 
thread. Thus, if T x and l\ f are the clock times on the same 
thread for clamp west and clamp east, we have, for this thread, 
i x being its equatorial interval (omitting the diurnal aberration, 
which would be eliminated), 


tt = T x + i x sec 8 + a T + a 


sin ( <p — 8) , cos ( (p — 8) 


COS 8 


COS 8 


C 

COS 8 


, sin (c o — 8) , .,cos(<p — 8) c 

* = 5T, — t sec 8 + aT-f a — + b ' 1 ; 

11 cos 8 cos 8 cos 8 

and, for the middle thread, supposed to be observed with clamp 
west, 

. = T + *T + a ■ !? + i cos » ~Ji + JL 

COS 8 COS 3 COBS 

The difference between the last equation and the mean of the 
first two gives 

c = | - L -~ — — T j cos 3 -\- p cos ( 5 0 — 3 ) 


(109) 
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!*uf, since the error of observation in T will appear in all the 
vuIucr of r tluirt found from the several threads, their mean will 
alwt involve thin error, ho that hut a Blight increase of accuracy 
will he gained by observing more than one Hide thread. Hence, 
for the greatest precision, it in indispensable that the thread 
intervals should he previously well determined, and that several 
threads should he used as prescribed in the preceding article. 

These formulas apply without modification to the case of a 
lower transit, if for d we use the supplement of the star’s decli- 
nation (Art. 128 ). 

Kxamh.k. — On Hcpt. 80, 1858, the lower transit of Polaris was 
observed with the meridian circle of the Naval Academy on the 
three side threads and the middle thread with damp east, and 
on the same side threads with damp west, as below: 


Polurit (lower culm.) A = 111 0 21',' 84". 



Thread. 

Clock. 

Reduction to 
middle thread. 

Clock time on 
middle thread. 


i 

12* 44- 45*. 

+ 23- 31K2 

13* 8- 24*.2 

Cl. B. 

ii 

12 52 41 

+ 15 44 .8 

25.8 


in 

IS 0 at? 

+ 7 47 .5 

26.5 


IV 

13 8 24 .5 


24.5 




Mean T ~~ 

18 8 25.25 


m 

13 16 21. 

- 7 47.5 

18 8 88.5 

01. w. 

ii 

24 20. 

— 15 44 .8 

85.2 


i 

82 13. 

— 23 89.2 

S3 .8 

MW*, . j: \ 



Mean T~ 

18 8 83.17 


The adopted intervals for these threads were i, =« + 85".67 l 
4 • + 28*.77, 4 “ + 1H.77, with which the reductions to the 
middle thread were computed as in the table. As a test of the 
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r 



image in the mercury collimator was found with clamp east to 
be 19.9 div. = 1’.280, and by the spirit level there was found 

6 = + 0'.521, whence c = — 0.615 + 0 S .521 = — 0*.094 (Cl. E.), 
agreeing almost exactly with the value found by Polaris. 

THE AZIMUTH CONSTANT. 

151. To find the azimuth constant, we must have recourse to 
the observations of stars, since it is only by a reference to the 
heavens that the direction of the meridian can he determined. 
We can either find a directly, or first find n and m, from which 
a can be deduced. 

To find a directly. — Observe the transits of two stars of different 
declinations 8 and 8'. Let T and T' be the clock times of transit 
reduced to the middle thread (or the mean thread), b the level 
constant, c the collimation constant for the middle thread (or 
the mean thread), and put c' — c — 0‘.021 cos <p (Art. 126). Let 
aT 0 be the clock correction at any assumed time T 0 , 3T the 
hourly rate ; then the clock corrections at the times of observa- 
tion are 

a T= a2;+ 8T(T — T 0 ) 
aT'= aT 0 + 8T(T ' — t') 

Then, if a and a' are the apparent right ascensions of the stars 
at the time of the observation, as found from the Ephemeris, 
we have, by (82) and (87), 

a = T + A T -f- a sin (<p — 8 ) sec i -f- b cos (y — 8 ) sec 8 + d sec 6 
a! — T’- (- A T'-\- a sin ( <p — 8) sec 8 b cos (? — 8) sec <J'-f d sec 8' 

If in these we substitute the above values of a T and a T’, and 
suppose the rate of the clock to be given, every thing in the 
equations will be known except a T 0 and a. To abbreviate, put 

t = T+ 8T(T — r o ) + b cos (y> — 8) sec 8 + d sec 8 1 
f= T'+ 8 T\t’— r 0 ) + b cos ( <p — 8t) sec 8’+ d sec 8 j ^ uu -' 

that is, let t and V denote the observed clock times reduced to 
the assumed epoch T 0 and corrected for level and collimation ; 
then we have 

a = t + a T„ + a sin (<o — 8 ) sec 8 
a! = t'-f a T 0 + a sin (> — 8') sec S' 
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which give 


whence 


or 


From these formulae we learn the conditions necessary for 
the accurate determination of cl In the first place, if the 
rate of the clock is not well , determined, the interval between 
the observations must be as brief as possible, so that t and t f 
will be but little affected by the error in 8T. The right ascen- 
sions of the two stars must therefore differ as little as possible; 
or, if one of them is observed at its lower culmination, they 
must differ by nearly 12\ In the next place, it is evident that 
the larger the factor tan 8 — tan 8' in the denominator of (111), 
the less effect will errors in V and i have upon the deduced 
value of a. Therefore, if both stars are observed at the upper 
culminations, one must .be as near to the pole and the other as 
far from it as possible. Finally, the right ascensions a and a' 
must be accurately known, and, therefore, only fundamental 
stars should be used, or those whose places are annually given 
in the Ephemeris. 

If one of the stars is observed at its lower culmination, we 
have only to use 180° — 8 ' and 12 A -f- a/ for its declination and 
right ascension, and still use the equations (110) and (111) with- 
out change of notation (Art. 128). In this case the factor 
tan 8 — tand' will become tan 8 + tan 8 f (taking 8 ' here to 
signify the proper declination) ; and this will be the greater, the 
nearer both stars are to the pole. All the most favorable condi- 
tions can therefore be best fulfilled by two circumpolar stars, 
both as near to the pole as possible and differing in right ascen- 
sion by nearly 12\ - 

we can rely upon the stability of the instrument and the 
rate for 12 A , we may observe the same star at both iter 
c and lower culminations, and then, putting 180° — 8 f =» 8, 
la becomes 


+ a f— (jf = } ~ ~ 

L COS 8 ' COS 8 J 

cos 8 cos <5' 


a = [(a' — a) — (<' — £)] 

(.'-») -(f'-Q 
cos <p (tan 8 — tan 8 r ) 


cos 8 cos 8' 
cos <p sin — £') 


cm) 
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in 


__ of — a — (t f — t) 

2 cos (p tan S 


( 112 ) 


where a' is the apparent right ascension of the star at the lower 
culmination increased by 12% and t f is the corrected time for the 
lower culmination. 

If the object of the observer is to re-determine the right 
ascensions of the. fundamental stars themselves, it is plain that 
he must have an instrument of the greatest stability, and for 
the determination of the azimuth must rely upon upper and 
lower culminations of the same star; for the difference of — a 
in (112) may be accurately computed by the formulae for pre- 
cession and nutation, although the absolute values of cc and of 
may be but approximately known. 

To find n directly . — Having observed two stars under the con- 
ditions above given, let t and V be the clock times reduced for 
rate to the assumed epoch 2^ as before, but further corrected 
only for collimation ; that is, put 


t = T + ST(T — T 0 ) + o' sec <5 
t'= T'-h ST (5T— T 0 ) + (fscc V 

then, by Bessel's formula, Art. 126, 


whence 


ou rm t — j- A 2% -j— 771 -j— 71 tan <5 
* '=*'-{- cT Q +m+ n tan S' 

n _ (*'-*)- (a'- >) 
tan S — tan S' 



(114) 


Tor a single circumpolar star observed at its upper and lower 
culminations, 

(*'— t) — (a/—'*) 


2 ‘tan $ 


(115) 


We then find m by (85); namely, 

m = b sec <p — n tan <p ( 116 ) 


If we reduce our observations by Bessel’s or Hansen’s 
formula, it -will be unnecessary to find a. If it is required, how- 
ever, it may now he found by the equation 

a = b tan <f — n sec p (HIj 
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Example. — On May 25, 1854, with the meridian, circle of the 
TL S. Naval Academy, the upper and lower transits of Polaris and 
the transit of a Arietis were observed, and the clock times reduced 
to the middle thread were as follows : 

T 

Polaris TJ. C. l h 14 m 48*.24 (Clamp East.) 

a Arietis 2 8 9 .13 “ 

Polaris L.C. 18 14 40.12 


"With the spirit level and mercury collimator, there were found 
b — -f- 0 S .004, c = — 0 S .203. The hourly rate of the clock on 
sidereal time was dT— — 0 s . 224. The longitude of the instru- 
ment was 5 h 5 m 55* W. of Greenwich, and the latitude = 38° 58' 
52". 5. Find the constants a, m, and n. 

From the Nautical Almanac for this date the right ascensions 
and declinations of the stars, reduced to the time of the obser- 
vations, are 

a <5 Nat. tan S 


Polaris TJ. C. 1* 5” 29*.41 
a Arietis 1 58 56 .05 

Polaris L.C. 13 5 29.75 


88° 31' 39" 38.902 

22 46 7 0.420 

91 28 21 —38.902 


We find for the constant of diurnal aberration for the given 
latitude, 0'.021 cos «p - 0*.016, and hence c' — — 0\203 — O'. 016 
= — 0'.219. Computing c 1 sec d, b cos (<p — d) sec S for each star, 
and reducing the times for rate to 0*, the values of t, according 
to (110), are found as follows : 



T 

Red. for 
rate to 0 A . 

Corr. for 
collim. 

Corr. for 
level. 

t 

Polaris TJ. O. 

1 * 14“ 48*.24 

— 0*.28 

— 8'.52 

+ O'.IO 

1» 14“ 39*.54 

a Arietis j 

2 8 9 .13 

— 0 .48 

— 0.24 

0.00 

.2 8 8 .41 

Polaris L.C. 

13 14 40.12 

— 2 .97 

+ 8.52 

— 0.09 

13 14 45.58 


To exemplify the use of the formula (111), we will first take 
Polaris U. C., and a Arietis (accenting the quantities for the 
second star). We find 


a'— a = 53’” 26*.64 

and hence, by (111), 

a 


tan 8 ■ 


V— t : 
■ tan 8 r 


; 53* 28‘.87 
38.482 


2‘.23 


38.482 cos f 


= — 0-.075 
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To exemplify the use of (111) in the ease of two stars, one 
above and the other below the pole, we will take a Arietis and 
Polaris L. C., for which we find 


whence 


a = 11* 6 m 33*.70 t f — t = 11* 6 m 37*.17 

tan d — tan d f = 39.322 


— 3*.47 
39.322 cos <p 


= — 0M14 


To exemplify the use of (112), we will take Polaris U. C. and 
L. C., for which we have 


t 

a 

whence 


a = 12* 0 m 0*.34 


t'—t= 12* 0“ 6'.04 
2 tan S = 77.80 


— 5‘.70 
77,80 cosp 


— 0*.094 


"We adopt this last determination of a, and then, by (80), we find 
m — — 0*.056 n = -(- 0'.076 

But, where m and n are required, it is preferable to find n 
directly from the observations, and for this purpose we do not 
correct the times for level. Thus, correcting the times according 
to (113), we find l as follows : 



T 

Red. for 
rate to 0*. 

Corr. for 
coU. 

t 

Polaris TJ. C. 

1* 14” 48*.24 

— 0*.28 

— 8*. 52 

1* 14”* 39*.44 

a Arietis, 

2 8 9.13 

— 0 .48 

— 0 .24 

2 8 8 .41 

Polaris L. C. 

| 13 14 40 .12 ] 

— 2 .97 

+ 8.52 

13 14 45.67 


Taking Polaris TJ. C. and a Arietis, we find, by (114), 



+ 2».33 
38.482 


= + 0*.061 


Taking a Arietis and Polaris L. C., we find, by the same 
formula, 


+ 3*.56 
39.322 


= + 0'.091 
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Finally, from Polaris IT. C. and L. C., we find, by (115), 


+ 5 s . 89 

n — 

77.804 


= + 0-.076 


agreeing exactly witli the value above found from the same 
observations. "We now find m by (116), which gives as before 
m = — 0\056. And then, if a is required, we find, by (117), 
a = — (KOOt. 

THE CLOCK CORRECTION. 

152. Having determined all the instrumental constants, the 
clock correction is found from the transit of any known star by 
the formula 

a — (T+ r) 

in which T is the clock time of the star's transit over the middle 
thread, or the mean thread, and z is the reduction of this thread 
to the meridian, computed by either (81), (86), or (87). 

The finally adopted value of a T will be the mean of all the 
values thus found from a number of stars ; and this mean will 
be the value corresponding to the mean of all the times of obser- 
vation. But the observations thus grouped together for a deter- 
mination of a T should not extend over so great a period of time 
that the clock rate cannot be regarded as constant during that 
period. 

The clock rate is found by comparing the corrections a T, a T' f 
corresponding to two times T 7 , T 7 , or 

r— t 

The value aT 0 of the clock correction for an assumed epoch T g 
will he found by taking 

±T 0 — dT(T 0 — T) 

It is evident, from Hansen’s formula (86), that an error in the 
determination of n (or of a, which involves n ) will have the less 
effect upon r and a T the less the difference between the observer’s 
latitude and the star’s declination. Hence, assuming that b and 
c can be found with greater precision than n, it is expedient to 
use for clock stars only fundamental stars which pass near to the 
zenith. If two circumzenith stars are observed, such that the 
mean of the tangents of their declinations is equal to the tangent 
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of the latitude, the mean value of a Twill he wholly free from 
any error in n. 

An error in c will he eliminated, either wholly or in part, by 
taking the mean of the two values of a T found in the two posi- 
tions of the rotation axis, since the sign of c , and, consequently, 
also that of any error in c\ is changed by reversing the axis. An 
error in the assumed value of the correction p, for inequality of 
pivots, will also he removed in this manner; hut, since the co- 
efficient of b does not change its sign for different stars, nor 
when the instrument is reversed, there is no method of elimi- 
nating an unknown error of b. It is necessary, therefore, that 
the astronomer give particular attention to the precise determi- 
nation of this constant. 

(For the determination of the clock correction by a transit of 
the sun, see Art. 155). 

DETERMINATION OF THE RIGHT ASCENSIONS OF STARS. 

153. The principal application of the transit instrument in the 
observatory is the determination of the apparent right ascensions 
of the celestial bodies. The instrumental constants and the 
clock correction and rate being found from known stars as above 
explained, the right ascension of any other star is immediately 
deduced from the time of its transit by (82), in which we may 
substitute (86) or (87). The form in which the observations are 
reduced will be best learned by referring to any of the printed 
observations of the principal observatories. 

In making a catalogue of stars, the instrument is clamped at 
a certain declination, and all the stars within a zone of the 
breadth of the field of the telescope are observed as they cross 
the threads. In this case, it will be expedient to find the clock 
correction from fundamental stars nearly in the parallel of decli- 
nation upon which the instrument is set. For if we have found 
a? 7 from a star whose right ascension is a, by the formula 

Af=a~(T + T) 

the right ascension of another star will be 

' j = r+ 6>T'+*T(T' — T) + j 
= a + (T'- T) (1 + *T) + (V - r) 

that is, it will be equal to the right ascension of the fundamental 


THAN.' IT INSTRUMENT IN TIIE MERIDIAN. 


! 7 *‘. 


in- the clock interval corrected for rate, and for 
tin- difference r' r of the instrumental corrections; and if the 
di-.'liitatioiis arc the same, we. shall have r' — z — 0, and all the 
errors of flu- instrument will he eliminated. Since, in this appli- 
cation, the absolute clock correction is not required, we may 
sultHi it u?e in (-S2) w' for a 7' j- mi, and in/ will bo found directly 
from the fundamental stars by the formula 


in' a. ( T -\- n tun S -|~ d sec <t) 

Tin* right ascensions will then he obtained by adding to the 
observed times the correction in' -f v tan 3 + c' sec 8, and it will 
not he necessary to separate in' into its constituents a 7' and m. 
Since «d involves tin* rate of the clock, its hourly variation will 
he taken into account in precisely the same manner as that of 
a T. This mode of reduction was adopted by Bessel for his 
Kouigdierg Zone observations. 

The mean right ascensions for the beginning of the year or 
for any assumed epoch, are found, from the apparent right 
ascension*, by the formula (f>!)2) of Vol. I. 

For the determination of the absolute right ascensions of the 
fundamental stars, see Chapter XII. Yol. I. 


TIUNSJTH OF THE MOON, THE SUN, AND THE I'LANETS. 


7 hmnite of i/w tnomi . — The hour angle of the moon’s limb, 
when on n side thread, is affected by parallax; and the time 
required by the moon to pass from this thread to the meridian 
differ* from that required by a star in consequence of the moon’s 
proper motion in right ascension. If 3 is the true declination of 
the moon, 8' She apparent declination as affected by parallax, &' 
tin* apparent cast hour angle of the moon’s limb at the instant 
of the observed transit over a thread whose equatorial interval 


JO*. *3. 

r 



from the middle thread is t, then, since 3 ' is the decli- 
nation of the observed point on the thread, we have 

if ss m -f- n tan S' + (} + /) sec S' 

Thus &' is known, but to reduce the observation we 
must find the true hour angle <?. Let PM, Fig. 48, be 
the meridian, P the pole, £ the geocentric zenith of the 
place of observation, 0 the true place of the moon, 0 1 
it* apparent place ; and denote the true and apparent 
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zenith distances ZO and ZO r by 2 and z f . We have MPO ■= # 7 
MPO 1 ~ and drawing O-Sf, O'Jf' perpendicular to the meri- 
dian, we find 


sin MZO — 


sin ilfO 
sin i/ 0 


sin JfO ; 
sin ^0' 


or 


whence 


jN’ow, if 


sin $ cos d sin cos d f 

sin z sin z r 


# = 


sin z cos d' 
sin / cos 5 


^ = the moon’s increase of right ascension in one second of 
sidereal time, 


the sidereal time required by the moon to describe the hour 
$ 

angle # is - — — ; and, therefore, T'being the clock time of transit 

of the limb over the thread, the right ascension of the limb at 
the instant of its transit over the meridian will he 


• a = T 4- A jT -I 

^ ^ 1 — X 

and if we put 

S = the moon's geocentric apparent semi diameter, 

the hour angle of the moon’s centre when the limb is on the 

$ 

meridian will be ± — -> and the time required by the moon 

15 cos 3 g J 

to describe this hour angle will be ± , — Hence the 

° 15 (1 — A) cos d 

formula for computing the right ascension of the centre at the 
instant of the transit of the centre over the meridian is 


»=r+ i r + — 


£ 

15 (1 — 1) cos d 


in which the upper or the lower sign will be used according as 
the first or the second limb is observed. If then we substitute 
th& values of & and and put 

1 

. sin / (1 — A) cos 8 


VOL. IX.— 12 


(118) 
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a= T+a tan <$'-f c' sec 8')Fcob 8' z 


S 


‘ 15 ( 1 — X) cob 8 


(H9) 


To compute the factor F conveniently, put 
sin z ^ 1 


A = - 


£ 


then 


sin z f 1 — X 

F = AB sec 8 


The value of A may he developed in a simple form. If we put 
<p r =■ the reduced or geocentric latitude of the place of observa- 
tion, p = its geocentric distance, n = the moon’s equatorial 
horizontal parallax, we have z = <p f — <5, and 

sin (s' — z) = p sin n sin / 

whence 

. sin 2 . 

A = = cos (z ' — z) — p sin 7T cos z 

sin z T 

or, neglecting the square of the parallax, 

A — 1 — p sin 7r cos (<p f — A) 

which is the form employed by Bessel, who gives the value of 
log A , in Table XIII. of the Tabula Regiomontana , with the 
argument log [/> sin n cos ((p r — £)]. For a particular observatory, 
where these reductions are frequent, it is more convenient to 
prepare a special table, adapted to the latitude, giving log A with 
the arguments 8 and 7 r. In Bessel’s table, there are also given 
the values of log B with the argument “ change of the moon’s 
right ascension in 12* of mean time,” and the argument is ex- 
pressed in degrees and minutes of arc ; but as the change in one 
minute, expressed in seconds of time, which I shall denote by not, 
is given in the American Ephemeris, I shall take 

3 Aa ' B — 60.1648 

— 60.1643 “ 60.1648 — Aa 

where 60.1648 is the number of sidereal seconds in one minute 
of mean time. The following table gives the values of log R 
imputed by this formula : 
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Argument Aa = change of the moon’s right ascension in one minute of 
mean time. 


Aa 

log B 

Aa 

log B 

Aa 

log B 

1-.65 

0.01208 

2-.05 

0.01506 

2'.45 

0.01806 

1.70 

0.01245 

2.10 

0.01543 

2.50 

0.01843 

1.75 

0.01282 

2.15 

0.01580 

2.55 

0.01881 

1.80 

0.01319 

2.20 

0.01618 

2.60 

0.01919 

1.85- 

0.01356 

2.25 

0.01655 

2.65 

0.01956 

1.90 

0.01394 

2.30 

■ 0.01693 

2.70 

0.01994 

1.95 

0.01431 

2.35 

0.01730 

2.75 

.0.02032 

2.00 

0.01468 

2.40 

0.01768 

2.80 

0.02070 


This table will be useful also in computing the term 


8 

15 (1 — 1) cos d 


= iV SB sec <S 


The reduction of an observed transit of the moon is then as 
follows. The transit over each thread is reduced to the middle 
thread (or mean thread) by adding the correction iF to the 
observed times, and the mean of the several results is taken 
as the clock time of transit of the limb over the middle (or 
mean) thread; or this time may be found by multiplying the 
mean of the equatorial intervals of the observed threads by F 
and adding the product to the, mean of the observed times. 
This time is then reduced to the meridian by adding the correc- 
tion (m + n tan 5 f + c' sec 3 f )F cos 3' or (rn cos 3' + n sin 3 f + c')F, 
in which we may take 3 f = 3 — iz sin {<p f — 3). Then, adding the 
clock correction, we have the right ascension of the limb at the 
instant of its transit over the meridian. Finally, adding or sub- 
tracting the term -> we have the right ascension of 

the moon’s centre at the instant of its transit over the meridian. 

When the moon has been observed on all the threads, the 
computation' of F by the above method may be dispensed with, 
as an approximate value, sufficient for computing the reduction 
to the meridian, may be inferred from the observed times on the 
first and last thread. For, calling the observed interval between 
these threads I, and the equatorial interval i, we have I = iF; 
whence 
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If we omit the factor 1 — 1 throughout, the right ascension 
obtained is that which corresponds to the instant of the observa- 
tion instead of the instant of meridian passage. 

Example. — The transit of the moon’s first limb was observed 
at the U. S. Naval Academy on May 29, 1855, as follows : 


Thread. Clock. 

I 15* 3“ 5 7*. 5 
II 4 10.3 

(Clamp east.) Ill 4 23 .2 

IV 4 36.2 

V 4 49 .0 

VI 5 1 .8 

VII 5 14.6 


For the Naval Academy we have <p' — 38° 47' 38", and log/> 
= 9.99943 ; and the longitude from Greenwich is 5* 5”* 57*. 

The constants of the transit instrument were m = -f 0*.251, 
n — — 0*.162, c = + 0'.093 ; and lienee (Art. 126) c' == + 0".093 
— 0’.016 = + 0*.077. The clock correction to sidereal time was 
_l_ pm 25*.ll. The equatorial intervals of the threads from the 
middle thread were 

h h h t’ s t, 

+ 35'.65 + 23*. 7 2 + 11‘.78 — 11*.77 — 23'.77 — 35*.67 

From the American Ephemeris we find for the culmination 
at the Naval Academy on May 29, 1855, 

* = 57' 46".l S = 15' 46".5 

■ • . • <S = — 17° 58' 53" a» = 2*.2147 

To illustrate the method of reducing the observations to the 
middle thread, we will first find the factor Fhy direct computa- 
tion. W e have <p' — 8 = 56° 46' 31", log p sin n cos (< tp ' — 8) = 
T.96355 ; and hence 

lo S A = 9.99599 

log B = 0.01629 1 ,- 

log sec^ = 0.02175 
log F = 0.03403 

Multiplying the equatorial intervals by F, we find the reductions 
of the several threads to the middle thread to be 

i n III v VI VI i 

8*.56 + 25*.65 + 12*.74 — 12*. 73 — 25*.71 — 38\58 
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The clock times of transit over the middle thread, according' 
to the observations on the several threads, were, therefore, 


I 

15 s 4“ 

• 36*.06 

II 


35.95 

III 


35 .94 

IY 


36.20 

Y 


36.27 

YI 


36.09 

YII 


36.02 

Mean T = 

15 4 

36.08 


To compute the instrumental correction, we have Trsin^' — d) 
= 48'.3, whence d' = — 18° 47'. 2, m + n tan d f + cf sec d' = 
+ O'. 387, and therefore 

(m + n tan <$' -f d sec d') F cos d' = -f- 0.40 

Applying this term to the above mean, we have 

Clock time of transit of the limb = 15 A 4™ 36*.48 
Clock correction, a T == -f 1 25 .11 

R A. of the limb at transit = 15 6 1 .59 


15 (1 — 1) cos d 

R A. of moon’s centre at transit, a = 15 7 10.47 

The factor F might have been approximately deduced from 
the first and last observations, which give the interval J— 77*.l, 
and the equatorial interval between the extreme threads is 
% = 35*.65 + 35\67 = 71*.32, whence 

log F = log = 0.0338 
s b 71.32 

which is sufficiently accurate for reducing the instrumental cor- 
rection. 

The “ sidereal time of the semidiameter passing the meridian,” 

or ___ — — m ay be taken from the table of Moon Culml" 
15 (1 — X) cos d J 

nations given in the Ephemeris. . , 

The clock correction employed in deducing the moon’s right, 
ascension should be deduced from stars as nearly as possible, in 
the same parallel of declination. (See Art. 153.) The “moon cul- 
minating; stars” are stars lying nearly in the moon’s path whose;: 
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positions have been carefully determined for this purpose. (See 
Vol. 1. Art. 229.) 

155. Transits of the sun or a planet . — The formula (119) is applic- 
able in general to any celestial body ; but, in the case of the sun 
and planets, the parallax is so small that its effect upon the time 
of transit over a side thread is inappreciable: so that we may 
take simply 

F = = B sec S 

(1 — X) cos S 

and, consequently, also put S for S'. The formula for computing 
the right ascension of the centre of the sun or a planet over any 
given thread is, therefore, 

a=T-f- a T-j- i B seed -f (m -)- wtan $ -f c f sec d)B ± ^SB seed (120) 

in which (1 denoting the change of right ascension in one sidereal 
second) we have 



The logarithm of B may be readily computed. Putting aoc for 
the change of right ascension in one hour of mean time (which 
change is given in the Ephemeris for the sun), we have, since 
one mean hour, is equal to 3610 sidereal seconds, 

Act 

= §610 

*log £ = - log(l — AM 
6 6 \ 3610/ 

— JL 

~ 3610 

in which M= 0.43429, the modulus of the common system of 
logarithms. Performing the division of M by 3610, we find 

log jB = 0.00012 X 4a (121) 

in which a<x must he expressed in seconds of time. 

In the British Nautical Almanac, the change of right ascension 
aoc in one hour of longitude is given for each planet. In this' 
case, we have 


*By the formula log(l — x) = — M(x -f J &c.), where the square and 
higher powers of x are so small as to he inappreciable in the present case. 
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+ 


Aa 

3600 


the logarithm of which may also he found by (121) with suffi- 
cient accuracy, that is, within a unit of the fifth decimal place. 

The term ^ SB sec d, or “ the sidereal time of the semidiameter 
passing the meridian,” is given in the Ephemeris for the sun and 
each of the planets. When both limbs have been observed on 
all the threads, this term is not required, since the mean of all 
the observations is evidently the time of the passage of the centre 
over the mean of the threads. If this mean is to be reduced to 
the middle thread, there will remain the small correction a iB sec 8 
to be applied (Art. 133), for which we may take a i sec 8. We may 
also put m + n tan <? + c f sec 8 instead of (m + n tan 8 + c' sec 8) B, 
unless m, n , and c' are unusually great. 

The reduction of transits of the sun observed with a sidereal 
clock is greatly facilitated by the use of Table XII. of Bessel’s 
Tabulae Regiomontance , which contains every thing necessary for 
the purpose, for each day of the fictitious year (Vol. I. Art. 406). 

156. Transits of the sun observed with a mean time chronometer . — 
A mean time chronometer is often used with the portable transit 
instrument, and transits of the sun are then observed solely for 
the purpose of determining the chronometer correction. In this 
case, the mean motion of the sun corresponds with that of the 
chronometer, and therefore the factor B may be put equal to 
unity, unless we wish to obtain extreme precision by taking into 
account the small difference between the mean motion of the sun 
and its actual motion at different seasons of the year, a degree 
of precision quite superfluous in the use of a portable instrument. 
If we put 

’E = the equation of time for the instant of transit, positive 
when additive to apparent time, 

S' = S sec d = the mean time of the sun's semidiameter 
passing the meridian, which may be taken from the 
Ephemeris, 

t = the reduction to the meridian, found either by (82), (86), 
or (87), 

T = the observed chronometer time of the transit of the 
sun's limb over a thread whose equatorial interval is i, 
aT— the chronometer correction to mean time, 

t == the chronometer tipie of the transit of the sun's centre. 


s 
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then we have 

and 

or 


t = T -f- i sec d zb S' 4 T 
12* + E = t 4 aT 


a T= 12* + B — t 


(122) 


(123) 


Example. — On May 17, 1856, the transit of the sun was ob- 
served at the Naval Academy with a portable instrument as below 
{ Clamp West): 


Thread. 

Mean time chronometer. 

1st Limb. 

2d Limb. 

i 

IP 55- 42*.2 

IP 57” 56*.6 

ii 

55 57.4 

lost 

hi 

56 12.0 

58 26.7 

IV 

lost 

58 41.7 

V 

56 42.8 

lost 


There had been found a = 4 O'. 35, b = — 0*.27, c — — 0'.12. 
The thread intervals from middle thread were 

4 - 28*.25 + 14*15 — 14*^27 - 28**81 

The longitude being 5> h 5 m 57* west of Greenwich, we find from 
the Ephemeris for the transit over this meridian, 

$ = + 19° 29'.1 S' = 67*.24 B = — 3- 49*.71 

The reductions of the several threads to the middle thread, or 
the values of i sec d, are, therefore, 

I II IV V 

4 29*.97 4 15*. 01 — 15*14 — 80*.03 

Applying these to the observed times, and also the quantity 
=h S', we have the chronometer time of the transit of the sun's 
centre over the middle thread, as deduced from the several 
threads, as follows ; 
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Chronometer. 

IP 57” 19*.41 
19 .65 
19 .24 
19 .51 

19 .33 
19 .46 

19.32 

11 57 19.42 

The latitude being <p = 88° 58'. 9, we find, by (87), t = — 0\27, 
and hence, finally, 

t = IP 57- 19M5 
12*+# ==11 56 10.29 
a T= — 1 8.86 

157. Correction of the transit of the moon or a planet when the 
defective limb has been observed. — Let us consider the general case 
of a spheroidal planet partially illuminated. The transit of the 
observed limb is reduced to that of the centre by employing 
instead of S in (119) the perpendicular distance from the centre 
of the planet to that tangent to the limb which lies in the direc- 
tion of the transit threads, or, in the case of meridian transits, 
the perpendicular upon the declination circle which is tangent 
to the limb. The formulae for computing this perpendicular, in 
general, are discussed in Vol. I., Occultations of Planets , where we 
have found that in all practical cases the formulae (628) of p. 580 
may be considered as rigorous. In those formulae the angle $ 
is the angle which the required perpendicular makes with the 
axis of the planet, so that, p being the angle which this axis 
makes with a declination circle, we have here 

= 270° — jt? or $ = 90° — p 

according as the first or second limb is observed. The values 
of p as well as of V and c required are found as in Yol. I. Arts. 
351, 352. 

But this rigorous process will seldom be required ; and when 
we regard the planet as spherical, the formulse can be simplified 
as follows. Bor a spherical planet we make c = 1, and substi- 
tute the value 90° — p for #, which applies to the 2d limb, 
whence, by Yol. I. formulae (628) and (623), 

sin/ = cos v sin V 
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or 

sin* 

5" 

where a f and A are the right ascensions of the planet and the 
sun respectively (and a' — A is therefore in the present case the 
sun's hour angle at the time of the observation); D= the sun’s 
declination ; R, R f = the heliocentric distances of the earth and 
the planet respectively; s — the apparent semidiameter of the 
planet at the time of the observation; s 0 = the mean semi- 
diameter (Vol. I. p. 578); r = the geocentric distance of the 
planet; and s" = the required perpendicular. For the moon we 
may put R = R'. 

The above value of sin £ is deduced for the second limb, and, 
therefore, by Yol. I. Art. 854, it will he positive when the second 
limb is defective. Since we should have to substitute 270° — p 
for #, or — cos_p for sin??, in the case of the first limb, which 
would only change the sign, it follows that the value of sin % com-- 
\ puted by the above formula will be positive or negative according as the 
2 d or the 1st limb is defective . 

The value of s" is to be substituted for S in (119). 

EFFECT OF REFRACTION IN TRANSIT OBSERVATIONS. 

158. Since the refraction changes the zenith distance, its effect 
upon the time of transit over a side thread has the same form as 
that of the parallax. If then z and z ' denote respectively the 
true and apparent zenith distances, the time required by the star 
fco describe the interval i is iF, where F is found by (118) ; or, 
denoting this time by I 7 , and putting 1 = 0, 

ft 1 sin 2 

cos 5 sin z f 

How, the refraction is represented by the formula r = k tan z\ 
k being nearly constant ; and for values of z not greater than 85°, 
we may here assume k = 58", and z = z f - f itanz', whence 
we find 

= 1 + k sin 1" = 1.00028 

sm z 




R 

= — cos D sin (a' — A) 


: s cos * = — cos * 


( 124 ) 


MERIDIAN MARK. 


187 


Hence the error in computing tlie internal hy the formula 
1—i seed is I X .00028, which amounts to 0*.01 when I— 36*; 
and this is as great ail interval as is ever used for an equatorial 
star. The error of observation for other stars increases with the 
interval _Z, or as the value of sec 3 : so that the error produced 
"by neglecting the refraction is always much less than the proba- 
ble error of observation. Moreover, the error is wholly elimi- 
nated when the star is observed on all the threads, or on an equal 
number on each side of the middle thread. 

If, for any special purpose, it becomes necessary to correct an 
observation on an extreme thread for refraction, we can take, as 
a very accurate formula, 

/' = i sec <5(1 + k sin 1") 

k being found by Bessel’s Refraction Table (Table II.), and, for 
a near approximation, 

F — i sec S X 1.00028 

MERIDIAN MARK. 

159. For a fixed instrument, it is desirable to have a perma- 
nent meridian mark by which the azimuth of the telescope may ’ 
be frequently verified. A triangular aperture (for example) in a 
metallic plate mounted upon a firm pier, with a sky background, 
makes a good day mark, the thread of the telescope being brought 
into coincidence with it by bisecting the vertical angle of the 
triangle. If the mark is sufficiently near, a light may he placed 
behind it for night observations. A simple mark like this, how- 
ever, must be so remote as to he distinctly -defined in the tele 
scope without a change of the stellar focus, and even for instrm 
ments of moderate power this requires a distance of upwards 
of a mile. 

It is found, however, that the apparent direction of these 
distant marks is often subject to changes from the anomalous 
lateral refractions which take place in the lower strata of the 
atmosphere, produced chiefly by variations of temperature. If 
a sheet of water intervenes, the mark is found to be especially 
unsteady. It was to remedy this difficulty that Ritteneouse 
first proposed the plan of placing the mark comparatively near 
to the instrument, but in the focus of a lens which receives 
thw divergent rays from the mark and transmits them to the 
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telescope in parallel lines; a suggestion which has resulted in 
various important improvements in the methods of investigat- 
ing instrumental errors, such as the collimating telescopes, the 
mercury collimator, &c., which have already been fully treated 
of in the preceding pages. The apparent direction of the mark 
will he that of the line joining the optical centre of the lens 
and the mark. At Pulkowa, the lens for this purpose is placed 
on a pier within 'the transit room, and has the extraordinary 
focal length of about 556 feet,* which is, therefore, the distance 
of the mark from the pier. The mark consists of a circular 
aperture ^ of an inch in diameter, in a metallic plate, presenting 
in the telescope a planetary disc of only 2" in diameter, which 
can be bisected by the thread of the telescope with the greatest 
precision. The merit of such a mark depends on the stability 
of the two points, the mark and the lens, which determine the 
direction of its optical line. These points, mounted as they are 
upon solid stone piers, are not liable to greater relative changes 
than the piers of the telescope itself, and therefore the changes 
of direction of their optical line will be less than those of the 
telescope in the proportion of the focal length of the lens to the 
length of the rotation axis of the telescope, which in this case 
was as 556 feet to 3.61 feet, or as 154 : 1. IsTow, according to 
Struve, f the diurnal changes in the direction of the axis of a 
well mounted transit instrument are seldom more than one or 
two seconds of arc ; but ^ of a second of arc is a quantity abso- 
lutely imperceptible even in the best transit telescopes. Two 
marks of the same kind were used by Struve, one north and 
the other south of the telescope, and they served not only as 
meridian marks, but as collimators according to the method of 
Art. 145. 

In the same manner, one of the collimators of the Greenwich 
transit circle is used as a meridian mark, although it is within 
the transit room. In this case, the advantage gained is com- 
paratively small. 

It is not necessary that the mark be precisely in the meridian 
of the instrument. It is sufficient if it is so near to it that its 
deviation in azimuth can be measured with the telescope micro- 
meter. let A be its azimuth west of north. Direct the telescope 
to it, and measure its distance m from the middle thread, giving 


* Description de V Observatoire de Poulkova, p. 126. t Ibid. p. 128* 
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the measure the positive sign when the mark, as seen in the 
field, is to the apparent west of the thread; then, a being the- 
azimuth constant of the telescope determined by stars, and c the 
collimation constant, we have 

A = a — m — c (125) 

So long as the values of A thus found appear to vary only within 
the limits of the probable errors of observation, their mean is to 
be taken as expressing the constant position of the mark, and 
during this period the azimuths of the transit instrument will be 
found at any time by the formula 

a = A + m + c 


If the instrument is reversed and the micrometer distance of 
the mark west of the middle thread is now m', we have 


a = A -f m' — c 

which, combined with the former equation, gives 

Cl = A — J— } (Al — J— 
c = i (m! — m) 

which last equation gives c with its proper sign for the first posh 
tion of the instrument. 


} 


(126) 
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160. It is often found that two observers, both of acknowledged 
skill, will differ in the time of transit of a star observed by “ eye 
and ear,” by a quantity which is nearly the same for all stars; 
Such a constant difference does not necessarily prove a want of 
skill in subdividing the second according to the method of Art. 
121, but may proceed from a discordance between the eye and 
the ear, which affects the judgment as to the point of the field to 
which the clock beats are to be referred. Thus, if ^ 

a and 6, Fig. 44, are the true positions of a star at 
two successive beats of the clock, we may suppose 
the observer to allow a certain interval of time- to £? $ 
elapse’ after each beat before he associates it with the 
star’s position (possibly in some cases he may antici- 
pate the heat) : so that he refers the beats to two different points 
a f and 5', whose distance from each other is, however, the same 
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as that of a and b. The ratio in which the distance a'b f is divided 
he may still estimate correctly. 

The distance between a and a! may be called the absolute per- 
sonal equation of the observer, and, if it could be determined, 
might be applied as a correction to all his observations. But, so 
long as his observations are not combined with those of another 
observer, the existence of such an error cannot be discovered; 
nor is it then of any consequence. For the process of deter- 
mining the right ascension of an unknown star consists essen- 
tially in applying to the right ascension of a known star the 
difference of the clock times of the transit of the two stars (cor- 
rected for instrumental errors and rate), and this difference will 
evidently be the same as if the observer had no personal equation. 

In order to combine the observations of two individuals — for 
example, to deduce the right ascension of an unknown star 
whose transit is observed by A, from the time of transit of a 
known star observed by B— it is necessary to know the difference 
of their absolute equations, — i.e. their relative personal equation . 
Thus, if the times observed by A are later than those observed 
by B by the quantity -27, then B’s observations may be reduced 
to A’s (that is, to what they would have been if observed by A) 
by increasing them all by E. 

The relative personal equation may be found by the following 
methods : 

First Method. — Let one observer note a star’s transit over the 
first three or four threads, and the other observer its transit 
over the remaining threads. Reduce the observations of each 
to the middle thread (or to any assumed thread) by applying the 
known equatorial intervals multiplied by sec 8 . The difference 
between the mean results for the two observers will be a value 
of their required personal equation. The mean of the values 
found from twenty or thirty (or more) such observations will be 
adopted, provided the probable error of such a determination (as 
found from the discrepancies of the individual results) is not 
greater than the equation itself; in which case the difference 
between them should, of course, be regarded as accidental, and 
the use of a constant equation would introduce error instead of 
eliminating it. This remark may be necessary to guard inexpe- 
rienced observers against an incautious adoption of an equation 
derived from insufficient data. We may also remark here that 
constant personal equations are more apt to exist between trained 
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observers than between inexperienced ones, the former having 
by practice acquired a fixed habit of observation. 

Second Method . — The preceding method is liable to the objection 
that as the second observer takes the place of the first in a some- 
what hurried manner, his usual habit of observation may be 
disturbed. To obviate this, let each observer independently 
determine, the clock correction by fundamental stars ; then the 
difference of these corrections, both reduced for clock rate to the 
same epoch, will be the personal equation. The equation thus 
found involves the errors of the stars’ places and of the clock 
ratei. The first will be inconsiderable if only fundamental stars 
are used, but may be entirely eliminated by the observers’ ex- 
changing stars on a following day and taking the mean of the 
two results. The effect of error in the rate will be insensible if 
the stars are so distributed that the means of the right ascensions 
of the stars of the two groups employed by the two observers 
are nearly equaL 

2 hird Method . — An equatorial telescope is sometimes used for 
the purpose, as follows. Two transit threads of the micrometer 
are adjusted in the direction of a declination circle, and the tele- 
scope is directed towards a point in advance of any star not far 
from the meridian, and clamped. The observer A notes the 
transit of the star over the first thread, and the observer B the 
transit over the second thread. The telescope is then moved 
forward again in advance of the star, and clamped. The ob- 
server B now notes the transit over the first thread, and A the 
transit over the second thread. This gives one determination 
of their personal equation ; for, putting JE = the reduction of 
B’s observation to A’s, and I = the interval of the threads for 
the observed star, M and M f the observed intervals, we have 

M=I+ E M' = 1 — JE 

whence 

M-W 

2 

This process being repeated a number of times, AT will be the 
mean of all the intervals when A begins, and M / the mean of 
those when B begins. . 

This method is also open to the objection that the observers 
succeed each other so rapidly that their usual habit of deliberate 
observation is likely to be disturbed. Moreover, if their per- 
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sonal equation is -required to reduce their observations made 
with a transit instrument, it should be determined with this in- 
strument; for it is possible that the equation may not be the 
same with instruments of different powers. 

The same clock, also, should be used in determining the per- 
sonal equation that is used in the observations, for it is very 
probable that the peculiarity of the clock-beat affects the equa- 
tion.* 

It is one of the advantages of the American (the electro-chro- 
nographic) method of recording transits that the personal equa- 
tion is very much reduced : still it is not wholly destroyed. The 
same methods may be employed to determine its amount as 
when the observations are made by eye and ear. 

It may also be remarked that not Qnly should the same tele- 
scope and the same clock be employed in determining the per- 
sonal equation, as in the observations to which it is to be 
applied, but also the observer’s ’general physical condition should 
be as nearly as possible the same. Even the posture of the body 
has been found to have some effect upon the observer’s estimate 
of the time of transit ; and it can hardly be doubted that the 
personal equation will fluctuate more or less with the observer’s 
health, or the condition of his nervous system. 

That the personal equation depends upon no organic defect 
of either the eye or the ear, but upon an acquired habit of ob- 
servation, seems to follow from the fact that it is usually greatest 
in the case of the most practised observers. In 1814 there was 
no personal equation between those eminently skilful astrono- 
mers Bessel and Struve ; but in 1821 they differed by 0\8, 
and in 1823 by a whole second ; a progressive increase indicat- 
ing the gradual formation of certain fixed habits of observation. 
So far from invalidating the results of either observer, this fact 
would indicate that their absolute personal equations were in all 
probability very constant for moderate intervals of time, and 
therefore had no appreciable effect upon their results so long as 
these results did not depend upon a combination of their obser- 
vations with those of other observers. 


* Bessel found that with a chronometer beating half seconds he observed transits 
0*.49 later than with a clock heating whole seconds. 
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PERSONAL SCALE. 

161. Prof. Peiice lias called attention, to the fact that expe- 
rienced observers often acquire a fixed erroneous habit of esti- 
mating particular fractions of the second. Thus, when a star is 
really at 0.3 from a thread, one observer may have a habit of 
calling it 0\4, while another may incline rather to 0*.2 ; or, again, 
when the fraction is less than 0.1, one invariably takes 0.1, while the 
other as invariably neglects it and puts 0.0. Tims each observer 
is conceived to have his own personal scale for the division of the 
second. 

Jn a very large number of individual transits over threads by 
the same observer, there is, according to the doctrine of proba- 
bilities, the same chance for the occurrence of each of the deci- 
mals .0, .1, .2, &c., if the observations are perfectly made , or if the 
errors of the observers are purely accidental ; otherwise, one or more 
of these decimals will occur more frequently than the rest. 
Hence, by simply counting the number of times each decimal 
occurs in a very large number of observations by the same 
observer, the personal scale of this observer may be determined. 

It is easily shown that the effect of an erroneous personal 
scale is to increase or diminish, the mean result of a large 
number of observations by a constant quantity. Tor example, 
suppose that in 1000 observations of a certain observer the frac- 
tion 0.3 appears but 20 times, while 0.4 appears 180 times, and 
that each of the other fractions appears 100 times. Then, since 
each fraction should appear 100 times, the mean of any large 
number of observations by this observer will probably be too 
great by the quantity 

(0.4 X 180 + 0.3 X 20) - (0.4 X IPO ± 0-8 X 10O) = Q 00g 

1000 

The effect, therefore, being constant, will be combined, with 
the personal equation determined from a large number of obsen 
vations, and may be regarded as always forming a part of it. 
Hence it follows that the application of the personal equation, 
which involves the errors of the personal scale, does not neces- 
sarily eliminate the observer’s constant error from each observa- 
tion, but that it probably does eliminate it from the mean of a 
large number of observations. 


You IL— 18 
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PROBABLE ERROR OF A TRANSIT OBSERVATION. 

162. That part of the error in the observed time of transit of 
a star which is independent of the personal equation and other 
constant errors, and is irregular or accidental, may be distin- 
guished as the probable error ; and it will be the only error of 
observation which will affect the final result, if the observations 
of two observers are not combined. It may be determined for 
each observer by comparing the several values of the thread 
intervals given by his observations. Let 

I = the observed interval of two threads whose equatorial 
interval is ij 

then, since we should have i = 1 cos 8 , each observation furnishes 
a value of i; and from a great number of values the probable 
error r of each single determination is deduced by the formula* 

r = 0.6745 J-^!I 
» m — 1 


in which the values of v are the residuals found by subtracting 
the known value of i from each value found from observation, 
and m is the number of observations. 

. Now put 


e = the probable error of the observed time, of transit of an 
equatorial star over a thread ; 

then, since the time of transit over each thread is affected by 
this error, we have 

2 e 3 = r 3 

whence 


= 0.6745 

*2( m — 


2 (m — 1) 


Example. — From the transit observations made by Mr. Ellis 
at the Greenwich Observatory in 1843, the observed intervals 
between the successive threads (i.e. from 1st to 2d, from 2d to 3d, 
&c.) were found as in the following table : the true equatorial 
intervals being those given in the fourth column. The difference 


* Appendix, Art. 17 
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between, the computed and the true equatorial interval ( v ) is 
given in the fifth column, and the last column gives v 2 . 


1848. 

Observed 

I 

Computed 

i—I sec 6 

True 

i 

V 

v' 1 

March 8. 

13 *.8 

12‘.79 

12*.89 

— 

0*10 

0.0100 

>' Tauri 

13 .8 

.79 

.76 

+ 

.03 

9 

i = + 22° 27' 

14 .0 

.98 

.87 

4~ 

.06 

36 


14 .0 

.93 

.91 

+ 

.02 

4 


13.7 

.66 

.88 

— 

.22 

484 


13 .6 

.57 

.86 

— 

.29 

841 


13 .8 

.85 

.89 

— 

.04 

16 

f Tauri 

13 .8 

.85 

.76 

+- 

.09 

81 

i — + 21° 21' 

13 .9 

.94 

.87 

+- 

.07 

49 


13.9 

.94 

.91 

+- 

.03 

9 


13.8 

.85 

oo 

oo 

— 

.03 

9 


13.7 

.76 

.86 

— 

.10 

100 


13.7 

.65 

.89 

— 

.24 

CD 

fi (x (minor. 

14 .9 

.93 

.76 

+- 

.17 

289 

<5 == + 22° 35' 

14 .9 

.93 

.87 

+• 

.06 

36 


14 .9 

.93 

.91 

d- 

.02 

4 


13.9 

.84 

.88 

— 

.04 

16 


13.8 

.74 

.86 

— 

.12 

144 


2 

II 

00 



= 0.2803 


Hence we find, by the above formula, 

e = 0-06 

Taking a much greater number of the observations made by 
Mr. Ellis of stars from the 3d to the 5th magnitude, I found 
£ = 0*.O56, which is probably smaller than will be found for 
most observers. In the case of another well trained observer, I 
found e = 0*.08. 

In the same manner, from a large number of Mr. Ellis’s ob- 
servations of the moon I found his probable error in observing 
the transit of the first limb over a single thread to be 0'.074, and 
for the second limb 0‘. 071. In the ease of another observer, I 
found for the first limb 0*,078, and for the second limb 0'.094. 
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If we assume, then, that for moderately skilful observers 
e — 0 s . 08 for a star, the probable error of the mean of the ob- 
servations over seven threads will be 0\08 -r- j/7, or only 0\030, 
the star being in the equator. For the declination d the pro- 
bable error will be 0 s . 03 sec d. 

The probable error thus found is the accidental error, com- 
posed of the error of the observer in estimating the fractions of 
a second (including the errors of his personal scale), and of the 
error arising from unsteadiness of the star ; but it must not be 
taken as the measure of the degree of precision in the deduced 
right ascension or time.* 

163. The error of the right ascension derived from a single 
complete transit is composed of the following errors : 

1st. The undetermined instrumental errors, depending upon the 
errors in the determination of the constants a, b , and c ; 

2d. The errors of the assumed clock correction and rate; 

8d. The error arising from irregularity of the clock; 

4th. The error in the observer’s personal equation,, arising from 
an imperfect determination of the equation, or from fluctua- 
tions in its value, depending on the observer’s physical and 
mental condition; 

5th. The accidental error of observation, composed of the ob- 
server’s error in estimating the fractions of a second, and of 
errors arising from unsteadiness of the star; 

6th. The error arising from an atmospheric displacement of the 
star, which may possibly be constant during the transit over 
the field of the telescope, and may be called the culmination 
error . 

We may form an estimate of the total effect of all these 
sources of error by examining the several values of the right 
ascension of a fundamental star deduced from different culmi- 
nations, and reduced for precession and nutation to a common 
epoch. Thus, there were found from the different observations 
of the transit of a Arietis , in the year 1852 at the Greenwich Ob- 
servatory; the following values of its mean right ascension on 
Jan. 1, 1852. Putting a = l h 58 m 50* -f- x, the values of x were — 


* In this connection see the remarks of Bessel in the Berlin Jahrbuch for 1823 

p. 166. 
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X 

X 

X 

X 

0.40 

0.34 

(K59 

<K37 

.44 

.31 

.42 

.34 

.39 

.42 

.42 

.34 

.39 

.45 

.46 

.59 

.42 

.53 

.33 

24 

.40 

.35 

.32 

31 


The mean is r = 0.40; and from the differences between this 
tnean and the several values of x we deduce r = 0 s . 057 as the 
probable error of a single determination of the right ascension 
of this star. In the same manner, I find from the observations 
of y Ceti during the same year r — 0.063, and for a Ur see Mqjoris 
r = 0*.131. If these be multiplied by the respective values of 
cos Sy we have (K053, 0 s . 063, 0*.063, the mean of which, or (K06, 
expresses nearly the probable error of a single determination of 
an equatorial star with the transit circle of the Greenwich Ob- 
servatory in 1852. A larger number of stars should be ex- 
amined to determine this error with certainty; but the above 
will suffice to illustrate the mode of proceeding. It must not 
be forgotten, however, that this instrument is never reversed, 
and all its results may be affected by small ‘constant errors 
peculiar to the several stars. 

If we denote the probable error of observation, or the 5th of 
the above enumerated errors, by e, and the combined effect of 
all the rest by e l9 we have 

r* — e 2 -f e 2 a ^ 

whence, taking r — 0.06, and e= Oh 03, as above found, we 
deduce e l = (X052: so that if e were reduced to zero— that is, 
if the observations were made perfectly — the right ascension 
determined by a single transit would be improved by only (KOI. 
Hence it follows that an increase of the number of threads for the 
purpose of reducing the error of observation would be attended by no 
important advantage. 

Bessel thought five threads sufficient. 

164. “We see from these principles that the weight of an ob- 
served transit is not to be assumed to vary as the number of 
threads, as it would do were there no culmination error or un- 
known instrumental errors. For practical purposes it will be 
sufficient to regard the probable error of a transit as composed 
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only of the error of observation and the culmination error. The 
latter will then he the quantity denoted above by e l ; and, if we 
now put 


c = the probable error of a transit over a single thread, 
n= the number of threads observed, 
r — the probable error of the observed right ascension* 


we shall have 



If then we also put 

E = the probable error of an observation whose weight Is 
unity, 

p = the weight of the given observation, 


we shall have, according to the theory of least squares, 


P = 



(127, 


The unit of weight is arbitrary, and hence JE also is arbitrary. 
If i^is the total number of threads in the reticule, and a complete 
observation on them all is to have the weight unity, we shall 
have 


and the formula will become 




P = 


y 


e t a +- 

1 n 


(128) 


If we substitute the values — 0.052, e = 0.09, which are suffi- 
ciently accurate for an approximate estimation of the weights of 
observations, we shall find, very nearly,* 

1 + — 

P= 4 C129) 

1 + - 
1 n. 


* See also Vol. I. Art. 236, where a slightly different formula is obtained. 
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Tills will Tbe a very convenient formula in practice in cases 
where there is no reason to depart from the above assumed values 
of q.ande. The observer who has determined these quantities 
for himself will, of course, employ (128) directly. 

It may he useful to illustrate, by the aid of this formula, the 
proposition announced at the end of the preceding article. If 
N= 7 and E= 0.062, the weights and probable errors of obser- 
vations on one or more threads will be as below: 


n 

p 

E 

s/P 

1 

0.36 

0*104 

2 

0.57 

0 .082 

3 

0.71 

0 .078 

4 

0.82 

0.069 

5 

0.90 

0.065 

6 

0.95 

0.063 

T 

1.00 

0.062 

25 

1.25 

0.055 

oc 

1.43 

0.052 


We see that the advantage of seven threads over five is almost 
insignificant, and Bessel’s opinion is confirmed 

165. The probable error of a single transit of a star recorded 
by the electro-chronograph does not appear to be much less 
than that of one observed by eye and ear by experienced ob- 
servers;* hut it must he remembered that it takes but a short 
time to acquire the requisite skill in the use of the chronograph, 
while the small probable errors by eye and ear above adduced 
are evidences of long training. The personal equation, however, 
is much less in the use of the chronograph, and probably 
more constant- It is not unlikely that a considerable portion of 
the total error of a determination of right ascension, as above 
found, is the result of variations in the observer’s personal equa- 
tion; and, if so, the substitution of the chronograph for eye and 
ear will carry these determinations to a still more remarkable 
degree of accuracy. . 


* gee Dr/S A. CtotruD's Report in the TJ. S. Coast Surrey Report for 1857, p. 307. 
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APPLICATION OF THE METHOD OF LEAST SQUARES TO THE DETER- 
MINATION OF THE TIME WITH A PORTABLE TRANSIT INSTRUMENT 
IN THE MERIDIAN. 

166. In the use of the portable transit instrument in the field, 
it is not always possible to mount it so firmly that its azimuth 
and level can be absolutely relied upon as constant for a whole 
day. Frequently it is necessary to take all the observations at 
a given place within a few hours. We must then observe such 
stars as are available at the time, and so conduct the observations 
and their reduction as to obtain the 7nost probable result. 

First, as to the observations. — The instrument having been 
brought very near to the meridian (see Art. 125), a number of 
stars must be observed in both positions of the rotation axis, 
and, in general, about the same number of stars in each position. 
Among these must be included at least one circumpolar star, 
and, if possible, two or three, one or more being below the pole. 
The level should be observed at the beginning and end of the 
series, and before and after each reversal of the axis. 

Secondly, as to the computation. — We assume that the thread 
intervals have been well determined, as also the value of a 
division of the level. If they have not been found before the 
observations, they must, of course, be determined subsequently, 
only observing that no change of the instrument has occurred 
which might change the value of the thread intervals. The 
mean of all the level determinations should be adopted as 
the constant value of 6 for all the observations, unless the dif- 
ferences of the several values are greater than the probable 
errors of observations made with the particular spirit-level used, 
in which case it will be better to interpolate a value of b for 
each star from the actually observed values. The chronometer 
time T of transit over the middle thread or the mean thread 
being found for each star by employing the thread intervals when 
necessary, we shall suppose that observation has furnished only 
T and b for each star. The rate dT of the chronometer is also 
supposed to be approximately known. The constants a and c, 
and the clock correction a T 7 , are then to be found by a proper 
combination of the observations. Let us put in formula (87), for 
each star, 

A = the azimuth factor == sin (<p — d ) sec d, 

B = the level factor = cos (<p — d) sec 
C = the colli motion factor = sec d; 
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also, let each observation be reduced to some assumed time T 0> 
and put 

a T q = the chronometer correction at the time T Q) 

whence 


Let 


aT = a!T # + ST(T— T 0 ) 


so that 


0 = an assumed approximate value of a T q 
aO = the required correction of 0 

$ —[“ A»^ = A Tq 


then the formula ( 82 ) becomes 

a = T -f- 0 -|- a# -j- dT(^T — T 0 ) -j- A.d JBb -j~ Cc 


in which every thing is known except the small quantities a#, a> 
and c. If we now put* 


t = T + dT(T — T 0 ) + j Bb 

W= 0 — (a — t) 

then, since a — t and z? are each nearly equal to the clock cor- 
rection, w is a small residual, and the equation is 

Aa + Cc -f a* + w = 0 (130) 


Each star gives an equation of condition of this form, and from 
all these equations the most probable values of a, c, and a# will 
be found by the method of least squares. The sign of the term 
Cc will be changed when the axis of the instrument is reversed. 

If the observations are extended over a number of hours, it 
will not always be safe to assume that the azimuth a has been 
constant during the whole time. We may then divide the obser- 
vations into two groups, in one of which the azimuth will be 
denoted by a and in the other by a'. The normal equations, 
formed by combining all the equations in the usual manner, will 
then involve the four unknown quantities a, a f , <?, and a#. 

To determine the mean error of the resulting value of a??, it 
must be remembered that when a and c have been eliminated by 


* For greater precision (not always required in the use of a portable instrument), 
we may allow for the diurnal aberration. Since a requires the correction -f- (K021 
cop <f> sec d, we have merely to take 

t = 6T(T— T 0 ) + Bb — 0*.021 cos^ sec 6 
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successive substitution, taking care to introduce no new factor 
into the equations, the coefficient of a# in the resulting final 
equation will he the weight p of the value of a$ thus determined.* 
Then, substituting the values of a, c, and a# in the equations of 
condition, and denoting the residual in each bj we have the 
mean error of a single observation by the formula 



in which \yv] = the sum of the squares of the residuals, m = the 
number of observations, and /z = the number of unknown 
quantities. 

The mean error of a# and a !T 0 will be 

£ ° = Vp 

and if we wish the ‘probable errors, we multiply the mean errors 
by 0.6745. 

If any residuals are so large as to throw a doubt upon the 
Observations, such doubtful observations may be examined by 
Peirce’s Criterion.f 

If an observation consists of transits over only a portion of the 
threads, it may be well to give it a diminished weight, multiply- 
ing its equation of condition by the square root of the weight 
found by (129). 

If the collimation constant c has been previously determined, 
we have only to include the term Ce in the quantity t; thus, 
putting 

t= T+dT(T— T 0 )+ Bb + Cc 

W= & — (a — t) 

the equation for each star will be 

A.a — |— a# — J- w = 0 (131) 

and the determination of a and a# from these equations is then 
exceedingly simple. 

Example. — The following observations were taken on the 
United States 2Jorth-"W estern Boundary Survey with a portable 


* See Appendix. 


f See Appendix, AtV. 57-00. 
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transit instrument in the meridian. The stars were mostly 
selected from the British Association Catalogue, and are con- 
veniently designated by their numbers in this catalogue. But 
their apparent places have been derived from the more reliable 
authority the Greenwich Twelve Tear Catalogue. The apparent 
place of a Ursoe Majoris is derived from the American Ephemeris 
Other stars from the British Association Catalogue, observed 
on the same evening, have been excluded because they are not 
given in the later catalogues. 

Camp Simiahmoo. — 1857, July 27. Latitude 49° O' N 

Mean. Level. 

VI YII 

37'. 9 6'.2 22* 4™ 40*. 76 -f 0 d .75 
26.3 50.1 22 10 38 .68 

22.6 46.8 22 11 36.10 

22 18 37 .58 

23 13 41 .63 
23 13 40 .49 — 0 .70 

59.9 6.9 0 46 48.84— 0 .51 

16.9 0.3 1 5 50.04— 0.48 

48.6 35.3 1 22 14.04— 0 .44 
30.8 51.2 1 34 49.73— 0 .42 

1.957.0 1 57 11.86 — 0 .38 
30 . Oj 17 .4 2 19 55.06— 0 .33 

The threads are numbered from the end of the axis at which the 
illuminating lamp is placed, and the seconds of the chronometer 
are recorded, not in the order of observation, but in the columns 
appropriated to the several threads. The column “Mean” gives 
the time of passage over the mean of the threads, employing in 
the case of the defective transits the following equatorial inter- 
vals from the mean: 

*i *j h H *« *« h 

+ 6&*.82 -f 44*.05 +21-.84 —O'. 08 — 22-.00 —43*. 79 — 65*.85 

■where the signs are given for Lamp "Vest The column marked 
L gives the position of the lamp end of the axis. The value of 
one division of the level was OM05. Only one observation of 
the level was made during the observations “lamp west.” Two 
observations of the level were made during the observations 
“lamp east,” one near the beginning, the other near the end, of 


No 


L 

Threads. 



I 

II 

III 

IV V 

1 

B. A. C. 6390 

w. 

15*. 3 

43'- 6 

12‘3 

40*. 8 9'. 2 

2 

“ 6434 

a 

27 .2 


15.2 

38.8 2.3 

3 

“ 6441 

it 

23 .8 

47.8 

11.3 

35 .3 58.6 

4 

“ 6489 

it 

21 .3 

46.8 

12.5 

37.8 2.8 

5 

“ 6836 1 

it 

30 .3 

33.8 

38.2 

42 .0 

6 

“ “ J 

E. 

52 .3 

48.2 

43.9 


7 

« 3232 S. P. 

a 

32.1 

36.9 

43.2 

49.4 54.5 

8 

“ 3346 S. P. 

u 

39.7 

22.7 

7.0 

50.1 33.6 

9 

“ 7686 

a 

53 .1 

40.0 

26.7 

13 .9 0.7 

10 

“ 7778 

a 

48 .3 

8.9 

29.2 

49.410.3 

11 1 

“ 3647 S. P. 

a 

26 .8 

20.7 

17.5 

11 .8 7.3 

12 

a Urs. Maj. S. P. 

a 

32 .7 

19.8 

7.9 

55 .0 42.6 
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the series, from which those given in the table are obtained 
interpolation. # 

Stars observed at their lower culminations are marked * 
(sub polo). ^ 

The chronometer was sidereal, and its rate was losing O****" 
daily. 

A first computation of the observations having shown tha't 
observations lamp west and lamp east give very different res** ^ *■'*** 
the presumption is that in reversing the axis the observer 1 ^ 
turbed the instrument, a supposition rendered still more prolb *** '*** 
by the change of level. It will, therefore, be proper to coin}?** * * 
the observations upon the supposition of a different azimutl* 
the two positions of the axis. 

The apparent places of the stars on the given date wer^ 
follows : 


Star. 

a 

6 

B. A. 

C. 6390 

18 A 

39™ 

38-.71 

+ 

39° 

31' 

a 

6434 

18 

45 

35 .70 

— 

22 

55 

a 

6441 

18 

46 

31.91 

— 

22 

51 

u 

6489 

18 

53 

34 .36 

— 

30 

5 

ct 

6836 

19 

48 

41.61 

+ 

69 

53 

a 

3232 

9 

21 

46.76 

+ 

70 

29 

a 

3346 

9 

40 

48 .22 

+ 

59 

44 

u 

7686 

21 

57 

14 .44 

+ 

72 

28 

u 

7778 

22 

9 

49 .07 

+ 

56 

18 

u 

3647 

10 

32 

9.78 

+ 

66 

30 

a Urs 

• Maj. 

10 

54 

53 .21 

+ 

62 

31 


The observed times of transit are to be reduced for the 
nometer’s rate to some common epoch, which we shall litrruf 
assume to be T 0 = 0 h by the chronometer. The assumed corree* 
tion of the chronometer at this time will be 


0 = — 3* 25*» 0*. 

The formation of the equations of condition for the first 
last stars is as follows : 
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Tj. w. 

I JE. 


B.iLC. 6390. 

a Ursse Maj. S.P. 

<5 

4- 39° 31' 

117° 29' 

(p — 5 

4- 9 29 

— 68 29 

log sec d 

0.1127 

^0.3358 

log cos (<p — <5) 

9.9940 

9.5644 

log sin (<p — <5) 

9.2169 

^9.9686 

log cos ( <p — <$) sec d ~ log B 

0.1067 

n,9.9002 

log sin (<p — <5) sec d = log A 

9.3296 

0.3044 

A 

4- 0.214 

+ 2.016 

sec d = O 

4- 1.296 

— 2.166 

b 

+ O'. 08 

+• 0-.08 

Observed mean 

22" 4 m 40*. 76 

2* 19" 55-.06 

Rate to 0* 

— 0.03 

-f 0.04 

JBb 

+ 0.10 

-+ 0.02 

Diurnal ab. *= — 0‘.021 cos <p see d 

— 0.02 

0.03 

t 

22 4 40.81 

2 19 55.15 

a 

18 39 38.71 

22 54 53.21 

a — t 

— 3 25 2.10 

— 3 25 1.94 

Assumed # 

— 3 25 0. 

— 3 25 0. 

w 

4- 2.10 

4- 1.94 


Denoting the azimuth of the instrument for L. W. by a, and 
that for JL/.JEJ. by and changing the sign of c for L. M, the 
equations of condition for these two stars are, therefore, 


+ 0.214 a + 1.296 e + a* + 2*10 = 0 
+ 2.016 a' + 2.166 c -f a# -j- 1 .94 = 0 

The equations for the other stars being found in the same 
manner, we have then : 


1. + 0.214 a + 1.296c + a» 9 -f 2*. 10 = 0 

2. -f 1.032 a -j- 1.086 c + a> 9 -f 2 .96 = 0 

3. -f 1.031 a + 1.085c + a>9+ 3.17 = 0 

4. -f 1.135 a + 1.156c + a* 4- 3.19 = 0 

5. — 0.732 a 4- 2.056 c 4- 0.707 a>9 + 0 .15 = 0 

6. — 0.732 d — 2.056c + 0.707 At* — 0 .97 = 0 
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7. + 2.606 a f + 2.993 c + a# + 2 .22 = 0 

8. + 1.879 a! + 1.984 c + a* + 1 .91 = 0 

9. — 1.322 a! — 3.319 c + a* — 0 .58 = 0 

10. — 0.229 a 1 — 1.802 c -f a# + 0 .58 = 0 

11. + 2.264 a! + 2.508 c + a# + 2 .18 = 0 

12. + 2.016 a' + 2.166 c + a# + 1 .94 = 0 

where the 5th and 6th equations have been multiplied by 
thus giving each hut one-half the weight of an ordinary obser- 
vation, because the star was observed on but half the threads.* 
The normal equations are 

3-998 a + 0 + 2.325 c + 2.894 a* + 10.283 = 0 

0 + 21.848 a! + 27.881 c + 6.697 a& + 19.569 = 0 

2.325 a + 27.881 a 9 + 51.969 c + 9.153 a# + 36.352 = 0 

2.894 a + 6.697 a! 9.153 c •+ 11.000 a# + 19.090 = 0 

from which we find 

a = — 1 # .681 
a'= — 0 .083 
c = — 0 .423 

a# = — 0 .891 with the weight p — 6.775 

This example' is instructive in several respects. The instru- 
ment was reversed upon the star B. A. C. 6836 for the purpose 
of deducing the value of c. But, upon the supposition that the 
azimuth remained unchanged during the reversal, we find 
c = — 0®.267. The danger of disturbing the instrument in re- 
versing the axis is, of course, greater with small instruments, 
and always requires great caution. Again, the observer neglected 
to observe the level immediately before and after the reversal, 
the values of b given in the table being inferred from observa- 
tions taken at the time of the transits of Nos. 1, 7, and 11. If 
the level had been observed more frequently, as it should be, 
the disturbance of the azimuth might have been suggested to the 
observer himself, who, however, appears not to have suspected it* 
But we shall obtain still further instruction from this example 
by substituting the values of a , a', c, a& in the original equa- 
tions of condition. The residuals v will exhibit to us the ano- 
malous observations. We find : 

* To proceed more accurately, we should have computed, by (129), the weights of 
the four defective observations, the 2d, 4th, 5th, and 6th. We should have found 
the weights 0.9$ 0 89, 0.82, 0.71 respectively. 
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No . 

0 

vv 

i. 

+ 0*.302 

0.0912 

2. 

— 0 .125 

.0156 

3. 

+ 0 .086 

.0074 

4. 

— 0 .098 

.0096 

5. 

— 0 .120 

.0144 

6. 

— 0 .669 

.4475 

7. 

— 0 .153 

.0234 

8. 

+ 0 .024 

.0006 

9. 

+ 0 .043 

.0018 

10. 

+ 0 .470 

.2209 

11. 

+ 0 .040 

.0016 

12. 

— 0 .034 

.0012 


[tn>] == 0.8352 


Hence, the number of observations being denoted by m = 12, 
and the number of unknown quantities in our equations by 
fx = 4, we have the mean error of an observation of the weight 
unity, 

\m — fi 

The large residuals of Nos. 6 and 10 point them out as probably 
anomalous; but, before rejecting them, we will apply Peirce’s 
Criterion. Since Table X. is adapted only to the cases of one 
and two unknown quantities, we shall have to employ Table X. A. 
Commencing with the hypothesis of but one doubtful observa- 
tion, we assume for a first trial x = 1.5. 

1st Approx. 2d Approx. 


m = 12, p. 

= 4, n 

= 1 X 

1.5 

1.78 



Table X.A. log T 

8.5051 

8.5051 



“ “ log B 

9.3973 

9.3464 



i T 
g ! 

9.1078 

9.1587 

3 

i ^ 

1 s 

II 

2 

11 

log A* = log- (J) T * T 

9.8378 

9.8470 



1 — X 2 

0.3117 

0.2970 

m — fi — 

- = 

M 1 — 1=7(1 — A 2 ) 

2.1819 

2.0790 

n 


X 2 

3.1819 

3.0790 



X 

1.78 

1.76 


xe = 0-.568 
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The residual 0.669 surpasses the limit 0\568, and hence the 
6th observation is to be rejected. We must then pass to the 
hypothesis of two doubtful observations, for which we com- 
mence by assuming x = 1.5, and then with n — 2 we find 
x — 1.49, xs = 0*.481. Hence the 10th observation is not to he 
rejected. Thus the only observation to be rejected as anomalous 
is the 6th ; and our hypothesis of a disturbed state of the instru- 
ment produced by reversal is confirmed. 

If we now form normal equations from the remaining eleven 
equations of condition, we shall find the values of the unknown 
quantities to be 

a = — 1'.636 
a! — — 0 .092 
c — — 0 .367 

a# = — 0 .999 with weight p = 6.963 

and these values substituted in the equations of condition give 
the residuals and mean errors as follows : 


No. 

V 

i — i 

1 — 1 

1. 

+ 0-.276 

0.0762 

2. 

— 0 .126 

.0159 

8. 

+ 0 .086 

.0074 

4. 

— 0 .089 

.0079 

5 . 

— 0 .114 

.0130 

7 . 

— 0 .120 

.0144 

8. 

-fi 0 .010 

.0001 

9 . 

— 0 .239 

.0571 

10. 

+ 0 .264 

.0697 

11. 

+ 0 .051 

.0026 

12. 

— 0 .040 

.0016 

m — 

M = 7 

[w] = 0.2659 


e = J M 
\ m — ti 

= 0*195 


The 10th observation is now well represented, and the Crite- 
rion does not reject any of them. 

The mean error of a?? is 



and the probable error 0' 05. 
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Hence we have, finally, the chronometer correction at 0*, 
a T q = •# -f- = — 3* 25 m L.00 dz (K05 


THE TRANSIT INSTRUMENT IN ANY VERTICAL PLANE. 

167. The foramhe (78) and (79) apply to any position of the 
instrument. When the instrumental constants m and n are known, 
or when a and b are given, from which m and ?i can he found by 
(78), the formula (79) determines the apparent east hour angle 
r of the observed object at the time of its transit over any 
given thread whose distance from the collimation axis is c . The 
constants are found by combining 6bservations of stars near to 
and remote from the pole, as will be illustrated hereafter. 
When the transits over several threads have been observed, 
each may be separately reduced by the general formulae ; but it 
is necessary also to have the means of reducing them all to a 
common instant. I shall, therefore, here consider the most 
general case of an observation of the moon’s limb on any given 
thread, and investigate the formula for reducing it to the middle 
thread, or to the collimation axis of the instrument. This 
general formula will be applicable to any other object which 
has a proper motion and a sensible diameter. Let 

0 = the sidereal time of the observed transit of the 
moon's limb over the given thread, 
t = the equatorial interval of the thread from the middle 
thread, 

a, <5 = the true RA. and decl. of the moon's centre at the 
time 0, 

a', y = the apparent E.A. and declination, 
s = the moon's geocentric semidiameter, 
s' = the moon's apparent semi diameter. 

At the instant the moon’s limb touches the thread whose dis- 
tance from the middle thread is ?, the centre of the moon is at 
the distance i ± s' from the middle thread, and, consequently, at 
the distance c + i ±: s' from the collimation axis of the telescope. 
The apparent east hour angle of the moon’s centre at this 
instant is 

T = of • - 0 

Putting then c + i ± s' for c and a r — © for r in (79), we have 

Vol. II.— 14 
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sin (c -f- i ± s') = — sin n sin $' — cos n cos 3' sin (0 — a -f w) 

== — sin n.sin£' — cos n cos m cos 5' sin (0 — a') 
— cos n sin m cos 3 r cos (© — a) 

where the apparent declination and right ascension are employed, 
since it is the moon’s apparent place which is observed. To in- 
troduce the geocentric quantities, let 

7z= the moon’s equatorial horizontal parallax, 
p ) (p'= the earth’s radius and reduced, latitude of the place 
of observation, 

A } J'= the moon’s distance ' from the centre of the earth 
and the observer respectively; 

then, putting 



we find fromTol. L, equations (132), 

/ cos d 'sin (0 — o') = cos S sin (0 — a) 

/ cos d* cos (0 — o') = cos S cos (0 — a) — p sin it cos f •' 

1 sin S' = sin 3 — p sin it sin <p 9 

Substituting these values., we obtain 

/ (c + i ± $') sin 1" = — sin n sin 3 — cos n cos $ sin (0 — a -f- rri) 
-f j o sin r sin <p ' sin n -|- p sin it cos <p f cos n sin m 

(132) 

The right ascension and declination are, however, variable, and 
we should introduce into the formula their values for some 
assumed epoch. Let this epoch be the sidereal time, 0 a , which 
is the common instant to which the observations on the several 
threads are to he reduced. Let 

« 0 , d 0 =. the true right ascension and declination at the time 

v 

Ao = the increase of the right ascension in one minute 
of mean time, 

= the increase of the declination (towards the north) 
in one minute of mean time, 

and put 
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2 = 0 , 
X = 


0 — © = the required reduction, 

Aa 


60.164 

Ad 

60164 : 


= the increase of a in 1* of sidereal time 


then, if I is expressed in seconds of arc, we have 

a = a 0 Xl y 5 = d Q yy X'l 

0 — 0 = ©„ — a„ — (0 O — 0) 4- (a„ — a) = © 0 — tt 0 — (1 — A) I 

sin (0 — a -f- i7i) = sin (0 O — a 0 + m) 

— (1 — A)cos[© 0 — a 0 + m — £(1— ;)2] 2 sin £2 

[in which (1 — X) sin ^ I is put for sin \ (1 — 1) 2] 


X f 

sin S = sin d 0 — cos d 0 . 2 sin £ 2 
lo 


cos S = cos d 0 1 sin d 0 . 2 sin £ 2 

15 


Substituting these values, our formula becomes (omitting a term 
multiplied by the exceedingly small quantity ^ X f sin 2 \ I) 

/(c+i'dt s') sinl"= — sin n sin $ 0 — cos n cos <$ 0 sin (0 O — a 0 + m) 

-f- p sin 7 r sin <p f sin n -f- p sin ?r cos cos n sin m 

-f (1 — l)cos n cos <5 0 eos [0 () — a 0 -f-m — £(1 — X) 2] 2 sin £2 

+ [sin n cos d Q — cos n sin <5 0 sin(© 0 — a 0 -J-m)] 2 sin£2 

(133) 


In this formula, we may consider I as the only quantity which 
varies with the time ; for, although /, s', and n vary slightly, their 
variations will not usually be sensible, or, if sensible for a single 
thread, their effect will disappear when the epoch is nearly the 
mean of all the observed times. 

If now © 0 is the time of transit of the moon’s centre over the 
great circle of the instrument, this formula gives 


0 = — sin n sin 3 0 — eos n cos sin (0 O — a 0 -\- m) 
-f- p sin* sin <p ' sin n -)- p sin w cos <p’ cos n sin m 



Subtracting this from (133), and, for brevity, putting 


t —Q 0 — a a + m 
H = sin n cos i 0 — cos n sin S 0 sin t 
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we find 


2 sin i 1 = 


/ (g -j- i zb s') sin 1" 

(1 — A) cos n cos <5 0 cos [t — $ (1 — A) I] + iz^'R 


This is equivalent to the formula given by Sawitscii (PracL 
Astron ., Yol. I. p. 303); but he has not observed that the expres- 
sion for R may be put under a much more simple form. In so 
small a term as ^A'ii!, we need not consider the effect of the 
parallax upon the factor R; but when we neglect the parallax 
we have, by (134), 

0 = — sin n sin S 0 — cos n cos 8 0 sin t 


Multiplying this by sin5 0 , and subtracting the product from 
R cos d 0 , we find 

E cos 8 0 = sin n, or R = sin n sec £ 0 

It is also to be observed that by the formula (246) of YoL I. 
we have 

fs f =s = the true semidiameter. 


Hence our formula becomes 


2 sin H= 


f(c - f i) sin 1" dt 5 sin 1" 

(1 — X ) cos n cos d Q cos [t — } (1 — X) J] -f- -J 5 /sin n sec 8 0 


(135) 


or, when I is small, as it usually is, 

I— „ /(c + (135*) 

(1 — A) cos n cos £ 0 cos [t — J (1 — A) J] -f A'sin n sec 

This formula, then, gives the reduction of the observed time 
of transit of the moon's limb over any given thread to the time 
of transit of the moon’s centre over the great circle of the instru- 
ment. 

If we omit s in the numerator of the second member, 1 
"becomes the reduction to the time of transit of the limb over the 
great circle of the instrument. 

If we omit fc zb s, /becomes the reduction to the time of 
transit of the limb over the middle thread. 

The factor / is determined rigorously by (137), Yol. I. ; but it 
generally suffices to take 

sm C 
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which is very nearly exact, according to (101) of Vol. I. The 
finder of the instrument will give the apparent zenith distance 
and the difference between this and the true zenith distance 
£ will he found with sufficient accuracy by the formula 

sin (C — C) = p sin tt sin (C' — y) 

in which, a being the azimuth constant of the instrument, 

y —(jp — <p ) cos a 

or, very nearly, 

y — (jcp — <p r ) cos n cos m 


Tor the sun or a planet we can always put X' = 0 and £ = 
and the formula becomes 

2 = l+l - rEi ( 136 ) 

(1 — X) cos n cos d Q cos (t — i 7) 


Tor a fixed star, we further put X — 0, s = 0, t = © 0 — a + m, 
and the formula becomes for stars near the pole, 


2 sin } / : 


(c + i) sin 1" 


cos n cos d cos (t — i 7) 


and for other stars, 


7 = 


c + i 


cos n cos 6 cos (t — } 7) 


(137) 

(137*) 


In all cases, we must carefully observe the sign of 7 in the 
denominator of the second member, /will be negative when 
the observed time is later than the time to which the reduction 
is made, and then — f 7 will he essentially positive. An approxi- 
mate value of I must first be found by neglecting Jin the second 
member, and then a more precise value by the complete formula* 
If the azimuth a and the level b are given, m and n must first 
be found by (78), in which, however, we may usually neglect b 
when our object is merely to reduce the several threads to a 
common instant. 


168. Tor a fixed star, another „ formula has been given by 
Hansen. We have 

sin (c -f- i) — — sin n sin d — cos n cos 3 sin (t — 7) 

= — sin n sin $ — cos n cos <5 sin £ cos 7+ cos n cos <5 cos t sin 1 
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If the reduction is made to the collimation axis, we have 
0 = — sin n sin S — cos n cos S sin t 
which, subtracted from the above, gives 

sin (c + i) = 2cos n cos d sin t sin 2 i J-f- cos n cos d cos t sin I 
whence 

sin I = — — — — 2 tan t sin 2 % I (1381 

cos n cos d cos t 

which is a rigorous formula. We see also that t may be found 
by the formula 

sin t = — tan n tan $ (139) 

169. To deduce the moon's right ascension from an observed transit 
in any given position of the instrument — We first find the clock time 
of transit of the moon's centre over the great circle of the 
instrument, from each thread, by applying to the observed time 
the reduction given by the formula (135). Let T 0 be the mean 
of the resulting times, and &T 0 the corresponding correction of 
the clock ; then we have © 0 = T 0 + a T q , and from (134) we deduce 

sin (0 O — a 0 -|- m)= — tan n tan sin nl — - V (140) 

\ co& d 0 I 

in which a 0 and 8 0 are the true right ascension and declination 
at the sidereal time © 0 . 

If it is preferred, we may first find the apparent right ascen- 
sion by the formula 

sin (0 O — a 0 ' m) = — tan n tan <? 0 ' 

and deduce the true right ascension by applying the parallax 
Computed by Art. 102, Vol. I; but it will then be necessary to 
compute the apparent declination 8/. 

It will be easy to deduce from (140) the formula for the case 
where the instrument is in the meridian, which has already been 
given in Art. 154. 

The constants m and n, above supposed to be known, may be 
found from the transits of two stars as in the next article. 
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FINDING THE TIME WITH A PORTABLE TRANSIT INSTRUMENT OUT 
OF THE MERIDIAN. 

170. The number of Nautical Almanac stars near the pole ia 
so small, that the observer in the field, when pressed for time, 
cannot always wait for their transits over the meridian, an<3 
must then either employ catalogue stars whose places are not so 
well determined, or have recourse to extra-meridian observations. 
If the transit instrument is mounted so as to be readily revolved 
in azimuth and clamped in any assumed position (as is the case 
with the “ universal instruments”), it may be directed at once to 
a fundamental star near the pole, and then, its rotation axis being 
levelled, its collimation axis will describe a vertical circle not far 
from the meridian. The transit of any star over this circle being 
observed, the general equations of Art. 123 will enable us to find 
the hour angle of this star, and hence the time, when we have 
determined the constants m and n for the assumed position of 
the instrument. 

The stars best adapted for the purpose in the northern hemi- 
sphere are Polaris (a Urscz Minoris) and 8 Ursce Minor is, one of these 
being always near the meridian when the other is most remote 
from it; and it will be advisable always to employ that which is 
nearest to the meridian. In the southern hemisphere, the best 
star is a Octantis , which is less than 1° from the pole ; but, as it 
is of the 6th magnitude, it may be necessary, with small instru- 
ments, to use either /? Hydri or /? Chamceleontis. 

To take the observation, make the axis approximately level, 
and turn the telescope upon the circum-polar star. The star 
moving very slowly, set the instrument, so that a few minutes 
must elapse before the star will cross the middle thread. During 
this interval, apply the spirit level and determine the constant b. 
Observe the transit of the star over the middle thread by the 
chronometer. The instrument now remaining clamped in azi- 
muth, revolve the telescope upon its axis, and observe the transit 
of an equatorial star over all the threads. Then determine the 
constant b again, and employ the mean of its two values. 

In order to eliminate an error of collimation, the rotation axis 
is to be reversed, and another similar observation is to be taken, 
the instrument being set at a new azimuth slightly in advance 
of the polar star as before. Each observation of a pair of stars 
must, of course, be separately reduced. We may, however, 
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coni bine each transit of the polar star with the transits of several 
equatorial stars. 

The eollimation constant should have been made as small 
as possible before the observations ; but, in any case, we shall 
assume that its value is known. 

To reduce the observations, we must first find the constants 
which determine the position of the instrument. For this pur- 
pose, we use only the observations on the middle thread. Let 
then T' and The the observed chronometer times of transit of 
the polar and equatorial star respectively over the middle thread, 
reduced for rate to an assumed time T 0 ; and let a T 0 be the chro- 
nometer correction at this time ; a', a, the right ascensions, <?', d, 
the declinations; r' ? r, the east hour angles, or reductions to the 
meridian; 90° — m, and ft, the hour angle and declination of 
the point in which the rotation axis produced towards the west 
meets the celestial sphere; c the eollimation constant: then we 
have, by (79), 


sin (r — m) = tan n tan d -f- sin c sec n sec d 
sin (r' — m) = tan n tan d'-j- siu c sec n sec d* 



in which we have 

r = a-(T+AT 0 ) 
r' = a — ( T'-f A T q ) 

If we could put c = 0, these equations would give us m and v 
by a very simple transformation ; but, retaining c, we ^can still 
reduce them to the form they would have if c were zero.* For 
this purpose, let m f and n ’ he approximate values of m and n, 
determined by the conditions 


sin (r — m') = tan n f tan 5 
sin (t' — m') = tan n' tan d' 

from which we shall find n' and then the correction to reduce it 
to ft. Put 

r=i<y— r) X=i(r'+T ) — wl 

then x is known from the observation, since we have 

y=i W - T'— (a - T)] (142) 


* This transformation is given by Hansen, Astr. Nach., Vol. XL VIII. » 115. 
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We have then 


X — y = t ■ 


and hence 


X -f- y == t' — m f 


sin (A — y) = tan n' tan <J sin (A + = tan n r tan <*' 

the sum and difference of which give 

2 sin X cos y cos <5 cos d'= tan n f sin (S' -f S') 

2cos^ sin y cos <5 cos <$'= tan n f sin(<5' — 

If, therefore, we make 

y • 5 sin (<f -f- h') \ 

cos y I 

a- 

L coa^g^ - . O 

61 H y 

these equations will give us A and L , and then we sh al l have 


tan n’ — 


2 cos <5 cos 


It is to be observed that a' is always to be regarded as greater 
than T\ and in finding y by (142) the difference a' — T' is to be 
found by increasing a ' by 24* when necessary, but a — Twill be 
positive or negative. This makes y less than 180°, and, since 


A + r (= 


■m.') must be less than 360°, it follows that A must 


also be less than 180°. Hence, L will have the same sign as 
cosy, and n' will he negative when y > 90°. 

How, we have t — tw = r — m'-\- ( m ’ — m ), and, since m! — m 
is very small, 

sin (r — m) = sin (t — m r ) -j- sin (w! — m) cos (r — m') 

which, substituted in the first equation of (141), gives 

sin c = sin (t — m') cos n cos i — sin n sin <5 
+ sin ( m ' — m) cos (r — m!) cos n cos d 

To simplify this, let ns put 


from which and the equation 

sin (r — m 1 ' ) = tan n’ tan & 
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there follows also 

cos W — COS (r — m') COS d 

for, if we add together the squares of the first and third 
equations, the sum is reduced by means of the second 
identical equation 1 = 1. By substituting the values of six* (S ^ 
cos (r — m'), and sin 8, which these equations give, m tl*° 
sion for c, it becomes 

sin (V — n) sin w -|- sin (m' — m) cos n cos ^ 


0 £ fl**'**" 

t.** 

.. ****.$* 


sin c ■■ 


In the same manner, if for the polar star we take 

, sin $ f . r r t\ 

sin w f — cos w = cos (r — m ) cos & 

cos n' 

we shall have 

sin c = sin ( n' — n) sin w f -f sin ( m' — m) cos n cos 


Combining these two values of sin c, we have 

sin c (cos w — cos w r ) = sin (n' — n) sin (w r — w ) 

sin i (w/ + w?) 


whence 

sin (n' — ri) = sin c 
or, putting n' — n = v, 

V = f? 


cos £ (w' — tt?) 
sin £ (w/ -f- w?) 


cos J (uf — w) 


€ 1 




The angles w ' and w here required are found by the eqxxat Ir*it * 


tan vf = 


tan # 


cos^-f-r) cosn' 


tan w = 


tan £ 


cos (1 — r) cob m* 


ClI^P 


observing that for a negative value of tan w\ w r is to T>o imt€«t#fi 
in the 2d quadrant, but that for a negative value of tan * m %m 

to be taken numerically less than 90°, and with the negatives ml japt*-* 
To find m, we have, by eliminating a from (78), 

sin m cos n cos <p + sin n sin <p = sin b 

whence 


sin m = — tan n tan <p 


sin b 


cos n cos <p 
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If tlien we take 


we have 


sin fA = — tan n tan <p 


P = 


b 

cos n cos v cos <p 


m = ft -f p 



The constants being thus found, we proceed to find the cor- 
rection of the chronometer by the equatorial star. We must 
first reduce the transits over the several threads to the collima- 
tion axis, which may here be done "by the formula (138), omitting 
the last term, which is insensible when the instrument is so near 
the meridian as we here suppose it to be. If, therefore, we first 
find t by the formula 


and then put 


sin t — — tan n tan $ 
F = cos n cos <5 cos t 


(148) 


we must apply to the observed time on each thread the correction 

J=i (149) 

(where i is the equatorial interval of a thread from the middle 
thread), and to the mean of the results we must apply also the 

correction to reduce to the collimation axis, let the resulting 

time, reduced for rate to the assumed epoch T 0 , be denoted by ( T). 
Then, if 0 O is the true sidereal time at the same instant, we have 


and, by Art. 167, 
whence we derive* 


0 o =W + Af fl 
t = © 0 — » -f m 


= a — (T) + t — m (150) 

If we wish to take into account the diurnal aberration, we must 
add to the right ascension of each star the correction 0.021 cos f 
sec <5 cos r. 


171. In the above, we have supposed c to be given. To inves- 
tigate the effect of an error in the assumed value of <?, let c 4- ac 


* It is easily seen that the general formula (150) reduces to Hansen’s formula (80) 
when. the instrument is in the meridian. 
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be its true value ; then the correction of n corresponding to ac 
is, by (145), 


a n — — AC 


sin $(w f -f- w) 
cos i ( yd — to) 


and, by differentiating the expressions (147), (148), and (149), we 
find the corresponding corrections of m, t, and I to be 


Am = — An * 


tan <p 


cos 2 n cos m 


AC • ■ 


sin i (w r -f- to) tan <p 
cos i (to' — to) cos 2 n cos m 


At ■■ 


An- 


tan d 


cos 2 n cos t 


= AC. - 


sin J (to' -f- to) tan 
cos i (to' — to) cos 2 n cos £ 


a7 = 


AC 

cos d cos n cos t 


The correction of the quantity ( T ) — t + m will be composed of 
the corrections of I (by which ( T) is obtained), of m, and of L 
Denoting the whole correction by at, we have 

at = aI — At -j- Am 

Substituting the values of the corrections, we find 



cosnLcos to 


sin %(w'- f- to) tan to 


+ 


sin i (to' -(- to) tan <p 


cos i (to' — to) cos i (to' — to) cos n cos 


By observing that \ (i w ' — to) = \ (to' + w) — to, the first two 
terms within the parentheses become 


cos i (to' — to) — sin i (to' -f- to) sin to cos i (to'-f- to) 

cos i (to' — to) cos to cos i (to' — to) 

whence 

at = — [cos i (v/ 4* to) 4- sin i (to' 4- to) — — 1 

cos n cos i (to' — to) L cosncosmj 


finally, if we put 


tan 

. tan <p 

<P= 

( 151 ) 


cos n cos m 

the expression becomes* 

■ 

, 

_ ...... . .. At = AC • - 

cos [ i (w> + to) — <p fw ] 

( 152 ) 

cos n cos <p cos i (to' — to) 


* As given by Hansen, Astr. JVach. f Vol. XL VIII. p. 120. 
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If we denote tie coefficient of ac in this equation by <7, and tie 
true chronometer correction by aT, the first computed correction 
being (aT), we have 

aT=(aT)~ Cac (158) 

For another observation in the reversed position of the axis 
the coefficient of a c computed by (152) being denoted by 6 Y/ , and 
the computed chronometer correction by (aT'), we have, since 
the sign of a c is changed, 

aT=(aT')+ C'ac (154) 

and, combining the two results, we can determine both aT and 
ac. If we have taken a number of stars in each position, we 
can treat all the equations of this kind by the method of least 
squares. 

172. The designation “ equatorial star,” in the preceding ex- 
planations, has been used to designate the star from which the 
chronometer correction has been deduced; but it is by no means 
necessary that this star should be very near the equator. A star 
which passes near the zenith will he preferable, since an error in 
the determination of n will then have little or no effect upon the 
computed time. 

Example.* — I n 1843, August 17, at Oronstadt, latitude <p = 
59° 59'.5, the following observations were taken. The value 
of one division of the level was 0*.113. The correction- for in- 
equality of pivots wasjp = -f- 0*.14 for circle west. The equatorial 
intervals of the threads, numbered from the circle end of the 
axds, were 

*1 *2 *4 % 

+ 34-.50 + 18*.74 — 16'.14 33*.33 

The assumed collimation constant was c = — 0'.33 for circle west. 

The chronometer correction was approximately a T— + 40'; 
its losing rate, T.72, or 8T— -f- 1'.72 daily. 


* Sawitsch, Pract. Astron Vol. I p. 843, 
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1st position of the instrument : Circle West. 
E. W. 

Level Direct — 12.0 -f 27.0 

Reversed — 17.8 -f- 21.2 

Mean B = -|- 4 d 6 


B = + 0*.52 
jp = -f- 0 .14 

b = + 0 .66 


Transits observed with chronometer “ Haut No. 19.” 


Thread. 

I 

II 

III 

IV 

V 

a Urs. Min. 

P JDraconis 

38'.0 

3*. 9 

17* 23” 10*.0 

17 28 35.0 

1*.4 

29*.3 



• E. 

w. 

. t 

Level. Direct 

— 18.0 

-f 21.0 

B = + 0*.49 

Reversed 

— 12.4 

-f 26.8 

jp = + 0 .14 

Mean B = + 4*35 

2d position : Circle Bast. 

E. W. 

b = -(-0.63 

■t 

Level. Direct 

— 18.4 

f 21.0 

B= 4- 0*.24 

Reversed 

— 17.4 

-f 23.1 

jp = — 0.14 

Mean B = -f- 2 d .08 

b = + 0 .10 



Thread. 

V 

IV 

III 

II 

I 

a Urs. Min. 
y Draconis 

8*.l 

35*.8 

17* 52" 45*.5 

17 55 1.4 

31'.6 

57*.l 1 


b = + (kso 

v _ 0 .14 
b == + 0.16 


Level. Direct — 16.2 -j- 23.6 

Reversed — 18.3 -f 21.5 

Mean B = -{- 2 d .65 


+ he given date we find, from the Nautical Almanac, 
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a Urs. Min. l h 3 W 45*. 70 
ft Draconis , 17 26 55 .73 
/ Draconis , 17 53 0 .35 


d 

88° 28' 24". 2 
52 25 25 .5 
51 30 51 .0 


Computation of the observations, circle loest- r— We shall reduce 
the observed times for the chronometer rate to the common 
epoch T 0 = 18\ To allow for the diurnal aberration, we take 
for the approximate times of the observation of a Ursce Minoris and 
ft Draconis, 17 h 24™ and 17 71 29 m , which, subtracted from the re- 
spective right ascensions, give for their eastern hour angles, oi 
the values of t, 7 h 40™ and — 0* 2” 1 , and hence the values of 
0*.021 cos if sec <3 cos r for the two stars are — 0M7 and •+ 0*.02, 
which are to be added to the right ascensions. The corrected 
quantities are then: 


* Urs. Min. a! = 1* 3">45‘.53 T = ll h 23” 9-.96 d'= 88° 28' 24".2 
8 Draconis, a = 17 26 55.75 T = 17 28 34.96 d = 52 25 25 .5 

a' — D === r 40 35.57 *”+* = 140 53 49~.7 

a T = — 1 39 .21 t’—d = 36 2 58.7 

2/ = 7 42 14.78==115°33'41".7 
/ = 57° 46' 50".9 


Hence, by the formula (143) and (144), 


log sin (^'-f-3) 9.799833 
log cos / 9.726857 
log L&mX 0.072976 
log tan X 0-236618 

\ = 59° 32' 39".2 

a ' = + 1 ° 21 22".8 
By the formulae (145) 


log sin (*'— at) 9.769736 
log sin / 9.927378 
log L cos 9.842358 
log cos X 9.704899 

log L 0.137459 
log 2 cos § 'cos 3 8.511783 
log tan % ' 8.374324 
nd (146), 


log cos 8' 8.425554 
log cos 8 9,785199 
log 2 0.301030 

8.511783 


; 4- y = 117° 20' 

i — r — 

1° 46' 

log see (A -f p) n.0.8380 

log sec (A — /) 

0.0002 

log seen' 0.0001 

log sec ft' 

0.0001 

log tan. S’ 1.5743 

log tan d 

0.1138 

log tan ut' *1.9124 

log tan w 

0.1141 

to' = S0° 42' 

w — 

52° 27' 

i (in' •+-«?)== 71 35 

i (yd — w ) 

10 8 


log sin i (vd + w ) 

9.9772 


log sec i(yd — w) 

0.0247 

e z= — 0*.33 = — 4" 95 

log c 

*0.6946 

v = — 4 .97 

log v 

*0.6965 


n r — v == 71 = -4- 1° 21'27".8 
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By the formulae (147) : 

log (— tan n) a8. 3 74769 b = + 0*.G45 — •+ 9".68 

log tan <p 0 .238415 log b 0.9859 

log sin a8. 613184 log see n 0.0001 

n = — 2° 21' 7".0 log sec jj. 0 0004 

/? = + 19 .4 log sec <p 0-3009 

m= — 2 20 47 .6 log ,9 1.2873 


The constants of the instrument being thus found, we proceed 
to find the chronometer correction by /3 Dr acorns. W e first find 
i and the thread intervals by (148) and (149) : 



log tan n 8.374769 

log cos n 

9.99988 


log tan d 0.113823 

log cos d 

9.78520 

t= — 1° 45' 

54".6 log 

sin t ti8.488592 

log cos t 

9.99979 





logF 

9.78487 

I 

II 

IY 

V 

c = 

= — 0\33 

log i 1.53782 

1.27277 

nl. 20790 

al. 52284 

log c 

n9.518 

log 11.75295 

1.48790 

nl. 42303 

al. 73797 

log — 
h F 

n 9.733 

I + 56.62 

+ 30*. 75 

— 26'.49 

— 54-.70 

c 

=— 0*.54 


Applying these reductions, we have, for the time of passage over 
the middle thread, and the chronometer correction by (150), 


Draconis. 

I7 h 28 m 34'. 62 

34 .65 

35 .00 
34 .91 
34 .60 


17 

28 

34 .76 

c 


0.54 

~F = 



Hed. for rate to 18* = 

— 

0.04 

(T)= vT 

28 

34.18 

t- 

i—i 

ii 

8 

26 

55.75 

i 

Ks 

'O 

II 

1 1 

1 

38 .43 

r — m = + 0° 34' 53".0 = -f 

2 

19 .53 

Chron. correction at 18* = a T n = 4- 


41 .10 
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Computation of the observations, circle east . — This being in all 
respects similar to the above, we shall only put down the prin- 
cipal results. The approximate hour angles (r) of a Ur see Minoris 
and j Draconis are 7* 10 m and — 0* 3“, whence the correction of 
the right ascensions for diurnal aberration are — 0*.12 and + 0*.02. 
Keducing the times for rate to 18*, we find 


a XJrs. Min. »' = 

= i* 

3 m 45*. 58 

T’— 17* 52- 45*.49 S'= 88° 28' 24' 

Y Draconis a = 

= 17 

53 0 .37 

T = 17 55 

1 .39 d = 51 30 51 

whence 





y == 

54° 

T 38".3 

A = 

55° 55' 54."2 

»' = + 

1 

26 2 .5 

c = 

+ 0*.33 = + 4".95 

x + r = 

hr 1 

o 

o 

4' 

* — r = 

1° 48' 

w' = 

90 

31 

w = 

51 32 

V = 


+ 5".0 



n = -f- 

1° 

25' 57". 5 

b = 

+ 0M3 = 4- 1".95 

fL = 

2 

28 54 .7 


+ 3". 9 

m = — 

2 

28 50 .8 



t =. — 

1 

48 9 .6 

log F = 

9.79366 


Tor the reductions of the threads for y Draconis, we find 


v IV II i 

J +53'.60 + 25\96 — 30U4 — 55*.48 — 

. F 

and hence 


y Draconis. 


Transit over middle thread = 17* 55 m 

1*59 

ii 

«ife, 

+ 

0.53 

Red. for rate to 18* = 

— 

9.01 

(T) =TT 

55 

2.11 

P 

II 

I M 

53 

0.37 

a-(T)=- 

2 

1.74 

t — m = + 

2 

42.75 

aT 0 =~~ 

+ 

41 .01 


b 0* 58 


The mean value derived from the observations in both positions 
of the instrument is, therefore, 

a 2;= + 41*.06 at 18*. 

In general, however, unless the declinations of the two stars are 
nearly equal, the true value of a T 0 will not be the mean of the 
values found in the two positions ; but we shall have to proceed 
as follows. 

Vot. IL— is 
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. To estimate the effect of an error in the assumed value of c in 
this computation, we might here put tp' — <p in (152), since n and 
m are here small ; but, for the sake of illustration, we shall use 
the complete formulae. We find 



Circle West. 

Circle East. 

<p f — 

60° 1'.2 

60° r.4 

J (w' -)- w) — <p' = 

11 84 

11 0 

log cos [i (w f + — /] 

9.9911 

9.9919 

log sec $ (w f — w) 

0.0247 

0.0257 

sec n 

0.0001 

0.0001 

sec <p ! 

0.3013 

0.3013 

logC- 

0.3172 log O' 

0.3190 


Hence 


wnence 


C = + 2.075 


O' = + 2.084 


(Circle west) iT, = -)- 41*.10 — 2.075 a e 
(Circle east) a T 0 = -j- 41 .01 fi- 2.084 a c 


AC 


+ 


0*.09 


= -f 0*.0216 


(Circle west) 
(Circle east) 


4.159 

aT 0 = + 41*10 — 0*.04 
a T, = + 41 .01 4- 0.05 : 


4- 41-.06 
4 - 41 .06 


This result agrees with the mean value found before, because 
here the declinations of the stars were nearly equal, and the posi- 
tion of the instrument with respect to the meridian was nearly 
the same in both observations. 

As the value of c is often but imperfectly known, it will be 
best always to take a pair of stars in each position of the axis, 
and then to compute the two clock corrections upon the supposi- 
tion of c — 0. The true correction will then be found by com- 
puting Cac as above, and the value of ac will be the true value 
of c. Thus, in the preceding example, if we had first taken 
c — 0 , we should have found from /? Draconis (aT) — + 40*. 42, 
and from y Draconis (a T') — 4- 41*.70, and, computing the coeffi- 
cients C and C as above, we should have had 


whence 


(Circle west) 
(Circle east) 


c = 


a T 

A 71 


- 1*.28 


; 4 - 40-.42 — 2.075 c 
4 - 41 .70 4- 2.084 c 


(Circle west) 
(Circle east) 


.- — 0-.308 

4.159 

a!F 0 = 4 - 40*.42 4 - 0*.64 : 
aT„ = 4-41 .70 — 0.64 


: 4 - 41-.06 
: 4 - 41 06 
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APPLICATION OP THE METHOD OP LEAST SQUARES TO THE DETER- 
MINATION OP THE TIME WITH A PORTABLE TRANSIT INSTRUMENT 

IN THE VERTICAL CIRCLE OP A CIRCUMPOLAR STAR. 

173. We here suppose the observations to be made essentially 
as directed in Art. 170, with this difference, however, that we 
shall not restrict the observation of the star near the pole to its 
transit over the middle thread. The instrument being brought 
near the vertical of a circumpolar star : 1st, the transit of this star 
over any one of the threads is observed ; 2d, the transits of a number 
of ecpiatorial stars are observed ; 3d, the axis of the instrument is 
reversed, and the transit of the polar star again observed over 
one thread ; and 4th, the transits of a number of equatorial stars 
are observed. The level is read for each star. If, however, the 
circumpolar star has passed all the threads by the time the axis has 
been reversed, the azimuth of the instrument must be changed, 
so as to bring the star near a thread ; then, clamping the instru- 
ment in azimuth, the transit over this thread will be observed, 
and also the transits of a set of equatorial stars as before. In 
this case the observations, being made in two different vertical 
circles, must be separately computed according to the following 
method. It is hardly necessary to observe that the observations 
of the equatorial stars may either precede or follow that of the 
circumpolar star, as may happen to be most convenient. In this 
method, we form an equation of condition from the observation 
of each star, and all those for which the azimuth of the instru- 
ment is the same are combined by the method of least squares. 

Let c denote the eollimation constant for the mean of the 
threads, and i the equatorial distance of a thread from the 
mean ; then, r denoting the hour angle of the star when observed 
on the thread, i + c must he substituted for c in our fundamental 
equation (79) ; and, since this quantity is always sufficiently small, 
we shall put it in the place of its sine. Thus, we have for each 
thread 

c -j- i — • — sin n sin ii 4- cos n cos 5 sin (r — m) 

When several threads are observed, the mean of the observed 
times corresponds to that point of the field which we call the 
mean of the threads only when the instrument is in the meridian. 
When die instrument is not in the meridian, two methods of 
procedure offer themselves. The first is that which has been used 
>n the preceding articles, and consists in reducing each thread 
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*4TT 


? 

jj; 

I * 

'4 f 


either to the middle or the mean thread by means of the com- 
puted intervals. But to compute these intervals we must, as 
has been seen, know the position of the instrument. The second 
method, which we owe to Bessel, is not only more simple in 
practice, but is wholly independent of the position of the instru- 
ment; and, as it will be useful both in the present problem and 
in that of finding the latitude by transits over the prime vertical, 
I shall treat of it here. 

If we denote the number of observed threads by < 7 , we have q 
equations of the above form, i and r being different in each. 
The mean of these equations is 

c -(- - Si — — sin n sin 5 -\- cos n cos 5-2’ sin (r — m) 

2 2 

where 1 is the usual summation sign. How let 

T= the mean of the observed times on the several 
threads, 

T — 1 = the observed time on any thread ; 

then I is the interval found by subtracting each observed time 
from the mean of all, and, consequently, the algebraic sum of 
all these intervals is zero. Also let 

# = the clock correction, 
t = a — ( T + $) 

then for each thread we have 

r = a — (T — 

sin (t — m) = sin (t — m + 7) = sin (t — m) cos 1 4 cos ( t — m) sin l 

— 2 sin (r — to) = sin (t — m) — 2 cos / 4- cos (t — m) i-2’sin/ 

2 2 2 

Let k and x be determined by the conditions 

1 1 „ 

— cos x = — 2 cos I 

k q 


then we have 


— sin x = — — I sin I 


— 2 sin (r — m) = -1 sin (t — x — m) 


i mi mi; mihho \ % , 


|>utf injur 


I /’ 


m ? O; 


i I to 


our equal if in hcrouum 
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and since 
we have* 


tan d t 
-1 sin 28 


■. k tan d 


s + tzl. sjRl* , / k _nl \* 8in it , &c 
k + 1 sin 1 " ~ \ k -j- 1 ) 2 sin 1 " T 


k + 1 sin 1" 
or, substituting the value of k, 


■■» + 


1 1 sin 2 \I . 

? sm 25 

• -r—rr + &C. 

Sill 1" 


1 — 1 sin* ij 


Bessel givesf a table from which with the argument I we find 

J— sin J in seconds, and The means of the tabular 

sin jl 

quantities taken for the several values of I are respectively x and 
the numerator of the coefficient of 25. A small subsidiary table 
corrects for the neglect of the denominator. In the tables at the 
end of this volume I have adopted a different arrangement. By 
the logarithmic formula 

log(l -x) = -~M(x + ix* + &o.) 

in which M— 0.4342945, we find 

log* = - l °g r= M [~ S 2 *»* Sin* &c.J 

where the second term of the scries will mostly be inappreciable. 
Ihe approximate value of log k, neglecting this term, will be 


log*: 


-22Mun'U 

9 


value Till be”^ ^ ValU6 iu the 8econd term, the complete 
log k = i r 2 M sin* 1 1 + 

Table VlLL gives, in the column log k, the value of sin* 4 1 
corresponding to each interval I. The mean value of loA 
. , ^ , re fi mred m reducing several threads, will be found by 
t king the mean of the several values from the table. When 
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substituting the values of sin n, cos n cos m, cos n sin m, from ( 78 ), 
the equation becomes 

c 4- i 0 — — b (sin <p sin d l -|- cos <p cos cos t x ) -f- cos a cos sin r, 

4- sin a (cos <p sin d l — sin <p cos $ l cos r x ) 

This equation will be satisfied when a is the true value of the 
azimuth of the instrument and r l has been found by employing 
the true clock correction But, if a and # denote assumed 
approximate values of these quantities, acc and a & their required 
corrections, and if r x is found by the formula 

r 1 = a-(r i + *) ( 158 ) 

then we must substitute in the above equation a + for a, and 
— a& for t v We thus find (neglecting the products of the 
small quantities 6 , a a, and a #) 

c -f i 0 = — b (sin /sin d 1 + cos <p cos d 1 cos r x ) 

+ cos a cos d 1 sin r x +. sin a (cos <p sin — ■ sin <p eos (\ cos r,) 

— a a sin a cos d x sin r x -\- a a cos a (cos <p sin <\— sin <p cos <\ cos r x ) 

— a# cos ^(cos a cos r x sin a sin <p sin r x ) 

To adapt this for computation, let 2 and A be the zenith distance 
and azimuth of the point of the sphere whose declination is d x 
and hour angle r x : then we have (Yol. I. Art. 14 ) 

cos z = sin <p sin d x + cos <p cos d x cos r x 
sin z cos A = — cos <p sin d x 4- sin <p cos d x cos r x 
sin z sin A = cos S x sin r x 

and our equation becomes 

c + i 0 =~^O8^ sin (a — A) sin z — Aa cos (a — A) sin z 
-- a# cos d x (cos a cos t x -f sin a sin ^ sin r x ) 

Here a A must be of the same order as c + f 0 , and there- 
fore may also be put for its sine, and its cosine may be put = 1. 
In the coefficient of a?? we may put cos d for cos 3 r Transposing 
the equation, and collecting the known terms, by putting 

h = h + i cos z + (a — A) sin z (100) 

we obtain the equation of condition 

t + Aa sin z -f A# cos d (eos a cos r a 4- sin a sin <p sin t,) 4- h as 0 (101) 
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in which the sign of c must be changed when the axis of the 
instrument is reversed. It must also be observed that, (as in. 
meridian observations where z = <p — 8), sin 2 must be negative 
when the star is north of the zenith : this sign, however, will bo 
given by the equations (159) if attention is paid to the signs of 
the other quantities. To compute 2 and A by logarithms, let g 
and G be determined by the conditions 

g sin 0 = sin (\ 
g cos G = COS (\ COS 

then 


cos z = g cos (jp — G) 
sin z cos A = g sin (jp — G) 
sin z sin A = cos d x sin r x 


or (observing that tan 8 X = k tan 8) 


tan G 


k tan <5 
COS T x 


tan A 


tan t 1 cos G 
sin (jp — G) 


tan z = 


tan (<p — G ) 
cos A 


(162) 


in -which G and A are to be taken less than 90°, positive or 
negative according to the sign of their tangents, and the sign of 
tan z will be determined by that of tan (<p — G). 

If we put 

tan F = tan ^sin <p (163^) 

the coefficient of a& may be computed under the form 


P = 


cos S cos t, cos (a — F ) 
cos F 


(164) 


The whole process of forming the equation of condition for 
each star is, therefore, as follows : 

1st. Find x and log k from Table VIII., and add x to the mean 
of the observed times on the several threads. Call the resulting 
time T v and find 

h = »~(Z\+#) 

in which d- is the assumed, clock correction reduced to the time T v 
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2d. Compute A, z, Ply the equations (162), (163), and (164), 
and h by the equation 

A = i' # -f- b cos 2 -f (a — A ) sin z 

in which t 0 is the mean of the equatorial intervals of the observed 
threads from the mean thread, b is the inclination of the rotation 
axis, and a is the assumed azimuth of the instrument. 

Then the equation of condition is 

± c + Aa sin z -f P. a# -f A = 0 

in which the sign of c is to he determined by the position of the 
rotation axis of the instrument. 

From all the equations thus formed, the most probable values 
of c, ax, and a& will be found by the method of least squares. 

If the azimuth of the instrument has been changed during 
the observations, these must be divided into two sets, and two 
different assumed azimuths a, a', with the corrections Aa and aa', 
will be used in the formation of the equations. 

It is hardly necessary to remark that all the quantities ?' 0 , b, 
a — A, c, ax, are expressed in the same unit, either of time or 
arc : the latter will perhaps he most convenient. 

Example. — The following observations were taken hy Bessel 
with a very small portable instrument, to determine the time. 



Munich, 

1827, June 27 


• 

II 

III 

IY 


8 m 12*.2 7"’52*.5 11* — K08<) 

14 22 A 14 2 .6 11 13 43 .2 13-22-.7 IS* 1*.6 —0 .608 
11 20 3 .2 -0 .079 



The azimuth of the instrument was changed between the two 
sets of observations, circle east and circle west. 

The place of observation was in the garden of Dr. Stewbcbil'S 
house, where the latitude was f = 48° 8' 40". 

The chronometer was a pocket mean time chronometer of 
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To form the equations of condition for the three stars observed, 
circle east, we now find by the formulae (158, &c.)* 



x Scorpii. 

e Ophiuchi. 

a XJrssa Min , 

+ 

li 

11 * 8 m 2'.35 

11* 13™ 42*. 50 

11*20™ 3'.20 

Assumed 19- 

+ 5 1 3.00 

-f 5 1 3.00 

+ 5 1 3 .00 

Rate to 12 * 

— 7.96 

— 7 .09 

— 6.12 


16 8 57 .89 

16 14 38.41 

16 21 0.08 

a 

16 2 36 .71 

16 9 13 .90 

0 59 5.28 

r i 

— 6 20 .68 

— 5 24 .51 

+ 8 38 5.20 

(in arc) 

— 1° 35' 10". 2 

— 1° 21' 7".65 

129° 31' 18".0 

log sec r x 

0.000166 

0.000121 

nO. 196290 

log tan d 

n9. 228677 

nS. 873022 

1.549573 

log k 

0.000000 

0.000001 

0.000000 

log tan G 

n9. 228843 

n8.873144 

nl. 745863 

G 

— 9° 36' 47". 2 

— 4° 16' 13". 2 

— 88 ° 58' 17". 3 

(j> — G 

57 45 27 .2 

52 24 53 .2 

137 6 57 .3 

log tan rj 

718 . 442337 

n8.372975 

nO. 083561 

log cos G 

9.993858 

9.998793 

8.254067 

log cosec — G) 

0.072734 

0.101030 

0.167161 

log tan A 

n8. 508929 

w8.472798 

nS. 504789 

log cos A 

9.999774 

9.999808 

9.999778 

log tan — G) 

0.200130 

0.113683 

«9. 967894 

log tan z 

0.20036 

0.11387 

719.96812 

log sin z 

9.92733 

9.89904 

7i9.83296 

log cos z 

9.72697 

9.78517 

9.86484 

A 

— 1 ° 50' 55". 85 

— 1 ° 42' 4". 85 

— 1 ° 49' 62". 74 

Assumed a 

— 1 42 0 . 



a — A 

-+• 8 ' 55".85 

+ 4". 85 

+ 7' 52". 74 

b 

— 2 .96 

— 0 .84 

4 1 .54 

(a — A) sin z 

4 453".29 

+ 3". 84 

— S21".80 

b cos z 

— 1 .58 

— 0 .51 

4 1 .13 

*0 

450 .59 

0 .00 

4- 294 .91 

h 

+ 1 ". 12 

+ 3". 33 

— 25".7 6 

1 tan ,f x sin ip = 1 , tan F 

n8.314394 

718.245032 

719.955618 

F 

— 1° 10' 54" 

— 1° O' 26" 

— 42° 4' 39" 

d — F 

— 31 5 

— 41 34 

40 22 89 

log cos 6 

9.99386 

9.99879 

8.45025 

log cos r x 

9.99983 

9.99988 

719.80371 

log cos ( a — F) 

9.99998 

9.99997 

9.88184 

log sec F 

0.00009 

0.00007 

0.12946 

logP 

9.99376 

9.99873 

«8.26520 


* We have neglected the diurnal aberration, as an insensible quantity in observe 
►ns with so small an instrument 
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Hence the equations of condition, circle east, are : 

x Scorpii — o + 0.8459 Aa + 0.9857 a# ■+ 1".12 = 0 

e Ophiuchi — c -f- 0.7926 Aa -f 0.9971 a# -f- 3 .33 = 0 

a Urs. Min. — c — 0.6807 a a — 0.0184 a* — 25 .76 = 0 

In the same manner, we find for the stars observed, circle west. 



a Ursse Min. 

- ... 

*0 

24 Scuti Sob. 


18* 21” 8*.03 

18* 23“ 32‘.34 

18*28- 8'.81 

r i 

99° 29' 18".75 

— 1° 20' 57". 75 

— 2°iri0".5 

log k 

0.000000 

0.000001 

0.000001 

log tan A 

n8.617903 

n8. 618105 

n8.618199 

log sin z 

n9. 82674 

9.73943 

9.94926 

log cos z 

9.87007 

9.92217 

9.65941 

A 

— 2° 22' 32".22 

— 2° 22' 36".20 

— 2° 22' 38".05 

Assumed a! 

— 2 22 40 . 



a! — A 

— 7 .78 

— 3 .80 

— 1 .95 

b 

4- 5 .22 

+ 5 .61 

+ 6 .36 

(a! — A) sin.? 

— |— 5 .22 

— 2 .09 

— 1 .74 

b cos z 

.+ 3 .87 

+ 4 .69 

+ 2 .90 


+ 6 .19 

0 .00 

0 .00 

h 

+ 15 .28 

+ 2 .60 

+ 1 .16 

logP 

n7.74071 

9.98501 

9.98544 


and hence the equations for these stars are 


a Urs . Min. + c — 0.6710 a a' — 0.0055 a* + 15".28 = 0 

* a + c + 0.5488 a a' + 0.9661 a# + 2 .60 = 0 

24 Scuti Sob . +c+ 0.8897 a a! + 0.9670 a# + 1 .16 = 0 

The six equations involve four unknown quantities, which 

might he determined from the four normal equations formed in 
the usual manner. But, where the number of equations is so 
little greater than that of the unknown quantities, it is not 
worth while to employ this method. We can here obtain the 
same result by eliminating a a from the first set and a a f from 
the second, and then combining the resulting equations for the 
determination of t and a&. Thus, substituting the values of a a 


238 


TRANSIT INSTRUMENT 


and a a! found from the equations for a TJrsce Min . in the equa- 
tions of the other two stars in the two groups respectively, we 
have the four equations 

x Scorpii — 2.2427 c + 0.9629 a# — 30".89 = 0 

e Ophiuchi — 2.1642 c + 0.9757 a# — 26 .66 = 0 

*a + 1.8179 c + 0.9616 a* + 15 .10 == 0 

24 Scuti Sob. + 2.3259 c + 0.9597 a# + 21 .42 = 0 

from which we derive the normal equations 

18.4281 c — 0.2908 a# + 204".25 = 0 
— 0.2908 c + 3.7249 a# — 20 .68 = 0 

which give 

A# = + 4".69 = + 0'.31 
c = — 11".01 = — 0'.73 

Hence we have, finally, 


# = + 5* 1- 3-.31 

By the four time stars, severally, we have 3*.43, 8*. 18, 3*.34, 3*.29. 

The methods which have here been given, for finding the 
time with a transit instrument out of the meridian, are intended 
for the use of observers in the field who have but little time to 
adjust their instruments and wish to collect all the data possible, 
reserving their reduction for a future time. The greater labor 
of these reductions, compared with those of meridian observa- 
tions, is often more than compensated by the saving of time in 
the field. 


DETERMINATION OF THE GEOGRAPHICAL LATITUDE BY A TRANSIT 
INSTRUMENT IN THE PRIME VERTICAL. 

174. The transit instrument is said to be in the prime vertical 
when the great circle described by its collimation axis is in the 
prime vertical. The rotation axis is then perpendicular to the 
plane of the prime vertical, and lies in the intersection of the 
planes of the meridian and horizon. We owe to Bessel the ap- 
plication of the instrument in this position to the determination 
of the latitude of the place of observation. 

The fundamental principle of the method may be briefly 
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stated as follows.* Let PZ \ Fig. 45, be the meridian; SZS' 
the prime vertical of the observer; SMS' 
the diurnal circle of a star which crosses 
the meridian* between the zenith and the 
equator. Such a star crosses the prime 
vertical above the horizon at two points 
S and S' on opposite sides of the zenith 
and at equal distances from the meridian. 

If then we observe the transits at these 
two points with an instrument perfectly adjusted in the prime 
vertical, and note the times by a clock whose rate is well known, 
we determine the hour angle ZP8' = /, which is equal to one- 
half the elapsed sidereal time between the two observations ; 
and, therefore, in the right triangle PZS' we know this angle 
and the hypothenuse PS' = %° — 8, from which we find the 
side PZ = 90° — y ; whence the formula 

tan <p — tan d sec t 

in which y is the latitude. It is evident that only those stars 
can be observed on the prime vertical whose declinations are 
between 0 and y. The nearer the observations to the zenith, that 
is, the less the difference between the declination and the latitude, 
the less the effect of errors in the observed times upon the value 
of sec t y and, consequently, upon the computed latitude. 

The advantage of this method of finding the latitude lies 
chiefly in the facility with which all the instrumental errors may 
be eliminated by using the instrument alternately in opposite 
positions of the rotation axis, reversing it either between the 
observations on two different stars or between observations of 
the same star, or using it in one position on one night and in 
the reverse position on the same stars on another night. Dif- 
ferent methods of reduction apply to these several methods of 
observation, which will be hereafter investigated. "We must first 
show how to place the instrument in or near the prime vertical. 

175. Approximate adjustment in the prime vertical — The middle 
thread must be carefully adjusted in the collimation axis, or as 
nearly so as possible. Then compute the sidereal time of pass- 
ing the prime vertical for some star whose declination is small, 

* See also VoL I. Arts. 192 and 19S. 


Fig. 45. 
JP 



M 
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that is, a star which passes the prime vertical at a low altitude. 
If t — the hour angle in the prime vertical, 8 = the declination, 
and <p = ihe assumed latitude, we have 

cos t = tan 6 cot <p 

and, if a = the star’s right ascension, © = the sidereal time of 
passing the prime vertical, 

__ c — for east transit | 

G = a t | it weg ^- a | 

At this time, therefore, by the clock (allowing for the correction 
of the clock), bring the middle thread upon the star, observing 
to keep the rotation axis as nearly horizontal as possible. The 
zenith distance at which the star will be observed may also be 
previously computed, to facilitate the finding. For this purpose 
we have 

sin d 

cos z = 

sin^ 

which gives the true zenith distance, from which we should sub- 
tract the refraction in the case of very low stars. 

After the instrument has thus been brought near the prime 
vertical by one star, the rotation axis should be carefullylevelled, 
and the adjustment verified by another star. In the first adjust- 
ment the frame of the instrument would be moved ; but in the 
second only the V which is provided with a small motion in 
azimuth. When the instrument is provided with a graduated 
horizontal circle, the most satisfactory method is to adjust it 
first in the meridian and then revolve it in azimuth 90°. 

In preparing for an observation on the extreme threads, we 
must know the interval required by the star to pass from one of 
these to the middle thread. It will be shown hereafter that if 
i = the equatorial interval of the sidereal thread from the middle, 
the corresponding star interval J, near the prime vertical, will be 
nearly 


sin <p cos d sin t sin <p sin z 

and it is easily shown that when the hour angle t becomes t ± I } 
the zenith distance becomes z ± 15 1 cos <p, where the factor 15 
is used to reduce I from time to arc. The first observation on a 
side thread at the east transit will, therefore, be expected about I 
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seconds before the time of transit already computed, and at a 
greater zenith distance by about 15 1 cos <p ; while the first ob- 
servation at the west transit will also be expected I seconds 
before the time of transit computed, but nearer the zenith by 
about 15 1 cos <p. These simple calculations are accurate enough 
for the purpose of preparing for the observation. When the 
intervals of the threads arc not known at first, they will be 
obtained accurately enough from the early observations for sub- 
sequent use in finding stars. 

For stars whose declination is very nearly equal to the lati- 
tude, the zenith distance and hour angle on the prime vertical 
may be more accurately computed by the formulae 

i/sin (<p — d) sin(c o + d) . , sin z 

sin z = — ~L — 1 — L sin t = — 

sin ^ eos d 

176. Correction for inclination of the arris.— When the rotation 
axis is in the meridian, but is inclined to the horizon, the great 
circle described by the eollimation axis is still perpendicular to 
the meridian, but intersects it in a point whose angular distance 
from the zenith of the observer is precisely equal to the inclina- 
tion of the rotation axis. This point may be called the zenith of 
the instrument; and the great circle described by the eollimation 
axis, the prime vertical of the instrument If we put 


f = latitude of the zenith of the instrument, 

<p — “ “ observer, 

b = inclination of the rotation axis, positive when north 
end is elevated, 

we have 


9 = / + b 


and the only consideration of the level correction required in 
this case is to apply it directly to the latitude found from the 
instrument by the same methods that are used when the axis is 
truly horizontal. 

But if the rotation axis is not in the meridian, nor the middle 
thread in the eollimation axis, the simple solution given in Art 
174 requires some modification. I proceed now to consider 
the instrument in the most general manner, with deviations in 
azimuth, level, and eollimation, and to show how to eliminate 
the effects of these deviations. 

Vou IL — 16 
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177. To find the latitude from the observed times of transit of a 
given star over a given thread east and west of the meridian, the rota - 
^ tion axis being in the same position at both 

n * observations . — Let the rotation, axis lie 



in the vertical circle ZA , Fig. 46, and 
suppose the north end elevated, so 
that the great circle of the instrument 
is E'Z"W' , and a thread at the dis- 
tance c south of the collimation axis 
describes the small circle SS'. Let A 
be the point in which the rotation axis 
produced meets the celestial sphere, 
and through A and the pole P draw 


the great circle APZ". This great circle is perpendicular to 
E'Z' f TP 7 , and the observations of the star on the thread at S and 
S' are equally distant from it. We may call PZ" the meridian, 
E'Z" W' the prime vertical, and Z" the zenith of the instrument . 

hTow, the equations (78) and (79) of Art. 123, being entirely 
general, apply to the instrument in this position, but it is con- 
venient to make some modifications of the notation. The point A 


being now near the north point of the horizon, its azimuth is 
nearly zero and its hour angle nearly 180°. • If we put 


the azimuth of A = 90° -f (a) = — a ) or ( a ) = — (90° -f- a) 
the hour angle of A = 90° — m — 180° + 1, or m = — (90° -f- X) 


where we distinguish the a of the equations (78) by enclosing it 
in brackets ; then a is the small azimuth of the rotation axis 
reckoned from the north towards the east, and X is the hour angle 
of the meridian of the instrument (or, as we might call it, the 
west longitude of the instrument) ; and the substitution of these 
quantities in equations (78) gives 


cos n cos X = — sin b cos <p -f- cos b cos a sin <p 

cos n sin A = cos b sin a 

sin n = sin b sin <p + cos b cos a cos <p 

and as r in (79) is the hour angle east of the meridian, while it 

is here more convenient to reckon it, in the usual manner, 
towards the west, we shall change its sign, so that the factor 
sin (r — m) will become 

sin ( — t -f 90° -f- X) = cos (* — X) 
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and the equation (79) will become 

sin c = — sin n sin d cos n cos <5 cos (r — X) (166) 

For the convenience of future reference, I shall here recapitulate 
die notation used in these our fundamental equations : namely, 

<p = the latitude of the place of observation, positive when 
north; 

d = the declination of the star, positive when north ; 
t = the hour angle of the star; 

a == the azimuth of the rotation axis, positive when east of 
north ; 

b = the inclination of the rotation axis, positive when the north 
end is elevated ; 

c = the collimation constant of a thread, positive when the 
thread is north * of the collimation axis; 

X = the lcngitude of the meridian of the instrument, positive 
when west; 

n = the declination of the north end of the axis. 

If, further, when the star is observed at both the east and west 
transits, we put 

r, t' = the hour angles of the east and west observations, 
respectively ; 

T, T f = the clock times of observation; 
aT,AjT'= the corresponding clock corrections; 
a = the right ascension of the star; 

2#=the elapsed sidereal time between the east and 
west observations on the same thread; 

we have 

r T+ aT — a r' = T' + ±T' — a 

* = K r '+ *T r — T— aT) 
i=J(f + aT' +T+aT)-o 
whence # = / — X = X — r 

We see that# will be well determined when the clock rate, or 
a 7" — a 7, is known ; but to find A we must also know the clock 
correction and the star’s right ascension. 


* When the thread is north of the prime vertical, the small circle of the sphere 
vrhich corresponds to it is south of the tyrime vertical, and vice versa. 
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Sow, let h and ft be assumed so as to satisfy the conditions 

h sin ft = sin b 
h cos ft = cos b cos a 

then the equations (165) become 

cos n cos X = A sin (<p — ft') 

-cos n sin X = cos b sin a 
sin n = A cos — ft) 

Substituting in (166) the values of cos n, sin n, given by these 
equations, and also cos (r — X) — cos (X — r r ) — cos #, we have 

cos $ 

sin c — — A cos (<p — ft) sin 8 4 A sin (<p — ft) cos 8 



to reduce which we assume h r and <p' to satisfy the conditions 

Ji r sin (p ' = sin 8 

x/ / « cos # 

h! cos 0 == cos 8 

cos X 

which transform the preceding equation into 
sin c — hh' sin (<p — <p' — ft) 

whence 

sin ( 9 ? — <p f — ft)= ■ C 
V ; A A' 

But, as c is never more than 15', and h' = 4^4 will never be less 

sm $ 

than while A differs from unity only by a quantity depending 
upon sin 2 a, the angle <p — <p r — ft will never exceed 30' : so that 
we may write, without sensible error, 



To find ft, we have 



c sin <p' 
4 sin 8 


tan ft = tan b sec a 

or, since b is only a few seconds and a but a few min utes, 

and <p’ is determined by (168), which give 

tan yJ = tan S sec # cos >1 


(169) 
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and then we have 


<p = 




c sin <p ' 
sin S 


(170) 


It is evident that the factor cos I in (169) corrects for azimuth 

deviation, the term b in (170) for inclination of the rotation axis, 
c sin uX 

and the term — T — for the distance of the thread from the col- 

v . Sill $ 

lunation axis. 

In these equations, 3 and X are obtained from the observed 
times on the same thread, the rotation axis being in the same 
position at the two observations. The constant c has then the 
same sign at both observations, + for north threads,-— for south 
threads; and its value must be known for each thread. Wo 
deduce then, by (169) and (170), from each thread separately, a 
value of the latitude, and take the mean of all the results as the 
latitude given by tbe instrument in this 'position of the axis . But 
if the pivots are unequal the striding level does not give the 
true value of b directly. (See Art. 187.) Moreover, the constant 
c is composed of the equatorial interval of the given thread from 
the middle thread combined with the collimation constant of the 
middle thread, and will, therefore, involve both the error in the 
determination of the interval and in the adjustment for colli- 
mation. 

Now, to eliminate all these instrumental errors, repeat the 
observations on the same star on a subsequent night in the 
reverse position of the axis. Let p be the (unknown) correction 
for inequality of pivots, q the (unknown) correction of c for error 
in the interval of thread and collimation adjustment; let <p f" 
be the latitudes given by (169) for the same star on different 
nights and in reverse positions of the axis ; 5, b f the inclinations 
of the rotation axis given by the spirit level. The true inclina- 
tions are b + p and b' — p, and the true value of the collimation 
constant for the given thread is c + q : so that in the first posi- 
tion of the axis we have 


<p = + P + (c + #) ™ ^ 


and in the second position, 


9 == 9 n + V —p ~(e + q) 


sin d 


sm <p” 
sin $ 


and the mean of these is 
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<p = \ (y + ^ + f n + ^0 


c + # fsin <p f — sin <p" 
2 L sin <5 


so that the inequality of pivots is wholly eliminated, and the 
error of thread and collimation is reduced to the term 


q pin y — sin y" 1 = q sin (/ — f) cos y ( - nearly) 

2 L sin $ J 2 sin $ 

which for q = l /r , = 1°, is 0".008 cos <p cosec <5, and that 

part of this small quantity which depends on the collimation of 
the middle thread will have different signs for north and south 
threads, and will also wholly disappear from the mean. There 
will remain, therefore, in the result only that part of this term 
which depends on the errors of the thread intervals. As the 
thread intervals can easily be determined in the meridian within 
l", this remaining error in the* latitude will he insensible in 
practice, and we may assume the mean of two nights’ observa- 
tions to be wholly free from the instrumental errors. 

There remain yet the errors of observation and of the clooic. 
These affect both the angles # and h As X is always small, their 
effect will not generally be appreciable in cos^, and their effect 
in see?? will be less the nearer the star is to the zenith ; for the 
clock errors that appear in # are only the variations of rate , and 
the less the interval the less the effect of these upon ??, and, at 
the same time, the less the angle # the less effect will any change 
in ?? produce in sec #. 

The expression for the error in cp resulting from an error in ?? 
is found by differentiating (169) ; whence 


dcp sec 2 (p f = d$ tan d sec # tan # cos X = d& tan <p' tan # 


or nearly 


d(p = ~ sin 2 <p tan # 
2 


and sin 2 cp is greatest for ^> = 45°, in which case we have 
df = — tan??. For # = 1\ dcp = d#X 0.13 ; or an error in ?? of 

l' = 15" produces an error in <p of less than 2". If we assume, 
then, that # can always be obtained within 1', we ought to expect 
the mean of the latitudes obtained in two nights from the same 
thread and with the same star to agree with that found in the 


IN THE PRIME VERTICAL. 


247 


same way from any other thread, within 2", when the observe 
tions are taken within one hour of the meridian. This, in fact, 
is the experience of observers in the use of this method. 

Finally, the latitude is affected by an error in the tabulated 
declination of the star. When <p < 45°, the error in the latitude 
is always greater than the error of the declination ; but when 
<p > 45°, the error in the latitude will be less than the error in 
the declination, if we use stars whose declinations fall between 
the limits 90° and 90° — y>, as will be seen at once by examining 
the equation 

dip = dd 

sin 2d 

which is found by differentiating (169) with reference to <p and d. 
It is evident, therefore, that this method is better suited to high 
latitudes than to low ones, although satisfactory results may be 
obtained by it even in latitudes not greater than 30°. 

178. Instead of deducing a value of the latitude from each 
thread, it is usually more convenient to reduce the observations 
on the several threads to the middle thread, and then to find the 
value of the latitude from the mean. This value will, of course, 
be the same as the mean of the several values found from the 
threads individually. I proceed, therefore, to investigate the 
formula for reducing the observations on the side threads to the 
middle thread. 

Let 

1 = the equatorial interval of any given thread north of the 

middle thread, 

1= the corresponding star interval, 

then, r being the hour angle of the star when on the middle 
thread, z — I is its hour angle when on the given thread : so that 
c now denoting the collimation constant of the middle thread, 
and, consequently, c + i being now put for c in (166), we have 

sin (4 -{-£) = — sin n sin S -f- cos n cos d cos (r — A — J) 
while for the middle thread we have 

sin c = — sin n sin d + cos n cos d cos (r — A) 

The difference of these equations gives 

2 cos(J{ + c) sin' \i = 2 cos n cos d sin (r — A — i I) sin }Z 
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In the first member, since i and c are both small, we may put 
2 cos \ i sin £ i, or sin t, and hence 

„ . , _ sin i 

2 sin $ I = 7 

cos n cos 8 sm (t — A — $ 1 ) 


If the azimuth a of the instrument is even as great as 20' (and 
it will always be much less), it is easily shown that log h in (167) 
will not be less than 9.999998, that is, it will not change the 
fifth decimal place by a unit in the computation of log cosn; 
and, as this degree of accuracy is evidently even more than suf- 
ficient in computing 7, w r e shall here take cos n = sin (<p — £), and 


hence 


2 sin i I = 


sin i 

sin(?> — b ) cos 8 sin (r — X — £7) 


(171) 


This very exact formula will be required, however, only where 
the star is very near the zenith. In most cases we can employ 
sin <p for sin (<p — b) and put J7 instead of its sine. 

When the star has been observed on the middle thread, both 
east and west of the meridian, we may find r — X = # with 
sufficient accuracy for computing the reductions of the threads, 
by taking the half difference of the observed times on this 
thread; and hence the formula will be 


2 sin i 7 


sin i 

sin (jp — b) cos 8 sin (# — i 7) 


or, in most cases, 



sin <p cos 8 sin (# — $ 7) 


( 172 ) 


( 172 *) 


In applying these formulae, the signs of £, J, and ft must be 
carefully observed. Thus, i will be positive for north and 
negative for south threads; # positive for a star west, and 
negative for a star east of the meridian. The value of I re- 
quired in the second member may be found with sufficient 
accuracy from the observations themselves; and, in order to 
obtain it with the proper sign, it is to be observed that the ob- 
served time on the given thread is always to be subtracted from 
that on the middle thread 

Having reduced the several observations to the middle thread 
by adding the values of I thus found, the means of the results 
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for the east and west transits, respectively, will now be denoted 
by T and T f , after which $ and A will be accurately found, and 
the latitude computed precisely as in the preceding ai'ticle. The 
quantity c in equation (170) will now denote the collimation con- 
stant of the middle thread. 

The level constant should be determined both before and after 
each transit east and west, and the mean of the four values 
employed for 6, particular care being required in the determina- 
tion of this quantity, since any error in it affects the resulting 
latitude by its whole amount. 

Example. — The following observations were taken by Hansen 
in Heligoland with a transit instrument in the prime vertical.* 
The hours are given only for the middle thread, and the observa- 
tions on threads VII., VI., and V. are placed immediately below 
those on I., II., and III., respectively. 


1824, July 81 . — Circle North. 


y Draconis. 

I. and VII. 

II. and VI. 

III. and V. 

IV. 

Level. 

East transit j 

14” 28*.8 
9 26. 

13" 36*.8 
10 13. 

12“ 46*. 

11 3 .8 

16* 11- 54*. 

J— 0“.40 

West “ | 

27 35 . 
32 37.5 

28 26.8 
31 50. 

29 17.5 
31 0. 

19 30 9.8 

1—1 .37 

) 

Clock correction (sidereal) at 14* 22 m = -f~ l m 47'. 40. Daily rate, -{-4M2 



1824, August 3.- 

- Circle South. 


y Draconis. 

I. and VII. 

II. and VI. 

III. andV. 

IV. 

Level. 

East transit j 

8-“ 57*. 
13 59. 

9” 47*. 

13 9.5 

10” 36*. 
12 17.5 

16* 11“ 27*.5 

j— K50 

West “ | 

32 15. 
27 14. 

31 26. 
28 3. 

30 36.5 
28 55. 

19 29 44. 

J— 0 .03 

Clock correction at 14* 8 m 

= + 1”* 59'. 98. Daily rate, -f- 4*. 27 



The threads are numbered from the circle end of the axis, so 
that for “ circle north’ 7 stars at the east transit are observed first 
on thread Vn. Their equatorial intervals, as found by observa- 
tions in the meridian, were — 

i n m v vi vn 

^Circle north) i, -f* 82*. 382 + 2P.557 + 10.968 —10.652 — 2K426 — 3K672 


* Astron. Nach., Vol. VI. p. 117. 
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The value of one division of the level was 2".5 (of arc). 

The collimation constant was c = + 2".18 (in arc), circle north. 
The assumed latitude was if = 54° 10'.8. 

For the given dates, the apparent places of the star were — 

y Vraconis a 6 

1824, July 31, 17* 52™ 34*.42 + 51° 30' 57".64 

“ Aug. 3, « « 34 .37 « “ 58 .04 

We shall first reduce the observations of July 31. To compute 
the thread intervals, we find an approximate value of # from the 
observed times on the middle thread, the difference of which is 
3 h 18 m 15*.8, and, since in this time the clock rate is -f- 0 5 .6, we 
take 2# = 3* 18 ro 16\4, and hence 

(Approx.) # = 1* 39 m 8 a .2 

Taking the differences between the observed times on each side 
thread and that on the middle thread for both the east and west 
transits, the mean of the two values for each thread may be used 
as a sufficiently exact value of I to he used in the second member 
of (172), namely: 

i n m v vi vix 

(Approx.)/, + 2 m 34* 8 + 1”* 42'.9 -f- 0 m 52».2 — 0 m 50.2 — l m 40.6 — 2™ 27'.8 

1*37 50.8 1*38 16.7 1* 38 42.1 1* 39 33.3 1* 39 58.5 1* 40 22.1 

whence the reductions to the middle thread are, for the west 

transit, 

/, + 2 m 34*. 97 + l m 42».74 -f 0™ 52*.04 — 0 m 50*.16 — 1^40».49 — 2* 28-. 01 
and the same values, with their signs changed, are used for the 
east transit These being applied to the observed times, we have— 


East. West. 


I 

16* 

‘11" 

* 53*.83 


19® 30” 

• 9*. 97 

II 



54 .06 




9.54 

in 



53.96 




9.54 

IV 



54 .00 




9.80 

Y 



53 .96 




9.84 

YI 



53 .49 




9.51 

yh 



54.01 




9.49 

T = 

= 16" 

11 

53 .90 

T' = 

= 19 

30 

9 .67 

aT = 

= +_ 

1 

47 .71 

aT' = 

=_+_ 

1 

48 .28 

T + aT = 

= 16 

13 

41 .61 

T' aT' = 

= 19 

31 

57 .95 


19 

31 

57 .95 


16 

13 - 

41 .61 

} sum = 

= 17 

52 

49 .7 r 

f i diff. = 

= 1 

39 

8.17 

a = 

= 17 

52 

34.42 

1 =* = 

O 

Th 

II 

2'\55 


1= 15.36 

= 0° 3' 5 " 
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Hence, by (169) and (170), 

log tan d 0.0996440 
log sec # 0.0419648 
log cos X 9.9999997 
log tan (p f 0.1416085 

= 54° 10' 47".41 

+ 2.26 

Bind 

b = — 2 .21 

<P = 54 10 47 .46 

3F 1 or tbe observations of August 3, we find, from tbe observed 
times on the middle thread, 

(Approx.) # = 1* 39 m 8'.5 

^nd from the observed times on the side threads compared with 
tlie middle thread, 

I II in V VI VII 

(Approx.)/, — 2 m 30*. 8 — l m 41'. 2 — 0™ 52'. 0 + 0 m 49'.5 + l m 41'.5 2 m 30'. 8 
^ — $4 1* 40 23.9 1* 39 59.1 1*39 34.5 1*38 43.7 1*38 17.7 1*37 53.1 

withL which we find the true values of I to be as follows : 


c = + 2".18 
log c 0.3385 
log sin <p r 9.9089 
log cosec d 0.1064 
0.3538 


I f — 2 m 31'.28 — l m 41*.10 — 0 m 61'.61 -f- 0 m 50 f .55 -f 1”*42'.10 + 2«*31*.52 


JApplymg these to the observed times, and taking the means, we 
1 lave — 

East. 'West. 

T = 16* 11“ 27*.61 T == 19* 29“ 44*.81 

aT=+ 2 0.35 aT'= + 2 0.94 


T + *T = 16 13 27.96 T'+aT'=19 31 45.75 

\= 0° O' 37". 4 = 24° 47' 13".5 


With these we find, taking now c — — 2".18, 


v ’ = 54° 10' 50".25 

lEgV = _ 2 .26 

sin <5 

b= —1.91 
<P = 54 10 46 .08 


The mean of the results in the two positions of the instrument 
is, therefore, <p = 54° 10' 46".77. From numerous observations 
of the same kind, Hansen found <p = 54° 10' 46".53. 


252 


TRANSIT INSTRUMENT 


179. To find the latitude token the instrument is reversed between the \ 
east and west transits of the same star on the same night. — Reduce the 
observations to the middle thread, and let T and T 1 be the mean 
of the resulting clock times at the east and west transits, respect- 
ively. If the middle thread was north of the collimation axis at 
the east transit, it will be south of that axis at the west transit, 
and the interval T ' — Twill be sensibly the same as the interval 
between the two transits over the collimation axis itself. We 
may, therefore, compute the latitude precisely as in the preceding 
method, and regard c as zero. Thus, our formulae will be 

# = $[(r / + A ro — (5P+ A T)] 
i = f + Af + T+ Af] — a 
tan (p f = tan 8 sec # cos X 
y ~ <P f +b 

in which b is the mean of the level determinations in the two 
positions of the axis, and is, therefore, free from the error of 
inequality of pivots. This method, then, enables us to obtain 
from the observations of a single night a value of the latitude 
free from all the instrumental errors.* We may remark here that 
the result by this method, as well as the mean of the results of 
two observations in reverse positions of the axis by the preceding 
method, is free from errors arising from flexure of the rotation 
axis. 

Example. — The following observations were taken at Cron- 
stadt with a transit instrument in the prime vertical, the axis of 
which was reversed between the east and west transits. 


1843, August 9: Cronstadt. Assumed <f> = 59° 59'. 5. 



Circle South. 

I 

II 

in 

IV 

V 

Level. 

E. 

y Cassiopese 
6 Cassiopese, 

13™ 23*. 

17m 

46*. 

0*24™ 6*. 

31™ 32*. 


+ 5". 36 
+ 6 .56 


20 32. 

23 

6. 

0 26 21. 

29 19. 

32™ 44*. 


Circle North. 








W. 

y Cassiopese 


1™ 

2*. 

1* 9™ 55*. 

15™ 26*. 

20™ 21*. 

/ — 2".10 


>• — 2 .08 


6 Cassiopese 

57™ 36*. 

0 

45. 

2 4 11. 

7 0. 

9 50. 

f — 1 .60 
1 — 1 .10 


* There is a theoretical inaccuracy in finding X, since this quantity will he 
hv the collimation error ; but the error will have no sensible effect upon the cosine of 
so small a quantity, unless c is unusually large. It will, indeed, be always inappre- 
ciable when the observer has bestowed ordinary care upon the adjustment of the 
middle thread. 
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The level was observed before the east transit of j Cassiop. and 
after that of d Cassiop. : so that the mean b — + 5".46 will be 
used for both stars at the east transit. But at the west transit 
the level was observed before and after each star : so that for 
y Cassiop. at this transit we shall use b = — 2' '.09, and for 
d Cassiop., b = — 1".30. 

The threads are numbered from the circle end of the axis, 
and thread I. was first observed at both the east and west 
transits. The equatorial intervals from the middle thread were — 

I II IV v 

(Circle North) i, + S4\40 + 18-.74 — 16*.l4 — 33*.33 

The collimation constant, as found from observations in the 
meridian, was c — -j- 4". 50 (in arc) for “circle south.” 

The chronometer correction (sidereal) was -j- 30 s . 20 at 0* 24“ ; 
its daily rate, + 0 s . 90. 

The apparent places of the stars for this date were — 

a 6 

y Cassiopece , 0 A 47 OT 21*.49 + 59° 52' 2".3 

d Cassiopece , 1 15 40 .38 + 59° 25 6 2 

To reduce the observations of y Cassiopece, we first find the 
approximate value of # from the difference of the observed, times 
on the middle thread to be 

0 = 0* 22 m 54*.5 

from which we find, by (172), the reductions of the side threads 
to the middle thread to be as follows : 

i II iv v 

r Cassiop. E. + 10 w 48‘.2 + 6 m 19'. 7 — 7 m 23'.9 

“ W. + 8 55 .6 — 5 32 .2 — 10- 26'.4 

Applying these, and proceeding by (173), we find,— 
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East. 

West. 

I 

0» 24* 6*.2 

_» _•» — p 

II 

5.7 

1 9 57.6 

III 

6.0 

55 .0 

IY 

8.1 

53 .8 

V 

— 

54.6 

T = 

0 24 6.5 

T'= 1 9 55.3 

&T = 

+ 30 .2 

aT'= +30.2 

T + ar = 

0 24 36.7 

T'+ a T'= 1 10 25 .5 


1 10 25.5 

0 24 36 .7 

1 sum = 

0 47 31.1 

( } diff. = 0 22 54 .4 

a = 

0 47 21 .5 

\ = # = 5° 43' 36". 


X= 9 .6 

— 0° 2' 24". 

log tan S 0.2362409 

log see 4 0.Q021729 

log cos A 9.9999999 

log tan <p' 0.2884137 

v ' = 59° 59' 29".78 

h = > (5".46 — 2".09) = + 1 -69 

<p = 59 59 31 .47 

The observations of y Cassiopeee, reduced in the same manner, 
give <p = 59° 59' 30".98, and the mean is g> = 59° 59' 31".23. 

The preceding methqds of reduction leave nothing to be 
desired when the intervals of the threads are known. When, 
however, these are unknown, we may resort to one or the other 
of the following methods, according to the nature of the obser- 
vation. 

180. To find the latitude from the observed transits of a star over the 
prime vertical, east and west of the meridian, when the instrument is 
reversed only between the observations of different nights, the intervals 
of the threads being unknown. 

Put 

c = the distance of any thread from the collimation axis, 

== £ the elapsed sidereal time between the east and 
west transits over the same thread when the circle 
or finder is north, 

= ditto for the same star when the axis is reversed, 
b t = the level constants in the two positions j 

then, by (169) and (170), we shall have 
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tan <p n = tan S sec # n cos A 
tan <p t = tan sec # cos A 
c sin <p 


9 = 9 n + K + 


sin d 


9 


= 9. + b. — 


c sin <p 
sin 6 


The last two equations involve but two unknown quantities, 
<p and c, both of which may, therefore, be determined. Put 


9„ = 2 0 » + b n + 9. + b.) 

r — •§ 0 « + K — 9. — b.) 


then, our equations become 

9 — 9 ® = 


r + 


c sin <p n 
sin d 


<p — ?o = — r — 


c sin <p a 
sin d 


Multiplying the first by sin <p a , the second by sin <p n , and adding 
them together, we find 

= — Y tan i (<p n — <p^ cot i O n + 

Since y is very nearly equal to } (ip n — <p a \ the second member of 
this equation involves the square of f, and is, consequently, an 
exceedingly small quantity, in computing which we may, evi- 
dently, put y = £ (<p n — * <p , ) and substitute <p for % (<p n + <p ,), whereby 
we obtain 

ip = <p 0 — | y % sin 1" cot <p 

This method may, therefore, be expressed by the following 
equations : 

tan <p n = tan S sec # n cos X \ 

tan <p t = tan d sec cos A I 

9o — h (<P n + K + 9, + &.) / ( 174 ) 

J (^ n — <py sin 1" cot <p V 

<p =z <p Q — Acp f 

in which the assumed value of ip may be used in computing c«p. 

181. In this form of the method, only pairs of observations 
of the same star made on different nights in reverse positions of 
the axis can be reduced. But it often happens that the observa- 
tion on a thread is lost, and the corresponding observation on 


9— % 


= -r ^ 

Lam Vn + s: 
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the same thread in the reverse position of the axis becomes useless. 
In order to avail ourselves of every observation, we may, after a 
sufficient number of observations have been made on the same 
star, determine for this star the mean difference between <p and 
9n + K an( l between <p and <p s -\- b 8 , and these differences may be 
used to reduce the observations on the several nights independ- 
ently of each other. Thus, if we put 

= 9 + bj = — i (jp n — <P> + K — b a ) &<p 

\<P = 9 ~(<P, + i.)= + ~ < P a +b n — b a ) — A <p 

each complete pair of observations on two nights furnishes a 
value of a n (f and A s <p, and, the mean of all being taken, any indi- 
vidual observation may be reduced by the formulae 

tan <p n = tan 8 sec # n cos X <p = <p n ~\~ b n -\ (- a n <p 

or, tan ^ # == tan 8 sec # 4 C 0 S X <p — <p m -f- b a + A, <p 

This method of reduction is given by Professor Peirce.* 

182. The quantity 1, which is the difference between the right 
ascension of the star and the mean of the sidereal times of obser- 
vation on the same thread east and west of the meridian, should 
have the same or nearly the same value throughout the series of 
observations, since any change of sufficient magnitude to affect 
the value of cos^ sensibly will give different values of f n or <p g , 
and, consequently also of a n (p or a jp, which are here supposed to 
be constant. To secure this condition, the stability of the instru- 
ment in azimuth must be secured, or it must be verified and 
corrected from time to time by means of a terrestrial mark to 
which the middle thread is referred. 

183. The factor cosl may be omitted (not only in this, but in 
all other methods) throughout the reduction of a series of obser- 
vations where it can be regarded as constant, and a small cor- 
rection for the azimuth of the instrument can be applied to the 
final mean latitude. If we denote this mean by (y>), found by 
neglecting the factor cos A, the true latitude will be found by the 
formula 

tan <p — tan (p) cos X 

* In. a memoir on the latitude of Cambridge, Mass., Memoirs cf Am. Academy q j 
- Sciences, Vol. II. p 183 
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or 

f = (<p) — \ P sin 1" sin 2 <p (175) 

If the azimuth deviation a is required, it may be found by the 
second equation of (167), which gives, very nearly, 

sin a = sin X sin <p (176) 

If the azimuth of the instrument is known independently of 
the observations for latitude, we have, by substituting a for X sin <p, 

9 z=(#)— l a 2 sin 1" cot <p (176*) 

184. The thread intervals may also be found ; for the difference 
of the equations for <p, Art. 180, gives 

c== On + fr „— y.— S.) » in j 

2 sin l (p n + <?} cos l l<p n — ¥>,) 

for which we may take 

c == P .y + * ?) s»n 9 
sin <p cos a n f 

or, in most cases, 

c — Ay) sin 3 

sin <p 

This will give the distance of each thread (the middle thread 
included) from the collimation axis, whence we can deduce the 
distance of each from the middle thread. 

Example. — L et us apply this method to the reduction of the 
observations taken at Heligoland by Hansen, given on p. 249. 

Beginning with the observations of July 31, “ circle north,” wo 
find for each thread by taking half the difference of the 
observed times on this thread, east and west, and correcting for 
the clock rate in the interval, which is here + 0*.28. The value 
of X may be found accurately enough from the middle thread 
alone. Thus we have 

Mean of times on middle thread = 17* 51” 1\9 
Clock corr. = -f- 1 48 .0 
Sid. time = 17 52 49 .9 
Star’s » = 17 52 84 .4 

X = ’ ~ 15 .5 = 0° 8' 52". 

Hence we have log tan 3 cos A = 0.0996437, which will be used 
for all the* threads, the value of log cos ??„ for eaeh thread being 
subtracted from it to find log tan f n , as follows : 

Vol. ix — it 
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Thread. 

** 

log COS # n • 

i 

1* 36” 33*.38 

9.9602592 

ii 

1 37 25.28 

9.9595210 

hi 

1 38 16.03 

9.9587918 

IY 

1 39 8.18 

9.9580351 

Y 

1 39 58.38 

9.9572996 

YI 

1 40 48.78 

9.9565540 

YII 

1 41 36.03 

9.9558485 


log tan (f> n 

$>« 

0.1393845 

54° 2' 25" 76 

0.1401227 

5 12 .36 

0.1408519 

7 56 .84 

0.1416086 

10 47 .48 

0.1423441 

13 83 .16 

0.1430897 

16 21 .07 

0.1437952 

18 59 .87 


From the observations of August B, “ circle south,” we find 


Mean of times on middle thread = IT* 50“ 35*. 7 
Clock corr. = + 2 0 .6 

Sid. time = 17 52 36,8 
“ = 17 52 34.4 

log tan 5 cos 1 = 0.0996457 X = 1 .9 = O' 29" 


Thread. 

i 

log cos 

log tan <p. 

0. 

i 

1* 41“ 39*.29 

9.9557996 

0.1438461 

54° 19' 11".32 

ii 

40 49 .79 

9.9565389 

0.1431068 

16 24 .93 

in 

40 0 .54 

9.9572678 

0.1423779 

13 40 .80 

IY 

39 8 .54 

9.9580299 

. 0.1416158 

10 49 .07 

Y 

38 19.04 

9.9587483 

0.1408974 

8 7 .11 

VI 

37 27.04 

9.9594958 

0.1401499 

5 18 .50 

YII 

36 37.79 

9.9601968 

0.1394489 

2 40 .30 


"With the assumed latitude <p = 54° 10'. 8, we find log J sin 1" 
cot <p — B.9419, and the computation of a <p for each thread is as 
follows : 


Thread. 

<pn <p. 

log (4>n—<P.y 

log A (f) 

A0 

i 

— 16' 45".56 

6.0046 

9.9465 

0".88 

n 

— ll 12 .57 

5.6556 

9.5975 

0 .40 

hi 

— 5 43 .96 

5.0730 

9.0149 

0 .10 

IY 

— 0 1 :64 

0.4296 

4.3715 

6 .00 

V 

+ 5 26 .05 

5.0264 

8.9683 . 

0 .09 

YI 

+ 11 2 .57 

'5.6426 

9.5845 

0 .38 

YII 

+ 16 19 .57 

5.9820 

9.9239 

0 .84 
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We Lave b n = - 2". 21, b a = - 1".91, + b a ) = - 2 ".06; 

and hence the several values of the latitude given by the different 
threads are found as follows : 


Thread. 

& (<i>n ~h <h) 

4>o 


i 

54° 10' 48".54 

46". 4 8 

45.60 

ii 

48 .65 

46 .59 

46.19 

in 

48 .82 

. 46 .76 

46.66 

IV 

48 .25 

46 .19 

46.19 

V 

50 .14 

48 .08 

47.99 

VI 

49 .79 

47 .73 

47.35 

VII 

50. 09 

48. 03 

47.19 


Moan = 46.74 


Hence <p = 54° 10' 46". 74; which agrees within 0".03 with the 
result found on p! 251. The slight difference is perhaps duo to 
small errors in the thread intervals employed in the former 
method. 

The values of A n <p and A a <p for each thread may be found as 
follows : 


Thread. 

i (*.-*.) 


& n <p 


i 

— 8' 22". 78 

— 8' 2 2". 93 

+ 8' 22".05 

— 8' 28".81 

ir 

— 5 36 .29 

— 5 36 .44 

+ 5 36 .04 

— 5 86 .84 

hi 

— 2 51 .98 

— 2 52 .13 

+ 2 52 .03 

— 2 52 .23 

IV 

— 0 0 .82 

— 0 0 .97 

+ 0 0 .97 

— 0 0 .97 

V 

+ 2 43 .03 

+ 2 42 .88 

— 2 42 .97 

+ 2 42 .79 

VI 

+ 5 31 .29 

+ 5 81 .14 

— 5 31 .52 

+ 5 80 .76 

VII 

+ 8 9 .79 

+ 8 9 .64 

— 8 10 .48 

+ 8 8 .80 


When a n tf and a a cp have been thus determined from a consider- 
able number of observations, their mean values may be used to 
reduce the observations of each night separately. 

We may now also find the thread intervals themselves by the 
formula (177), which gives 

I II III IV v VI vn 

e, + 32*.S7 -f 21*.65 + 1H08 +0*06 — 10-.48 —21*31 — 81-.51 

which are the distances from the eolliination axis. The equa 
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torial intervals of the side threads from the middle thread are v 
therefore, 

I II ill v VI VII 

i, + 32-.31 + 21*. 5 9 + 11*.02 — 10*.54 — 21*.37 — 31-.67 

which agree with those given on p. 249 as well as can "be expected 
when but four observations on each thread have been taken. 

185. To find the latitude from the observed transits of a star over tht 
prime vertical when the instrument is reversed between the east and west 
transits , the intervals of the threads being unknown . — Let 

r, r' = the hour angles of the star on the same thread at the 
east and west transits ; 

then, c denoting the distance of the thread from the collimation 
axis, we have 

— sin c = sin n sin d — cos n cos d cos (r — 1) 
sin c = sin n sin d — cos n cos d cos (V — 1) 

the sum of which gives 

cot n = tan d sec \ (V — t) sec [£ (r' -f- r) — A] 

But by (167) we have 

cot n cos A = tan {<p — ft) 

and therefore 

tan (<p — ft) = tan d sec £ (f — r) sec [4 (f + r) — A] cos A 

in which ft = inclination of the rotation axis ; and in this case, 
if b and b f are the inclinations in the two positions, we take • 

p= *(& + &')• 

If now, to avoid all further consideration of the clock rate, we 
suppose all the observed times to be reduced to some assumed 
epoch ( T ) at which the clock correction is a T 9 and put 

T, T f = the clock times on the given thread at the east and 
west transits, respectively, reduced for rate to the 
assumed epoch ( T), 

T 0 , T 0 '= the same for the middle thread, 
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and, since tlie middle thread is very near the collimation axis, 

A = £(ZV+ fJ+Af-a 
2 (j r — r) = £ ( T' — T ) = ^ elapsed aid. time, 
’(r'+r)-A =i(r+ JP)-J(r 0 '.+ r 0 ) 

Hence, if we adopt the following more simple notation, 

2# = the elapsed sidereal time between the east and west 
observations on the same thread = T f — T, 
t = the mean of the observed times on that thread 
= 2 (T f + T)i 

t 0 = the mean of the observed times on the middle thread 

= K T o + 


and put 


r = t — t 0 


A = t Q -j- A T — a 


we shall have 


tan <p f = tan d sec sec y cos A 
<p = <p' £ (b + b r ) 


} (178) 


This method of observation and reduction has the same 
advantage as that of Professor Peirce, in not requiring a know- 
ledge of the thread intervals ; and it further enables the observer 
to reduce each observation independently of all others, and thus 
to obtain a definite result from one night’s work. 


Example. — Let us apply this method to the observations taken 
at Oronstadt, given on p. 252. 

For the star y Cassiopece we have but three threads to reduce, 
since thread I. was omitted at the west and thread Y. at the east 
transit. For the others, we proceed as follows : 

t = 0* 47”* CK5 log tan d 0.2362409 

a T= + 30.2 log cos A 9.9999999 

Sid. time = 0 47 30 .7 log tan d cos A 0.2362408 

a = 0 47 2 1 .5 
A = 0 0 9 .2 = 2' 18" 


Neglecting the chronometer rate, which is insensible in these 
intervals, we have 
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n ! 

III 

IV 

t 

0* 39 m 24*. 

(f A 17 w m.5 

o* 2 « f# . 

t ^ t 0 = r 

0 7 30.5 : 

o « u . 

o u , 

U 

0 21 38. 

0 22 54 .5 

0 21 57 . 

log HOC Y 

0.000*2893 

O.OUtlOfHIO 

Of him 1 733 

log HOC # 

0.0019377 

(UMI2I782 

4i.mil tt* i IM 

log tan <p f 

0.23841 78 

0.20*1140 

U.,23^ 

<P* 

59° , r )9' 30". 0 j 

59" , r >9' 29".* 

Mr* . 7 / *>" 


Mean <f* ~ 

59' 1 59' 29". 7 3 



« h 

j 1 .09 



<p 

59 59 31 .42 



For r) Qmiojmt wo find, in like manner, X V 27", lojf fun «•*»** 
= 0.2284381 ; and from tint neveral thready 


y 0 A 0* 12'. 

0 48 32. 
f 59° 59 # 28".8 

Mean / Ml'' 3gH".W) 
“ b + ‘2 ,08 

^ fill fiO SO. n 


ii 

o* :> m 20 f ,r» 
a 48 49 .5 

r>9° w wr.i 


ni 

0* 0*» !»•, 
u in i'u * . 
m** Mr aH M .a 


IV 

a* ***** &n*, A 
a -in m ,?* 
m * ftV JET, I 


v 

Ii* r,*» |# 

ii |» :tn . 

ftw* W 8*\? 


The moan result by the two stars is, thou, ip 59° f»9' 31 ".20, 
which differs only 0".08 from the result found on {*. 2**4, whore 
the thread intervals wore used. 

186 . To find the latitude from the obmrml transit s of « stnr over the 
prime vertical , east and went of (he meridian , when the instrument u 
reversed, at each transit, between Ike obsrrmtmns of (he star on o/»/w#ilr 
sides of the prime vertical. (Struvk’h method.) 

When the star passes near the zenith, the intervals between 
its transits over the threads become sufficiently great to allow 
the observer to reverse the instrument between the oWrvatinmi 
on two threads. He may then, first, observe the star at the east 
transit on all the threads on one side of the middle thread or 
prime vertical, and, reversing the axis, observe lint star 

on the same threads on the opposite side of the prime vertical ; 
then, allowing the axis to remain In the fast position, (hmitg, 
observe the star at the west transit on the same threads, am! then, 
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once as a north thread and oner an a *onth thread, and the Inti* 
tude will be found from it, aerording to fie* method of the prii- 
ceding article, by the formula 

tan f' tun « see f erm 4 

where t will he one-half the elapsed sidereal time between the 
observations on the middle thread. In taking the mean* lint 
value of the latitude found from the middle thread *hotild hav« 
but one-half the weight of the value on an y other thread, dure 
it depends on two observations instead of four. 

Thin method is not nmeh used in the field* an portable in*trtf* 
merits, usually not very firmly mounted, and never provided with 
reversing apparatus, cannot he ijiiiekly reversed without risk of 
disturbing the azimuth. 


Example.*— I n tire* following observation, the u%\* wm re- 
versed immediately after the star had eroded the middle fhreiid 
at the east transit, am! was then left in the mum unit! 

after the star had crossed the middle thread at the we*t transit, 
when it was again reversed, ami, consequently, restored to itu 
first position. 
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mean thread, and by e the distance «*f the mean thread from tU 
axis, wo have 

i -g c ~ — Him n win » -f H { ' (m “ rnHi 7 ' * ■* 

in which r is the hour angle of the star, him! a an«i / hn* det«*r* 
mined by the conditions (H>7). 

Each thread gives an equation of this forin^ Tin* mean of 
these equations may he found by the aid of our l a!»i* s \ III, and 
VIILA., according to the methoti already exjdaiimd in Art. Mil. 
Thus, 7 7 being the ineun of the observed lime* on the sevrnsl 
threads, /the interval obtained by stibt meting ea«*h observed fiin#* 
from this mean, n and log k the mean of the several values of 
these quantities taken from Table VII h with the argument /* 
we have 

7 \ r+> 

and, since here r is the west hour angle, 


r j 7*, 1 A T a 

Then, i Q denoting the mean of the equatorial distances of flit! 
threads from the mean thread, we have 


, , vtm n i*m 4 nm ( r, — A) 

c + t 0 =s» — mu n sm »# 4« — - . 

«f 


or, putting 


the mean equation is 
e + i„ 


Y con <?, fsr | cm <5 
k 

y niit >), sa mu 4 


sin n sin 3, -f cos « con ^eo* fr, 4) 


Developing cob (r, — X), and substituting the values of sin it, 
cos n cos A, cos n sin 1, from (1(57), 

lii» =— A cos(p-H?)8m i, -f-A 8in(f—,»)cr« » t cm r, -f sin a r, 

in which h and /9 arc determined Uy the conditions 

* 

h sin fl sa sin b 
h cos fi ass cos b it os a 

But, since we can always put con b ** 1, those conditions give 
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The values of <p l and z will be most readily found by the 
formulae 


tan <p x — tan d x sec r x = k tan S sec r v 
tan z — tan r x cos (p x 



and it must be observed that tanz will be negative when tanrj 
is negative, that is, when the star is east of the meridian. The 
sign of the term csecz must also be changed when the axis of 
the instrument is reversed. 


Example. — The following observations (among others) were 
taken by Bessel with a very small portable transit instrument, 
for the express purpose of demonstrating the advantages of this 
method.* 


Munich, 1827, June 27. 


Circle North. 

I 

II 

III 

IV 

V 

Level. 

7T Jjyrce E. 
uHerculis W. 
Y Cygni E. 

48” 6*.4 

9 36.4 

29 38.0 

46 m 54'.4 

11 38.4 

28 47.2 

ll*45-43'.2 

12 13 36.8 

12 27 55.2 

44” 31'.2 

15 34.8 

27 2.6 



43“ 16*. 8 

17 35.6 

26 8.0 

+ 4 d .875 
+ 0 .403 
+ 0 .117 

Circle South. 
<pHer culls W. 
66 Cygni E. 

;44 47.2 
48 40.8 

43 19.2 

50 5.6 

■ 

12 41 49.2 

12 51 31.2 

40 17.2 

52 59.6 

38 37.6 

54 32.8 

— 1 .966 

— 1 .876 


These observations were taken in the garden of Dr. Steinheil’s 
house, where the assumed latitude was 48° 8 / 40". 

The chronometer was a pocket mean time chronometer of *» 
Kessel. Its correction to sidereal time at 12* (by chron.) was 
aT= + 5* l m 3\31,f and its rate on sidereal time was + 9*-19 
per hour. 

The equatorial intervals of the threads from the mean of all, 
expressed in seconds of arc, were as follows, for circle north; 

I II III iv v 

+ 598".08 + 303".09 + 6" 19 — 294".91 — 612".46 

The value of one division of the level was 4".49. The pivots 
were of unequal thickness, the correction for which had been 
previously found to be — 1".89 for circle north. 


* Astron. iVacA., Vol. IX. p. 415. 


f See the example on p. 234. 
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?>, = 48° 5' 21".64 
b = +20 .00 

— a 0 tan z = +8 8 .33 

48 8 49 .97 
/= + 9".97 

The equation of condition from n Lyra is, therefore, 

1.0767 c + 0.8990 a a — a$» + 9".97 = 0 
In the same manner, the equations for the other stars are found 


1.0269 c — 0.2336 a# — a^> 10".83 = 0 

1.1645 c -f- 0.5967 a# — a^> -j- 15 .93 = 0 

— 1.0468 c — 0.3094 a a — a <p — 17 .01 — 0 

1.0504 c -f 0.3214 a# — a <p — 12 .62 == 0 

From these five equations we find the normal equations, 

5.7688 c + 0.8708 a a — 1.1709 a <p + 71".46 = 0 
0.8708 c + 0.7688 a a ~ 0.7741 a ? + 12 .16 = 0 
— 1.1709 c — 0.7741 a a + 5.0000 a p — 7 .10 = 0 

whence 


c = — 12".19 a a = — 4". 09 
A( P — — 2".06 with the weight 4.203 


Substituting these values in the equations of condition 
find the residuals as follows : ’ 


we 


V 

VV 

— 2". 72 

7.40 

+ 1 .33 

1.77 

+ 1 .36 

1.85 

— 0 .92 

0.85 

+ 0 .93 

0.86 


[vv] = 12.73 


The number of observations being m = 5, and the number or 
unknown quantities ft = 3, the mean error e of a single observa- 
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The value of one division of the level was 1".002. The lati- 
tude, <p = 59° 46' lS^.OO. The correction of the interval between 
the east and west transits for the rate of the clock was + 0*.09. 
The temperature of the air is recorded at the time of the obser- 
vation (in degrees of Reaumur), as the value of a division of the 
level depends in some degree upon it. 

According to formula (179), the declination will be found 
from these observations by the formula 

tan d = tan / cos i (t -j~ f ) cos i (t — f ) 

where, /? being the mean inclination of the axis, we have (p r =(p—fi, 
t= i elapsed time between the observations on the same thread 
for “tube south,” V — the same for tube north.” We omit the 
factor cos 2, because a fixed instrument can always be adjusted 
so accurately that we can put cos 2=1. 

But, instead of computing d directly by this formula, we may 
find an approximate value by using the constant value of <p in 
the second member, and then apply a correction for the incli- 
nation /?. Thus, we find* 

tan d f = tan (p cos %(t -f t ') cos $ (t — V ) 

sin 2 <p 
d= 5'+ Ad 

in which we make aS additive by supposing [) to be positive 
when the south end of the axis is too high. 

The distance c of any thread from the collimation axis may be 
found from the two equations 



— sin c = cos (p sin d — sin <p cos d cos t 
sin c = cos (p sin d — sin <p cos d eos£' 

the difference of which gives 

sin c = — sin <p cos d sin i(t + t') sin i (t — f ) (184) 

* We have ~ ? ___ whence we readily deduce 

tan 6' tan <p 

sin (d • — 6') = sin (d — <f>) . if" ) 
sin (0 + f) 

which gives the formula far Ad used in the text, when Its sign is changed for the 
reason given. 



IN THE PRIME VERTICAL. 
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, computation of the preceding observation may be arranged 

* * lie following form : 



I 

II 

III 

IV 

V 

VI 

VII 


1* 48™ 20-.79 

1 26 29 .34 

47™ 5*.09 

28 2 .39 

45™ 53«.69 
29 27 .19 

44™37*.69 
30 56.69 

43™ 21*. 19 
32 22 .64 

42™ 0*.59 

33 51 .59 

4o™43*.29 
35 13.94 

i (i + V) 

0 48 42.53 

48 46 .87 

48 50.22 

48 53.60 

48 55 .96 

48 58 .05 

48 69.31 

Ht—f) 

0 5 27 .86 

4 45 .67 

4 6 .62 

3 25 .25 

2 44 .64 

2 2 .25 

1 22.34 

*VS con 4- (j; + t) 

9.9901167 

0871 

0642 

0411 

0249 

0106 

0020 

m oos k O' — t) 

9.9998765 

9063 

9301 

9516 

9689 

9828 

9922 

log tan <p 

0.2345728 

5728 

5728 

5728 

5728 

6728 

5728 

log tan S ' 

0.2245660 

5662 

5671 

6655 

5666 

5662 

5670 

6' 

59° 11' 39".00 

39".04 

39".23 

38".90 

39".12 

39",04 

39".21 


Mean 8' = 59° 11' 39".077 
fi = + 0".806 Ad = , -f 0 ,815 

5 = 59 11 39 .892 

n y 

comparing the mean value of d 1 with the several values 
****icl from the different threads, we find the probable error of a 
determination by one thread in the four positions is in 
**m case only 0".08. This observation, however, was taken 
the atmosphere was unusually steady. Trom a discussion 
*' the observations of 29 days on this star, Struve finds the 
r**bahle error of a single determination by one thread to be 
*.125, and that of the mean of seven threads, consequently, only 
*.047. To this is to be added the probable error of the level 
^t ermination, which, from the above example, is evidently ex- 
'**<1 irigly small. Struve concludes that, under the most favorable 
• raditdons of the atmosphere, the declination is determined by 
i method with a probable error of not more than 0".05, and in 
•emge circumstances with a probable error under 0".l. 

1 01. If we wish to compute the time of the transit of the star 
“*«r the meridian of the instrument from these observations, 
it li the utmost rigor, we must take into account the difference 
’ level at the east 'and west transits over the prime vertical. 
|**» effect of a difference of level is the same as that of a differ- 
of latitude: hence, differentiating the equation 

cos r = tan 3 cot </> 

r is the hour angle at the west transit, we have 

_ ■ Aa> tan 3 A<p sin 8 

15 At = — — — = 

sin* <p sin t sin <p -|/[sin (y -f- 8) sin ($> — 5)] 
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The mean of the times of transit over the east and west v 1 # * . 

# I # 

or T v will be increased by Jar. Putting then j3' — ft for 
correction of the time T 0 will be expressed by the formula* 

A T (l — 01 sin £ ( i •* 1 

0 30 sin <p ]/[sin (<f> -f- <5) sin — 8 )] 

Thus, in the preceding observations, we have at the east 
^ = + 0 r/ .689, and at the west transit j3' = + 0".924, and 

(r 0 ) = 18 fc 48 m 41*.09 
fi — p= — 0".285 aT 0 = — 0.08 

Corrected T 0 = 18 48 41.01 

We can now find the exact azimuth of the instrument, 
clock correction at 18* 48™ was +• 8*.31, and the apparent 
ascension of o Draconis was 18* 48™ 50*.17 : hence 

Sid. time = 18* 48 m 49'.82 
a = 18 48 50 .17 

X = — 0.85 = — 12". 75 In arc, 

where X is the angle which the meridian of the instrumen t mu lc 
with the true meridian. Hence, a being the azimuth, of t t*** 
rotation axis, we have, by the formula a = X sin <p , 

a = — 11".0 

Finally, if we wish to determine the effect of the azimuth u * 
the observed decimation, we have the formula 


riprl** 


cos A 

in which d l is the declination deduced by assuming cos A * - * 1 0 
and d is the true declination. From this we readily dedxaoe 

* — *, = W sin 1" sin 23 

and hence, in the above example, 

3 — ^ == 0".00017 

which is altogether insignificant. 

192. The extreme precision of the method is evident from 
above example. Nevertheless, there remains yet a doubt mm tm 


P* I II I HUM %hhUr\i 


277 

fhr- j a % m? t K** * iijiit i * ^ t * *!* iliit i fj, from tin* 

jM*tt**ilo]i»tY -4' a * han^r*- ».»j ii/.mmili 1**4 ivi-#*n fin* m*«t i»i 4 wont 
I? i t *-%ulrnt it *in ih** formula 

ft}} i f* ♦till ft *$111 - » *•*»** Ji **MH »* |‘MH ( r 4 1 

fkit i*n it *»f >. l*i !I,p- «|Oj«nY)tv a> !i;i^ llt* f «HhM* *4lri*t hh ills 
• «!«•* *4 ?!i» hour iiin'l*' r, afi4 n *' } am jUT* 1 * of M in r 

h *i * *4 1 in fin* hour nnjfh’n in I'Olfi- 

i * s i 1 1 i i ^ 4 T* * Ysn*! * il* » f #4' thin u|»nn t!m roiujoshul $i t wo 

h> * i sll^- rM ntiii>iti^ f!i«* i T <|ii#if.ioty 

r-<»*» f tun 4 rut y 
w ill i r«4Vr**fir** to r am) 4, 

•A*? At *W 4 Inti y K»ft f 

or* jinttinif f %/ for Af, im*l *hmims?mtf r. 


*1 ^ ♦ ** 


A*» 


t**m 4 | {Mu * y a *ti m f* {y «- « <t)J 
r*»* y 

r«*». 4 |, f*it;i if. j 4 ini iiiy - *t|J 
mn mf 


(1*7) 


Tin* fa lil i% r«nnjsiitr?l tiv thin fonmifii, it* jciwn tty 

HtHt’VH to »*tiifl*it fit** rflrrt **f n. rillitigr of gtftimtlfh M ■ i /# $ f»r 
dtft**twf»f mlnr# wf y #, 


* 

. 4 ; 

f 


11“ 

If 

' r 

000 

« 

20 ; 

; ti 

042 

II 

4« ; 

i * 

two 

i 

0 

; « 

m* 

i 

0 

0 

,10# 

3 

a 

0 

13*1 

1 

0 

« 

102 


Tht» *»f ail h»*ra iiu'fpaw* v«*ry nearly m % y f I, fnr 

. i-ffttf-imu., lh*' In* &4 Hykovk itive*> 

itfi»«r4 l!»*’ j»r«4*al*ility **f a *-l*ao|f« of »«tt*inili iwrurrinjc «» hi* 
ii»«trntw»nt. Up fotitid that tins Hiietuatloaaof tin* aximuth during 


TJUV 4 T 1 ’*'“^^ 


* > i 


H 


a wh**l# y#ar hail n»4 j,r* 4*^1 fv***b- **" ' !i:| 1 1 * f ‘ n 

t*i I in* r ,*i*i*‘ uf if.?% mran \al u»\ nn*i that 4 * 4 13 ^ 4 *' * x * : ' 5{;< 
of ?niij»^ni!urr !r*»iu vunn-r t>* n*;^, V 5, '* s ^ * '1 •'**>’ 
Ht'HHjhh* rf!*'> f Ujmji }t. 1 1 * ? ' * l : - s *' ‘ ,iiix s "‘'* t 4 4 ’ 4tJ| ' 

jn»rut uiv* at the r##*t an*! \\ « M ** !? ^ T " :1i 1 * 44 ' '*■*> 

nrvrr liitJV f*l In Hi-r- that* It •* H TTh* Ul ^ 

U frn»’ti<*t| nf if 4«*j£r«**\ th«* % aviati* *•»•■> <*! fh* •■ •• u4 

liliVM nti% * rr-r whi*h 4 * < -• ^ u *’ M 1 I* ** 

iltl|»»rf ail 3 3° m! i**«" in r thill, fh*‘ | - « r '4 * « * 1 i*\ thti 

m'Vt’Wi 4 for a 4 ju*tin*£ t he a/junst)* i* < ** *# ^ t i, u< I#* 4 


li*M M**r»m<trr m fh ^rvm/ \-<rfV ‘ si Wl 5 < s» 3 *1*# 

jtj§*mt* wtlliill II irw %umn\r* <4 ih*< mmsfh, at* In !**■<*$ 

( W rr n** f||i* fhr»i»*b? Inline* h 4# *foi* thiif tfo <4»*ef* a*5<n<i «.,j tj**» 

f fliti*if Mint flit* 4%i*l *" f hr« st*b **'< ujn tm# h iisne. I tu- 

f#ll*f full V if*<l» < 4 fo- n% it hi li the lallul.il ihr *• etu»- th#e-$4» 

(luring th** tv!**4<* tune ir<**n it* ru.«ii u* 4* *>.% <**f ira*#**) In *’*i*Ji 

mm**, i|*«* tunvaltfo imer^tue** r lhr<*a«l ffo §4^*' -*4 tl#** 

fibril f hmnb, Till** limy f**“ u**'4 in **•«♦ n * ml for 1«* 

tli0 niforuiuHer mi*"* ^wv-rlr **1* 

|ii44r<* jiimI nfl^r m *vlm h * m*-- fl*^ mm 

fi<ili|m{ jisriHU^rlv m 0|M«t 1*141*1^ f»t# I lit **#*!* # *>i hy 

nf iiinl iw #* tin tun** j^riwl^, m ^Sn 4 "l$ tlw 

ii{»i«#*rvfifi*iff* iirr m 

Tint niirmtni4^r rf*i*ilttij£ ff.tr tli^ rm*« ilifc*'n#| 

bin tin* c«Ht fimt i*itt «nl# b let it* #**u«*wl 

villus li»* il«*n*il**4 hv Jf, anil it# Iwr r»l*i» f lit St <•' T*-t 

jiUftit lliiit fur ** iiibr futtiili ^ tin* ftibr«»ttii*'irf in***#.*** m 

tint thmnl m in*i¥*t*l iciufttrtb llw nmih » tlirti, if m m thv 
nf, ftii ohttnrvitil ttninih tin* tlims4 1* nl iU« *|i*i^i#* i* m ■ ■ < St * 
inrffA nf tli*t imllimntioti Mlth nti4 I lib 4bl^m^ b lu W? *til»fiiiii«l 
for r in wit fuiftbnit?*til«il *wr|*inttwii (ItkSjf, lit ifcb m* 

nhall ill m |»tif. J : ' 0, it ^ ttP - f , nil fin? Mi|#)’tt>«itii»«i ili#i tli# 
mmmih wnl inrUnalion nf ih# »»b mm m#b n.#r«, «inr» lli# 
rr#tiltliij| 4im}iitafinii tuny b w»wct.#d l»y tli# ml mwm 

mpMnmh W # Imv# th#ii 


§i» ~ Jf «*• c| » — ■ #t«i f *4f* i 4 r IruM 

aw rfn (f 4) ** 2 #tl f «n« ^ f f 

tr f i luce in flit #*#$ btrt y - 4 b tint % fon fuiiiui*^ 



v # intm *4 z * £ ■ <r* whimr#? tmih £ nit4 <r# Tht* tiftPfipfrrfcut 

$.# Ilirir 

i.» w-.' ajtj.lv il»«* eorrw'tioii f««r ll»P Itwet, m in Art. 11**#, 


, « *»iti v 3 rm ** win* | r 

m#i i M 


FmT Vrtfiifi'firi* 111 r«*9t*J'U!nf Ut U-H |*i|f 


, m nil ) 1 T 

lii it’ll i*." 1 1 **»* y *’«».# #| will hr nipt lot/ * tuny fin 

mu I 

tiiliPii 4ir*‘»ilv |r«*fit our Tnhlr \ I, ; thru flip Pijttutiof* hprojuiw 


in miiir-ii r i«* unveil l»v flip oh*f»rvjitioti |V»r nipfi liirpinl, find H In 
I.M hr r*Oi#JPitr4 fur tin **#• V Pfill VlttlH*# nf f {**$ii$«l from flip **lo 

tr'fTr^l .ftnlr-fPill filiP’t i|||«| t)$«* fl 1 1 1 f UOOft, 

Th»* p<|4*i*tjnti *i}f|#fgr* In flip n**#? of ** tulip motth/* Wlu*n \%p 
liiiv*.* # Mul*p rmrttn"‘ t.lip r*jo#§fiofi hrramon % 

4# . t #ifi f rm 4 uni* | r 

«* i -V 4- * ■ f * • - . - — — 

mil I 

fliiti t jmlttit# in flit* m*** 

✓ m- J/ 

tin VP' 

I s - - p • #1 ■■ r 1 ( 1 W) 

Tlip i* mvvmmi hut omm, Thu ftpritut of olt» 




; 

: 

jjj, 

! 


; I 


m 


Level. 



TIUVMT I s 

V>4 HI M|:%T 



1M2, Jntm** n 14 

1 f - fJ r If, „ 


Kt**l Wiiiml. > ... i 

:■ Ml > Wr,i 

1 

r»t« > 



/ \ 

■4 

37'* 3 

^ .13 ** it 

7 

iu a 

4, . *4 

4% M 

4^ 7 

M* .3 

37 33 

3** . M 

M‘f i 

a 

4# .4*i 

3 ^ * * 

:::* 7 


Mwr^tu 

T & 

MKt,Wt 

if* an- 23 * 

!*•’ 414 

!<* I** l;r 4 

1 r 771 

:sm /»*; 

h M 44m 

1* 1 S 

11 427 

31 21 

4 !* .774 

a: in 

11 ro 

32 m 

|M 

V, IT 

1 i 10,0 

32 2* 

|M 2JM* 

in u 

la 

32 31 

in 17 m 

in *t 

J 3 V.J 

33 23 

l« .*♦!#! 

i:« a a 

la am 

34 I 

fit *7*t 

It 

la 2:12 

31 3? 

II l«i2 

it im 

la 077 

» ;s;> jj 

n 

•'ll if 

12 5112 

f Hi' 4 

a:* 

ij a* * w 

an* 7 

in a:* 

a? a 

a* a 

an 7 

40 ,8 A 

87 .2A 

8 n 0 

.'S5» 7 

l« ,2A 

a 7 a 

a* «» 

an 7 


fl *■ «* 828 

-#• «r 824 



fti I ! h*«i’ uhwirvilli.m**, in order to iv<n<l miv «*rr*«r nf 

if motion in Il»»* iiiicr«*itirU<r « , tlx thread to «Jw*iVi* •« f ,t, 
<'#««* tin* #!*»r l»v * final imtltrr motion ,»( t|„. 


mm toil which imrea*.-* »»« rcatlinjfw, 
ic vhIih? of n revolution «f tin* mirminHut 


jiowtiot, «»f t|,<. afar oh Jaittmrj 14 IM% mm, 

«oet*r*lit*jur U> AHnM.ASUt.H x C«falo^n«, 

ft '■; #* fftt* W* I 4 s§* w 21’'. 

Tl»« dock ww alow *.#. and ht*ttc<& flm d.»k tinmnf tin* *« r « 

fmlntimrtioii wan ft* 351- for which w. tuny, f„r *m»j4k-»ty, 
tiik® ft* !J!f* ilk. ftitiee m Mttall error in thi* <|>mniitv will n«*i effect 




t* f If I itlMj: MHilt U„ 


: # h| 


t!j»* ll! ft*! *;*!**«’ * 


h 1 ^’ii fli*' b*^n* 

ill 

Mil 

f 1 

4 * s 

-JiJ m nil »• #i«|r*l 

m|' t!»r 



■ ♦**» iM’-irl 

} > ’|^aU 

»*.:* ih 

tl«.- i 

•r* 

ril***. 

Will 

♦ fli*’ % ,iha« 

' 

*Vj bV 

I**\ u r- 

li ini l» nit ^ * * ♦ 

Mt# 

1 t?*’ ;*.«< 

1 1 1 1 1 * * * i % i% 

1 1 s * ■ 

Of V 

j ^ ,MMM ; 

!m n* 

i* 

f li*" 

* f |m*»r\ ill hmm 

fii^ !«’ 



!'> 41 ,,vv., ; 

TuU .* 






* 

5 ■* 8 : , * 1 


$ m 

l -*• If 

* 

H 

* 

— # ■• 

t#n #»-.¥«? w ; 

j 

**<* *♦* 

? 3 U*I 

* 1 

1 ' /*«'.*■, 

*» *;:*•>* 


1 r;* 

,, 


« i i f?i j 

# 11 

2 IV! 5 # 

*4 

1 ;* iv # 

*» a**’*!; 

VM 


r, 

« # 

it ;a j 

* i i 

•v 3 s 

A 7 

« V 2 23 * 

f* 

*, • 



i *», 

h «■*;? 

♦ 


r* 

7 ft 1 -‘*u 

t* yn ’***’,; 

M 


/. 


M -| 

: )<» 

2 Si# 1 

I a 

**» 1 

4 * 

144 


I 

ur, 

, If 1 ** 

tt II 

1 

„i.p 

*.,* I ?,•;*«* 

1 * 1 # 1 «V« 

P 


A 

i* 

•« n * ;? f * 

ft «>• 

1 #3 


:■!** l 'A>s* 

If* 11 */** 


. uu 

i* 


; *;* ill 

& iff 

l 


1 ** i r;l 

ii **f*«,t 

- * 

Hi 

/# 

*i* 

*1 '*** 

A 1 

1 W*’. : 

21 

li* it 

22 * * 

«*<f 

?*l 

Of 

i;? 

4 ft 1 

f *4 

1 /#>;* ■■ 

|li 

W 

ijt 4MM*; 1 



Ve 


1 H M < 







h 

|,1# 



fww f v, 

•If «• 


r 

* ;*#* 

I «I323 

*r 

• *! 

iif *JH2 

H #1^ 


Jt’2 


24 

ir 

m 

A 

» 

1 ;; i 

21 

*»4 

1 

1 .** * 

« 111222 


.!JH4 

it 

yr; 

f» 

m 

«» 

.sui 

I 

2*i 

.*11 

i 


11 *rppi| ■ 

‘lA 

14 

u 

Ml 

* if 

li* 

A 

At 

i *+:*** 


■.2-1 

1 

. 1*i j . 

H 

m* 

Ml 

# 

M 

* n 

ii 3 


3M 

1 4 ^M«i 


2t . 

i 


1*. 


Iff 


Al 


;w 

■» 

1 

Ift 

i 

4 -t 


i 

mjA ■; 

i* 2412** 

A3 

, «4Af 

!i 


« 

12 

7 

if# 

■2 


Itwn 

2 

ip,.# 

*» =l|iV«A 

A** 

.13 

** 

H 

if 

!M 

m 

#. 

2 nv*% 



3 

2**1 


fif* 


# 

m$ : 

? it 

a# 

m 


7 . 

41 

14 

* 

. Alt 

** 11124* ■ 

72 

41* 

*# 

■•*44 1 

n 

li* 

if 

i It 

2 ' 

;« 

nil 

•3 

tn 

M 442*4 

79 

41* 

!* 

1*1 

i if 

Wi 


M*«t* — v* It* 

1 !•*!«*'** Mr** liavo 


.V e i •* - ?»" 43* 

*■ ,V. s ■ * - » IT** 

.* 7 110 * ** I r ',«70 

v . w *«* l» w wm 
4 ••• * ■■ 4 . it 9 m 'if* 3MH 
f *r»rr for l»wl of ibp »j»# , 4 if .824 

4 «l 40 ’ th Ml 

From *f»r <iiHV'r»«iu p« in 0t« loaf mlumn of f |*i«i t*ntn)*nfa!tnt«, 
wi* find fin* wwrnf n olwpmiliuti to In* 

prmhiwi li)' ill** vrmr of olmortalloii tiixi fin* *«rr»*r of tin* worn. 
ttwtmr. Tld» # 4 f*'t** tell with flu* |»rob»hl*< erntr found for 
h tirnemw, whirl* wm 0",M for four elwervetintt* on am thrwuJ. 


282 


MERIDIAN CIRCLE. 


The probable error of four observations of i> Ursce Majoris 
(F.194 -5- 2 == 0 /; .097, which is somewhat greater than.O".#^* 
apparently because it involves the additional error of the micro* 
meter. 

The probable error of the mean value of z or of the value ofj? 
found by the preceding micrometer observations is 0".194 -s- 
— 0".043. The results obtained by the micrometer have, there- 
fore, very nearly the same degree of precision as those obtained 
by the fixed threads, when each method is skilfully applied. 

The extreme precision of the observations with this instrument 
in the hands of Struve is strikingly exhibited in the accordance 
of the values of the aberration constant determined from tl * & 
changes of declination of seven stars, which have already bee** 
cited in Yol. I. Art. 440. 


CHAPTER VI. 

THE MERIDIAN CIRCLE. 

194. The Meridian Circle , or Transit Circle , is a combination of a 
transit instrument and a graduated vertical circle. This cirelo 
is firmly attached at right angles to the horizontal axis, and i m 
read by verniers or microscopes (see Arts. 18 and 21), which are 
in some cases attached to the piers, and in others to a frame 
which rests upon the axis itself. 

By means of this combination, the instrument serves to deter- 
mine both co-ordinates of a star’s position, — the right ascension, 
from the time of its transit, and the declination from the zenith 
distance measured with the circle ; or, if the star’s place is given* 
it serves to determine either the local time or the latitude of the 
place of observation. 

Eor the measurement of declinations, it takes the place of the 
Mural Circle, , which consists of a circle mounted upon one side 
of a pier, the circle being secured to the end of a horizontal axxaf 
which enters the pier. As the latter instrument cannot be re- 
versed, and its axis is not symmetrically supported, it is Act suited 
to the accurate determination of right ascension#, and is to be 
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MERIDIAN CIRCLE. 


Another arm fg, nearly similar in its form arid arrangement 
jF6r, receives a vertical arm attached to the microscope fran* 
Screws acting horizontally at g upon the vertical arm servo ^ 
adjust the frame. 

These arms are shown in Plate VIII. as they appear wlr 1 
thrown down and out of use while the instrument is *’ 

reversed. In this plate is also seen the arrangement of ft-" 
vertical arms and the friction rollers by which the count r 1 
poises act upon the horizontal axis, together with the form *** 
the Vs. 

The field is illuminated by light thrown into the interior of tl* * 
telescope through tubes at AA and reflected towards .the reticii J *' 
by a mirror in the central cube. The quantity of light is 
lated by revolving discs with eccentric apertures at the extrem * 
ties of the tubes nearest to the Vs. These discs are revolved 
means of a cord to which hangs a small weight S. 

The reticule at m contains seven transit threads and thru**- 
micrometer threads at right angles to the transit threads. 
three threads have a common motion, their distance from ear J» 
other being constant. This distance being known, an observa- 
tion. on either of the extreme threads can be reduced to tl#«* 
middle thread. The micrometer thus arranged is intended ft# it 
the measurement of small differences of declination, and also fVur 
the measurement of absolute declinations when used in con- 
junction with the graduated circle, as will be fully explained 
hereafter. 

The graduated circle of this instrument is nearly 80 inches im. 
diameter, and reads directly to 2" by the graduations on tlw* 
micrometer, heads of the reading microscopes ; and by estimating 
the fraction of a graduation of the micrometer head, the reading 
is carried down to 0".2. This is a sufficiently great degree of 
accuracy of reading to correspond to the dimensions and optical 
power of this instrument ; but in larger instruments the reading 
is sometimes carried down to 0".05, or even less. 

The discussion of the errors of the circle of this instrument Is 
given in Arts. 28, 32, and 33.* 


* The errors of the circle may not be constant, since they may fluctuate with tin# 

temperature of its various parts. We may, however, assume that the errors 

different temperatures will he the same, provided the expansion of the circle for a® 
increase of temperature is uniform throughout all its parts. For the greatest pre- 
cision, therefore, we should endeavor to secure this condition of uniform temperature* 
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the declination 88° 32', and the refraction 1', approximately), 
and at the time of the stars transit, the micrometer thread 
bisecting the star, there were found 

Circle reading C' = 229° 32' T".4T 
Microm. “ M f = 5 r 5(K6 

The value of one division of the micrometer was 0 // .927. Hence 

C" — C 0 =' 229° 32' 12".77 
M' — M q = + 13*75 = ■ ■+ 12 .75 
(. N ' ) == 229 32 25 .52 

This is the apparent nadir distance upon the supposition that the 
position of the reading microscopes (which rest on the axis of 
the telescope*) remained absolutely hxed while the instrument 
revolved from . the nadir to the star... To determine this, the 
spirit level was applied to the microscope frame. At the nadir 
reading, the inclination of the frame was i 0 = — t^.23, and at the 
observation of the star it was i! == — . 1".54 ; and hence we have 

‘ (A') =s 229° 32' 25".52 

V— i 0 = ~ 0 .31 

A' = 229 32 25 .21 

In this observation, the circle was east, and the nadir distance 
was reckoned through the south point. 

197. Since C 0 and M 0 will be applied in reducing all the obser- 
vations made on the same day, or so long as these quantities are 
regarded as constant, it will be convenient to. combine them once 
for all. We may either convert the micrometer reading into 
seconds of arc and add it to the circle reading, which will give 
the circle reading when M 0 = 0; or convert the seconds of the 
circle reading into divisions of the micrometer and add it to the 
micrometer reading, which will give the micrometer reading 
when C 0 = 0. Thus, if we take the latter method in the pre- 
ceding example, we have 0 Q = — 5".30 = — 5*72 of the micro- 
meter. We then take ( M) = C 0 + Jf 0 = 5 r 36^.85 — 5* 72 = 

, * A4 this construction involves the necessity, of an additional observation, and 
thus introduces another source of error, it appears to be preferable to attach the 
reading microscopes permanently to the piers, provided the piers are well guarded 
against changes of temperature which might alter the relative position* of the 
microscopes. ' 1 ■ . , 
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basin of mercury. The direct observation of the star is usually 
made before the meridian transit, and that of the reflected image 
after the transit, or vice versa , and each is reduced to the meridian. 
The difference of the two reduced circle readings (plus the dif- 
ference of the micrometer readings if the observations are made 
on the movable thread) is twice the meridian altitude. The half 
sum of these readings is the reading when the sight line is hori- 
zontal, and represents the horizontal point of the circle.* * 

In observing equatorial stars by this method, the circle is set 
approximately for the direct observation, and- the microscopes 
read off before the star comes into the field. Then one or more 
bisections of the star are made, with the micrometer thread, 
before the star arrives at the middle transit thread. The teles- 
cope is then quickly turned towards the mercury and clamped at 
the approximate position of the reflected image, several bisec- 
tions are made with the micrometer, and finally the circle is 
again read off. That no time may be lost in setting the circle 
upon the reflected image, a spirit-level finder attached to the 
tube of the telescope is previously set to the approximate depres- 
sion of the image ; the telescope is then revolved until the bubble 
plays. 

In the case of stars near the pole, the circle may be read off a 
number of times during the transit, as in the following example 
from Bessel. 

Example. — The following observations of a Ursce Minoris were 
taken by Bessel with the Repsold meridian circle of the Konigs- 
berg Observatory in 1842, April 22. The star, or its reflected 
image, was brought in the middle between the two close threads 
of the micrometer by moving the telescope by the tangent screw, 
the micrometer thread being used as fixed, and the circle was 
read off after each observation. Eive direct observations are 
preceded and followed by three reflection observations. 


* The determination of the horizontal point by reflection observations should be 
used, in conjunction with the other methods given in the text, for the sake of verifi- 
cation. Indeed, it is desirable that all the instrumental constants should be found 
by at least two independent methods. The construction of the instrument so that 
this shall always be possible presents difficulties, which, however, have been success- 
fully overcome by Dr. B. A. Gould in the large meridian circle constructed under 
his direction for the Dudley Observatory. ' ! 
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a Urs& Mincru . — Upper Culmination.. 


Clock. 

r — m 

Circle 

R 

Meridian. 

0* 45 m 54’ 

17™ 20 s 

146° 15' 11". 0 

-f 15".8 

146° 15' 26".8 

49 1 

14 13 

16 .9 

+ 10 .6 

27 .5 

51 6 

12 8 

20 .2 

+ 7 *7 

27 .9 

54 9 

9 5 

33 44 44 .0 

— 4 .3 

33 44 89 .7 

58 53 

4 21 

41 .5 

1 .0 

40 .5 

1 2 54 

0-20 

40 .5 

0 .0 

- 40 .5 

7 28 

' 4 14 

42 .8 

— 0 .9 

41 .9 

12 6 

8 52 

45 .6 

— 4 .1 

41 .5 

18 25 

15 11 

146 15 15 .4 

+ 12 .1 

146 15 27 .5 

21 27 

18 13 

10 .4 

+ 17 .4 

27 .8 ‘ 

J 23 46 

20 32 

5 .4 

+ 22 .1 

27 .5 


Kean. Direct 

33 

44 

40 

.82 

“ ."Reflect. 

146 

15 

27 

.50 

App. rnerid. zen. dist. 

33 

44 

36 

~66 

Barom. 29 in .808 Att. Therm. 47°.l F. 1 





Ext. “ 49 .0 “ / Refraction 


4 

38 

.76 

Correction of the circle graduation + 0".470 





Corr. for distance of mercury + 0 .018 


4 

0 

.49 

Star’s polar distance 

J_ 

81 

53 

.53 

Complement of latitude 

35 

17 

9 

.44 

<p = 

54 

42 

50 

.56 


In computing r — ml y the form a' — T \ we have assumed. 
a'= 1* 3 m 14*. The circle readings are the means obtained from 
the readings of four microscopes. 

The reduction to the meridian JR is computed for the reflection 
observations by the same formulae as for. direct ones,, only 
changing its sign. 

The correction of the circle graduation was derived by Bessel 
from a special investigation of the errors of those divisions which 
come into use in the observation of Polaris by direct and reflection 
observations at its upper culmination. For a given zenith dis- 
tance z, the four divisions that come into use in the direct obser- 
vation by the use of .the four microscopes are z , 90° + z, 
180 a + z, 270° + z ; and in the reflection observation, 360° — z, 
90° — z y 180° — z, and 270° — z . The correction 0"»47Q is here 
the mean of the corrections of these eight divisions for z — 33° 44', 
the sign of the correction for the reflection observations being 
changed.* \ 

* S«e Bested, in. Astron . Nach n Nos. 481 and £82. 
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The correction for the distance of the mercury from the 
instrument is simply the difference of the latitude of the mercury 
basin and the centre of the telescope. For in this method we 
really measure the angle between the direct and reflected rays 
which is formed at the surface of the mercury, and, consequently, 
the latitude determined is that of the mercury. The basin was 
here north of the instrument, and the deduced latitude would 
require a subtractive correction, or the zenith distance an additive 
one. 

To find the horizontal point of the circle corrected for the 
division errors, we have, according to Bessel, for z = 33° 44' in 
the direct observation, the correction -f O'MSS, and for the sup- 
plement of this the correction — 0".784, the half difference of 
which is the correction -f 0".470 used above, and the half sum 
— 0".314 is the correction of the horizontal point found- by 
taking the mean of the circle readings in the direct and reflected 
observations. Thus, we have 

Mean of circle readings = 90° 0' 4".16 
Corr. of graduations = — 0 .31 

Horizontal point = 90 0 3 .85 

The zenith point of the circle is, therefore, 0° O' 3". 85. So long 
as the state of the instrument is unchanged, this is the constant 
correction of all zenith distances observed, additive or subtract- 
ive, according as the object is south or north of the zenith. 

N 

201. The nadir, horizontal, and zenith points of the circle are 
all determined when any one of them is determined,* and there- 
fore we ought to be able to combine the results obtained by the 
mercury collimator and by reflection observations of stars. 
Nevertheless, observers have sometimes found discrepancies 
between, the two methods which appeared to be greater than 
could fairly be ascribed to errors of observation. Among the 
sources of error which may produce such discrepancies, we may 
here mention the personal equation in bisecting a star by a micro- 
meter thread. Prof. J. H. C. CoEEiNf has demonstrated the 
existence of such an equation, more or less constant, between 
different observers, by comparing the declinations of the same 


* Provided the errors of division and of flexure have been duly eliminated, 
f Astronomical Journal, Vol. III. p. 121. 
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star obtained by the different observers using the mural circle of 
the Washington Observatory during the years 1845 to 1849 
inclusive, the declinations having all been reduced to the same 
epoch. He also found a constant difference between the decli- 
nations of zenith stars observed by himself when they were 
observed as southern stars — i.e. with the body fronting south — 
and when they were observed as northern stars, and this under 
conditions which excluded the hypothesis of a parallax resulting 
from a maladjustment of focus. This difference amounted to 
nearly 0".k>. 

A really constant error in bisecting a star will affect the zenith 
distances of all stars alike, but will have opposite effects upon 
the deduced declinations of stars north and south of the zenith- 
It will also have opposite effects upon the declination of the 
same star deduced from direct observations and by reflection; 
and hence the discordance between the results of these two 
kinds of observations will be twice that error. It will also cause 
the zenith points determined from north and south stars to differ 
by twice the error of bisection. 

Professor Coffin also suggests that the discrepancies referred 
to may possibly be produced, in part at least, by a habit of 
making the bisection constantly before or constantly after the 
instant for which it is recorded, in which case the error will vary 
with the declination. Thus, if the observation is recorded as 
made at the time the star passes the middle thread, and the 
observer always makes the bisection at a constant time before or 
after the transit, the error will be simply the reduction to the 
meridian for this time, and, consequently, proportional to sin 2d; 
but if he observes at the constant distance c from the middle 
thread, the error in the time being c sec d, the corresponding 
error in the declination will be proportional to & sec 2 d sin 2 d,, 
that is, proportional to tan d. 

Inclination of the micrometer thread is another source of error, 
which should always be attended to and removed by adjustment 
if possible, or by computing the correction for it. It is evident 
that the error in the observed declination will be proportional 
to the distance of the point at which the observation is made 
from the middle thread. The inclination will be determined by 
bisecting a star at two extreme points on the right and left of 
the field. The difference of the two observations, when both 
have been reduced to the meridian, will give the required correc- 
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tion for inclination. A star near the pole will be preferable for 
this purpose, as a number of bisections may be made at each 
extremity of the field. 

202. Example. — As an example involving all the various cor- 
rections, I extract the following from the Greenwich Observa- 
tions : 


Zenith distances observed with the Transit Circle. — Greenwich, April 16, 1852. 


Object. 

Pointer. 

Microscopes of Circle. 

Telescope 

micrometer. 

N. 

A 

B 

C 

D 

E 

F 

7] Bootis (Reflected) 

147° 20' 

2 r .173 

2 r .130 

2*\270 

l r .802 

2 r .085 

2 r .150 

19’-.110 

1 

■q Bootis (Direct) 

32 0 

0.942 

0 .901 

1 .038 

0 .612 

0 .820 

0 .903 

20 .163 

7 

Nadir point 

179 40 

0.753 

0 .712 

0. 818 

0 .420 

0 .636 

0 .743 

21 .364 



At the observation of vj JBootis there were also observed 

Barom. 29 in .86, Att. Therm. 33°. 2, Ext. Therm. 36°.8. 

The pointer, which is used in setting the circle for an observa- 
tion, gives the degrees and next preceding 5 y of the circle 
reading. 

: One revolution of a circle microscope is called a u nominal 
minute,” and the mean value of 4 r .902 corresponds to 5', so that 
the nominal minutes are reduced to true minutes of arc by in- 
creasing them by their ^ part. Since the mean of the micro- 
scopes is to be found by dividing their sum by 6, and the deci- 
mal part of the quotient is then to be converted into nominal 
seconds by multiplying by 60, the nominal seconds in the mean 
are obtained at once by simply adding the decimals of the 
several microscope readings (making the integers the same in 
all) and removing the decimal point one place. Thus, in the 
first observation,’ making 2 the common integer, the sum 6f the 
decimals is’ .610, and hence the mean is 2' 6". 10 (nominal), 
which increased by its ^ or ^ part is 2' of arc. This 

requires a further correction for variation of the value of a 
- revolution from its mean value, that is, for error of 
, 22). The correction for runs on the given date was 
for 100 nominal seconds, and, therefore, the correction 
$t observation is -f 0".5T6 X 1.261 = + 0".73. 



MERIDIAN CIRCLE. 


299 


There is next to "be applied the correction for error of gradua 
tion and of flexure. These are combined in a table given in 
the introduction to the observations, from which their values, as 
used in the following reduction, are taken with the argument 
4 4 Pointer reading.” 

The value of one revolution of the telescope micrometer was 
29". 626, and the reading multiplied by this number is always 
additive to the circle reading. 

The distance of the star from the meridian is expressed by 
the number in the last column of the above table, here -denoted 
by 2V, which is the number of the transit thread at which the 
bisection is made. The middle thread is assumed to be in the 
meridian ;* and, since the average distance of two adjacent 
threads was 207". 31, -the number of the middle thread being 4, 
the distance of the star from the meridian is represented by 

c = 207".31 (JST — 4) 

The formula for reduction to the meridian is put under the ap- 
proximate form 

R = | t 2 sin 1" sin 2 d = ^ r 2 sin 1" sin d cos d 

and t is also found approximately by the formula r — c sec 8 - 
hence, according to this (rather inaccurate) method, we have 

R == | c 2 sin 1" tan d 

which for the Greenwich instrument gives 

R = 0".1042 tan S X (N- — 4) s 

as given in the explanations of the observations. 

The micrometer thread was inclined so that an observation at 
one of the side threads required the correction — 0".775 X 
(JV — 4). 

The complete reduction of the above observations is, there- 
fore, as follows. In computing the reduction 22 we have as- 
sumed 8 = 19° 8'. 


, * I am here stating the method employed at the Greenwich Observatory, not re- 
commending it. For stars near the pole it is not sufficiently accurate, as will be 
found by reducing some of the observations of a and X Urm Minoris by our com- 
plete formula (193). A difference of 0".2 or 0".3 occurs in some cases. 
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77 Bootis (R) 

v ) Bootis (D) 

Nadir Pt. 

Mean of microscopes 

+ 

2 ' 6 ". 10 

+ 

0' 52". 16 

-f O' 40".82 

Reduction to arc = 

+ 

2 .52 

+ 

1 .04 

4 . 0 .82 

Correction for runs 

+ 

0 .73 

+ 

0 .30 

+ 0 .24 

Division error 

+ 

1 .51 

+ 

1 .24 

4 - 0 .86 

Telescope micrometer 

+ 

9 26 .15 

+ 

9 57 .35 

4 - 10 32 .93 

Reduction to meridian 

— 

0 .32 

+ 

0 .32 


Corr. for inclination of thread 

+ 

2 .33 

— 

2 .33 


Pointer 

147° 20' 

32° 

0' 

179° 40' 

Corrected merid. circle reading 

147 

31 39 .02 

32 

10 50 .08 

179 51 15 .67 


Hence, by rj JBootis, we have 

App. zenith dist. (E) 32° 28' 20 .98 

“ “ “ ( D ) 32 10 50 .08 


Mean app. zen. 

dist. 

32 

19 

35 

.58 

Eefraction 



_±_ 

38 

.01 


z = 

32 

20 

13 

.54 


9 = 

51 

QO 

Csl 

38 

.20 


$ = 

19 

8 

24 

.66 


The half difference of the apparent zenith distances (R) and 
(D) is evidently the zenith point correction, and is here + 8' 45".45 
additive to all circle readings. According to the nadir point 
observation, it is + 8' 44". 33. The practice at the Greenwich 
Observatory, however, is to employ for a number of consecutive 
days a mean value of the zenith point correction obtained from 
all the values determined during the period. Thus, the mean 
value employed from April 12 to April 24, 1852, a period in- 
cluding the above observations, was -f 8' 45". 16. The practice 
recommended by Bessel of employing the nadir point readings 
determined at the time of the observation is preferable. 

203. The zero points of the circle may also be determined by 
reversing the axis, if the microscopes rest on the axis and, con- 
sequently, are reversed with it. Let a collimating telescope be 
placed anywhere in the meridian with its axis directed towards 
the rotation axis of the meridian circle, and let it be provided 
with a cross thread in its focus. Direct the telescope upon the 
collimator, and bring the micrometer thread upon the intersection 
of the cross thread. Let C be the circle reading corrected for 
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the inclination of the microscope frame, micrometer reading, &c. 
2 $T ow reverse the rotation axis, and make a similar observation 
upon the collimator. Let C' be the corrected reading. Then it 
is evident that \(G — O') is the true zenith distance of the colli- 
mator (supposing the readings to commence at the zenith), while 
C f ) is the true reading when the telescope is vertical, and 
represents the zenith point. This method may occasionally be 
used for the purpose of comparison with the methods already 
given; hut it is too troublesome for constant use. Moreover, 
observations depending on the spirit level are not so reliable as 
those made from the surface of mercury, which, when at rest, 
must be perfectly horizontal. 

Another method, suggested by the ever-inventive Bessel 
(before the introduction of the mercury collimator, however), is 
also dependent on the spirit level, but admits of greater accuracy 
than the above, because a level of larger dimensions may be used. 
The level is applied to the collimating telescope, which is placed 
in the horizontal plane of the axis of the meridian circle. When 
the bubble is in any given position, the sight line of the colli- 
mator makes a given angle with the vertical. If, then, the colli- 
mator with its level is first placed south and then north of the 
circle, and the bubble of the level brought to the same reading 
in each case, the zenith distance of the cross thread observed by 
the circle must be the same, but on opposite sides of the zenith. 
The mean of the two circle readings will therefore be the zenith 
point reading. Instead of bringing the level of the collimator 
to the same reading, it will be preferable to observe the inclina- 
tion in each position north and south, by reversing the level in 
the usual manner; then the difference of the inclinations will 
be applied as a correction to the mean of the circle readings to 
obtain the true zenith point. This method has the advantage 
of not requiring a reversal of the axis of the meridian circle. 
Plate III. Pig. 2 represents a collimator with its spirit level, as 
required in this method. Two piers, one north -and one south 
of the circle, are each provided with Ys, which receive the col- 
limating telescope alternately. 

Pinally, to complete the enumeration of methods depending 
on the spirit level, the collimating telescope may be placed ver- 
tically over or under the telescope of the meridian circle. The 
level is then attached to the collimator at right angles to its 
optical axis. Two observations are made upon the cross thread 
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of the collimator as before, the collimating telescope being 
(between the two observations) revolved 180° about the vertical 
line. The mean of the circle readings, corrected for difference 
in the inclination of the collimator as shown by the level, wdll 
be the zenith or nadir point reading. 

204. Flexure . — Notwithstanding the conical form which is 
given to the telescope tubes of large instruments, their weight 
produces a sensible flexure, which may change the position of 
the optical axis of the telescope with respect to the zero points 
of the circle. It is important, therefore, to investigate the 
amount of this flexure. The following is Bessel’s method. 

• Two collimators, such as that represented in Plate III. Pig. 2, 
are mounted in the horizontal plane of the axis of the circle, one 
north and the other south. The cross threads of the collimators 
admit of adjustment (by a micrometer screw, for example), so that 
they may be brought to coincide with each other, the meridian 
circle being raised upon the reversing apparatus during this 
adjustment. The two intersections of the cross, threads of the 
collimators now represent two infinitely distant points whose 
angular distance is exactly 180°. The meridian circle being 
replaced, observe this angular distance in the usual manner. It 
is evident that the errors of division of the circle will not enter, 
since the same two divisions come under the opposite reading 
microscopes in the two observations in reverse positions. The 
difference of the two circle readings will, therefore, be exactly 
180° if there is no flexure. But if the difference is less than 
180° by a quantity x, then \x is the correction for flexure in the 
horizontal position of the telescope. In this way, Airy found 
that when the Greenwich transit circle was directed upon the 
south collimator, the circle reading was 89° 46' 15 /; .52, and 
when upon the north collimator, 269° 46' 16". 35; the difference 
180° 0' 0".83 is the apparent distance of the two opposite points 
measured through the nadir, and hence one-half of 0".83, or 0".41, 
is the effect of flexure in increasing apparent nadir distances or 
in diminishing apparent zenith distances.- 

In different positions of the telescope, the mechanical effect of 
each particle of metal, supposing it to act simply as a weight 
attached to a lever, will vary as the sine of the zenith distance : v 
so that if/ is the horizontal flexure, /sine expresses the flexure 
in general. It is not quite certain, however, that the flexure 
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always follows this simple law ; and to determine the law experi- 
mentally, we should have the means of mounting a pair of col- 
limators in a line making any angle with the vertical. 

The flexure determined by the above method is properly 
called the astronomical flexure, as it gives the deviation of the 
optical axis, which becomes a direct correction of our astro- 
nomical measures. It is evident, however, that it does not 
express the absolute flexure of the tube. If when the tube is 
horizontal both ends drop the same distance, the optical line 
determined by the centre of the objective and the micrometer 
thread will merely be moved parallel to itself, and no flexure 
will appear from the circle readings ; for the collimators do not 
determine merely a single fixed line in space, but rather a 
system of parallel lines, or simply a fixed direction. 

The effect of the flexure upon an observation is, then, zero 
if the absolute flexures of the two halves of the telescope are 
equal ; and when these are unequal, the effect is proportional to 
their difference. This leads directly to the method of elimi- 
nating flexure, first suggested by the elder Repsold in 1823 or ’24, 
by interchanging the objective and ocular of the telescope.- -Let 
us suppose that at any given zenith distance the centre of the 
objective drops the linear distance a , and the horizontal thread 
in the focus drops the distance a', so that a and: a' represent the 
absolute flexures of the two halves of the tube. Then, if the 
whole length of the tube is denoted by 2r, the angles of depres- 

ci a! 

sion of the two portions may be expressed by — and — respect- 
ively. If then y is the angle which the sight line now makes 
with the direction it would have had if no flexure had taken 

qJ 

place, we have y = — - ; that is, the astronomical flexure is 

proportional to the absolute flexure. How let the objective and 
ocular be interchanged, and the telescope revolved 180°, so as to 
be again directed upon a point at the same zenith distance as 
before. The absolute flexures being the same as before , that of the 
object end is now V, and that of the eye end is a: so that the 

astronomical flexure is now — = — r. Hence the mean of 

2 r ' 

two observations of the same star made with the objective and 
ocular reversed will be free from the effect of flexure. More- 
over, the half difference of the measured zenith distances will 
be the astronomical flexure. It is here assumed that the abso- 
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lute flexures of the two halves remain the same when the ob- 
jective and ocular are interchanged. For a discussion by Hansen 
of the conditions necessary in the construction of the telescope in 
order to satisfy this condition (if possible), see Astr. Nack , Vol. 

XVII. p. 70.* 

As to the effect of gravity upon the form of the circle, see 

Bessel's paper, Astr.Nach ., Yol. XXY. 


205. Observations of the declination of ihe moon with the meridian 
circle . — In these observations, the micrometer thread is usually 
brought into contact with the full limh, and a correction is 
applied to the deduced declination of the limb for the moon's 
parallax and semidiameter. When the observation is not made 
in the meridian, the reduction to the meridian (194) is also to be 
applied, together with a correction for the moon’s proper motion. 
The most precise formula for making these reductions is that 
given by Bessel, which is deduced as follows. 

In Fig. 46, p. 290, let 0 now represent the apparent position 
of the moon’s centre, and suppose the observed point of the 
moon’s limh to be designated by M (not given in the figure). 
Conceive an tire to be drawn from A tangent to the moon’s limh. 
The point of contact 3f and the points A and 0, form a triangle, 
right angled at Jf, of which the side MO is the moon’s apparent 
semidiameter = s', the side AO == 90° -f e, and the angle at J 
may be denoted by L We have then 

sin d — sin d cos c 

Let 

^ = the observed declination of the limb, corrected for re- 
fraction, 

= the apparent declination of the moon's centre ; 

then in the triangle A OP we have the sides AO = 90° -f c, 
PA = 90° - n, PO = 90° — S', and the angles PAO = S t q= d, 
APO = 90° -j- (r — m ) ; whence, as in Art. 199 

sin S' = — sin n sin c -j- cos n cos c sin qr <Z) 

cos S' sin (t — m) = cos n sin c A sin n cos c sin (d t =p &) 

008 S’ 008 (t m) = COS c cog q; (f) 

* lso Godld ’ s re»aris on the meridian circle of the Dudley Observatory, 
PweeeiJas* of the Am. Aatociation for the Adv. of Science, 10th meeting, p. 116. 
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But, as before, we stall neglect the insensible term sin. n sin <?, 
and put cos n = 1, and then, the first and third of these equa- 
tions will suffice to determine o'. Moreover, since in the case 
of the moon r will not exceed 1% the neglect of m will cause 
no sensible error in cos (r — m). Hence we take 

sin <?'= cos c sin (d x d) 
cos S’ cos r = cos c cos (d x q= d) 

or, developing the second members, 

sin S' = cos o cos d sin $ x =p sin s' cos 9 X 
cos £'cos r = cos o cos d cos d x ±z sin s' sin 9 1 

whence, by eliminating cos c cos d> we find 

sin s' = sin S' cos S x — cos S' sin 8 % cos r (195) 

If now we put 

d — the moon's geocentric declination, 
s = “ “ semidiameter, 

7 r = “ eq. hor. parallax, 

/ = the geocentric or reduced latitude of the place of 
observation, 

p = the earth’s radius for the latitude <p , 

A, A'— the moon’s distance from the centre of the earth 
and from the place of observation, respectively, the 
equatorial radius of the earth being unity, 

we have, hy the formulae of Art. 98, Mol. I., 

A' sin S'=A sin 3 — p sin <p' 

A' cos V = A cos <5 — p cos <p' cos r 

this last being equivalent to the more rigorous one in (133) of 
Vol. I., when the moon is near the meridian; and by Art. 128, 
Mol. I., we also have 

A' sin s' = A sin 5 

Substituting these expressions in (195), after multiplying it by 
J' y we find 

A sin 5 =A sin (<3 — 3 X ) -f- 2 A cos £ sin d x sin* $ r 
— p sin (jp' — — p cos V sin \ sin* r 
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Dividing by A = this becomes 

^ sin * = sin (<? - a,) + 2 cos » sin \ sin** r 

_ p sin tt sin — /> sin tt cos p' sin <5 X sin 1 r 

where the last term is evidently insensible. If then we put 

sin p == p sin * sin O' — <h) (196> 

we have 

sin ^ — a 2 ) = sin p zp sin 5 — 2 cos $ sin sin 2 }r 

The last term (which is the reduction to the meridian) will 
seldom exceed 1^, and may be put under the form 

sin R = | ~ j sin 2 1 " .sin 2 <5 . t 2 

The quantity r is here the true hour angle of the moon, to 

find which, let 

fi x = the sidereal time of the observation, 
p = « u moon's transit, 

2 = the increase of the moon's right ascension in one 
sidereal second j 

then 

* = (l — 0 O — Mi) 

and hence 

R _ sin 1" sin 2 5 (1 — l) s (a — jm,)* (197) 

4 

The first two terms of the value of sin (S — S x ) differ but little 
from sin (p zp s). To find their exact value, we have 

eim p qp sin $ = sin (p zp 5 ) -f- gin p (1 — cos 5) =p sin s (1 — cos p) 
= sin (p zp $) -f- 2 sinp sin 2 1 5 zp 2 sin s sin 2 ip 

The last two terms of this will seldom amount to a tenth of a 
second, and therefore the formula may he regarded as perfectly 
accurate under the form 

sinp zp sin s = sin (p zp $) qz 4 (p qp s) sin 1" sin p sin 5 

Wow, since 5 — S l and p zp $ differ by so small a quantity, the 
ratio of the sine to the are will be the same for both of them : 
hence we shall have, with the utmost precision, 

# aa= \ -f p qp $ ip i (p zp $) sin p sin & — JR (19S) 
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as given by Bessel.* The upper or lower sign is to be used 
according as the north or the south limb is observed. 

The declination thus found is reduced to the time p. x of the 
observation. But if we wish its value at the time of the meri- 
dian passage, we must add to it the correction (jjl — Mx) 1', ix> 
which V is the increase of the declination in one sidereal 
second* or 


60.1643 


where a<5 =the increase of declination in one. minute of mean 
time, as now given in the American Ephemeris. The value of 
1 — A is found as in Art. 154: namely, taking au = the increase 
of the moon's right ascension in one minute of mean time, we 
have 


so that, putting 


we shall have 


X 


Aa 

60.1643 


1 — 1 



log (1 — 1) = ar. co. log B 


and log B may be taken from the table on page 179. 

In practice, it will generally be most convenient to apply the 
several reductions directly to the observed zenith distance, as in 
the following example. 


Example. — The declination of the moon was observed with the 
meridian circle of the Washington Observatory, 1850, September 
17. The nadir point was first observed as follows: 


Nadir point 
at 20\5 

Circle Mcro scopes. 

Micrometer thread in co- 
incidence with its image: 
mean of 10 readings = 
88 r .934. 

A 

B 

C 

D 

Means. 

0".9 

0 .7 

1".9 

1 .4 

2".2 

2 ,0 

1"4 

1 .6 

1".60 

1 42 

Means 

0 .80 

1 .65 

2 .10 

1 .50 

1 .51 


The value of one revolution of the micrometer = 34' '.356, ox 


* Tabulde Regiomonianst, Intro d. p. LV. 
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y* (f 0201 ; and hence, hv the method of Art. 197, the micro- 
iiH'ttr zero < or reading of tie micrometer when the circle reading 

wits 0° 0' 0") was 

(^V) = 38 r .934 4- 0 r .0291 X 1*51 = 38 r .9T8 

The observation of the moon was as follows, S.L. denoting 

south limb: 


Moon, S. L. 

’ | 

Circle Microscopes. 

Clock — Mi 

Micro- 
meter 
= M. 

A 

B 

O 

D 

Mean. 

55° 52 ' 45".7 42".8 45".2 

Barom.30".114Att.Tlierin.64 o 

46".l 

.Ext.Tl 

►5 4^. 

B 

u> 

o O* 

CO 

2F17 W 21* 

32 

43 

39 r .956 

39 .994 

39 .875 


The circle was west , in which position the readings are zenith 
distances towards the south. The correction for runs was 
— 0".7o for 3', and since the excess of the reading over a multiple 
of 3' is V 44".95,the proportional correction, for runs is — 0".43. 

The clock time of transit of the moon’s centre over the meridian 
was p = 21* 17* 16'.80. 

The latitude of the observatory is <p — 38° 53' 39' '.25, and 
therefore f — <p f = 11' 14".54, log p = 9.9994302, The longitude 

is 5 k 8 m 12* west of Greenwich. 

For the date of the observation, we take from the Nautical 

Almanac 

^ _ i6° r.7 

Ar> = 4- 6".377 in l m mean time, x = 54' 9". 64 

Aa = 2* 0150 « « « “ s = 14' 45" .49 

whence Jog( 1 — 1) = 9.98521 and X f = -j, 0".1060 

The correction for tire micrometer, or M — (Jfcf), converted into 
seconds, is additive to the circle reading. The reduction to the 
meridian, or J?, found by (197), is also algebraically additive to 
the circle reading, attention being paid to the sign of 8; and the 
correction for change of declination to be added to the circle read- 
ing will he —{fi — p t ) k r . Since the sum of these three corrections 
should be the same for each micrometer observation, the precision 
of the observations will be shown by computing this sum for 
essotju Thus, we find 
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fl — fly 

if — (M) 

R 

— O —ft)?-' 

Sums. 

4*2 

33".60 

— 0".00 

4- 0".44 

34".04 

— 15 .2 

31 .82 

— .03 

-f 1 .61 

83 .40 

— 26 .2 

30 .82 

— .09 

+ 2 .78 

83 .51 


Hence we have 

Mean 

= 

33 .65 


Circle reading = 
Corr. for runs = 

55° 52' 44".95 
— 0 .43 

Mean corr. for microm., fee. = 


-f 33 .65 

Apparent zenith distance = 

55 

53 18 .17 

By Table II. Befraction = 

+ 

1 25 .60 

f /— K—v — s \— O — ?')] 

9 — s i = 

55 

54 43 .77 

— 55° 43' 29" J 

— (j> + O = 

— 

59 27 .24 

[By (196),y)=44' 41".75 J 

— %(P + s)Bin^sins = 

— 

0 .10 


ip — d — 

54 

55 16 .43 


9 — 

38 

53 39 .25 


5— _ 

16 

1 37 .18 


206. Observations of the declination of a planet , or the sun. — The 
larger planets are observed in the same manner as the moon, 
that is, by making the micrometer thread tangent to the limb, 
and when the planet is treated as a spherical body the observa- 
tion is also reduced in the same manner. 

In the case of the sun, both limbs may he observed. The 
reduction to the meridian may be facilitated by a table giving 
the logarithm of the factor 

29 ^ 

& = — sin 1"(1 — i)*sin2S 
4 

for each day of the fictitious year (Vol. I. Art. 406), such as 
Bessel’s Table XU. of the Tabulae Regiomontance . This table 
also gives for each day of the year the value of 

a = increase of the sun’s declination in 100 sidereal seconds, 

so that the reduction of the observed declination to the meridian, 
including the correction for the change of declination in the 
interval r, is 
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The correction for parallax may he put under the form 


P = 


8" 57116 
r 


p sin O' — d) 


in which r = sun’s distance from the earth, the mean distance 
being unity, and in each observatory this quantity may be com- 
puted for the latitude, and for each day of the year, and also 
inserted in the table. In order to embrace every thing necessary 
for the complete reduction of the observed declination, the table 
contains also the sun’s semidiameter for each day of the fictitious 
year. 

207. Correction of the observed decimation of a planets or the moon's 
limb for spheroidal figure and defective illumination . — Let us con- 
sider the most general case of a spheroidal planet partially 
illuminated. The correction to reduce the observed declination 
of the limh to that of the centre is equal to the perpendicular 
distance from the centre to the micrometer thread, which is 
tangent to the limb and perpendicular to the meridian. The 
formulae for computing this perpendicular in general are (Vol. I. 
p. 580) 

tan w = - — - am % = sin # sin V 

c 

g, $ sin $ cos / 

sin & 

in which s ff is the required perpendicular, § the angle which it 
mates with the axis of the planet (reckoning from the north 
point of the disc towards the east), c is a constant depending upon 
the eccentricity of the planet’s meridian, V the angular distance 
of the earth and sun as seen from the planet, and s is the equa- 
torial radius of the disc, or greatest apparent semidiameter at the 
time of the observation. The perpendicular here coincides 
with the declination circle, and consequently we have at once 
& = — P, or 180° — j?, according as the north or the south limb 
is observed; p denoting, as in the article referred to, the position 
rifc of the axis of the planet. From the discussion in Vol I. 
354, it follows that (putting — p for &) the north limb will 
11 (and, consequently, the south limb gibbous) when sin p 
m F have the same sign. "We shall, therefore, here change 
~~ of sin jr, and take 
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tan p’ = 


tan p 
c 


sin x = sin p f sin V 


s 0 Bmp 
r 1 sin p’ 


cos^ 



in which s 0 = the greatest apparent semidiameter at the mean 
distance of the sun from the earth, and r' — the planet’s geocen- 
tric distance. We then hare the rule: the north or the south limb 
is the full limb according as sin % is positive or negative. The formulae 
for computing p, V , and c are given inVol. I. Arts. 348 et seq., 
and $ 0 is given on p. 578. 

The gibbosity of Saturn, however, is wholly insensible, and 
even that of Jupiter at the north and south points of the limb 
cannot exceed 0".05, which is so much less than the usual errors 
of declination observations that it may be disregarded. ' Hence, 
for Saturn and Jupiter the correction will depend only upon the 
figure of the planet, and will be computed by the equations 


tan p f = 


tanp 

c 


s Q Bmp cs e cos p 

T r sin p r f cos p' 


in which for Jupiter we take log c = 9.9672, and for Saturn 
c — j/(l — ee cos 2 V) — j/(l — [9.27 06] cos 2 Z), l and p being taken 
directly from the tables for Saturn’s Eing given in theEphemeris. 

A further simplification may be permitted in the case of 

COS 70 

Saturn ; for, on account of the small values of p, the ratio — 

cs 

will he very nearly unity, and if we take s fr = we shall 
have the true value of ,s" within less than 0Y05. 

It is hardly necessary to remark that when we neglect the 
gibbosity of Jupiter or Saturn, the mean of the observed decli- 
nations of the north and south limbs gives at once the declination 
of the centre. 

Eor Mars, Yenns, and Mercury the correction will he only for 
defective illumination; but in this case we can avoid the separate 
computation of p and V ) as follows. Substituting in the equa- 
tion for siii£ (199) the values of sinp and sin V given in Yol. I. 
p. 577, and moreover observing that, since these bodies are 
regarded as spherical, we have c = 1, and, consequently, j/ = p, 
there results 
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in which 

a', = the planet's right ascension and declination, 

A, 1) — the sun's u “ “ 

It, Jl f = the earth's and the planet's distances from the sun; 

and a positive value of sin ^ will here also indicate that the north 
limb is full and the south limb gibbous, and a negative value 
the reverse. Adapting this formula for logarithms, we have, 
therefore, 

tan F = tan D sec (<*/ — - A) \ 

R sin (F — (V) sin D / (201) 

JX sin F | 

or, more conveniently, perhaps, 


tan E = tan It* cos (of — A ) 

R sin (D •— E) cos ft* 
“ ~R' " COS Jft~ 


( 201 *) 


E being taken less than 90°, with the sign of its tangent. 
Then we find the reduction to the centre of the planet by the 
formula. 


If the declination of a cusp of Venus or Mercury has been 
observed, we must find p by the formula (Vol. I. p. 577) 

tan p = cot (o' — A) sin (F ~ <5') sec F (203) 

in which JPhas the same value as above, and then the reduction 
to the centre of the planet will be 


For the moon, when the gibbous limb has been observed, the 
formulas (201) may bo used for computing % ; but on account of 
the small difference of R and R\ we may put their quotient 1. 
Since the declination of the gibbous limb will not be observed 
except when the moon is nearly full, it will be best to reduce 
the observations as if the observed limb were full, according to 
Art 205, and then to apply a small correction for gibbosity. 
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correction will be. as = s — s cos x~ s versin %. Hence tbe 
ulse for the moon will be 

tan E — tan 8' cos (»' — A> 

sin (D — E) cos <$' 

sm^ = 

cos E 

as = s versin / 

cample 1. — The apparent declination of the southern cusp 
enus, at its transit over the meridian of Greenwich, July 16, 
observed with the transit circle, was 

8' = 15° 0' 45". 60 

n the Nautical Almanac, we have 

a' = 8* 11” 1'.46 log f — 9.4675 

A = 7 43 42 .80 D = 21° 19' 8" 

from Vol. I. p. 578, 

s 0 = 8".55 

ce, by (203), we find log tan p = 0.0031, and, consequently, 

s" = — cos p = 20". 53 
f 

the apparent declination of the planet’s centre was, tnere- 
8 = 15° V 6". 13 

xample 2. — The apparent declinations of Jupiter’s north and 
h limbs, observed at Greenwich, March 18, 1852, were — 

N.L. 8'= — 17° 21' 57".36 
S.L. 8'= — 17 22 37 .61 

o illustrate the complete formulae, let us take the gibbosity 
.he planet into account. For this purpose, we take from the 
itical Almanac 

a.' = 230° 56'.4 A = 224° 25'.0 

8 17 22.2 e = 23 27.5 log/ = 0.6783 

. from VoL I. p. 574, 



n = 357° 56'.5 


i = 25° 25'.8 
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Hence, by the formulae (619), Yol. I., 

F= 201° 23'.5 1 = 234° 52' 3 

V= A — 1= — 10° 27'.7 
F'= — 20° 47'. 5 log tan p = 9.4281 

Then, by (199), taking log c — 9.9C72, we have 

log sin x — »8.7025 

from which it follows that the south limb was full. Hence, 
taking $ a = 99".70, we find 

For full limb («") = i 7> ; = 19".50 
r sin p 

For gibbous limb s" — («") cos* s= 19 .47 

The declination of the centre was, therefore, according to 
these observations, 

From jST.Ij. 3 = — 17° 22' 1<>".83 
“ S. L. “ “ 18 .11 

Considering the difference of these results, which is by no 
means as great as often occurs in the Greenwich observations of 
Jupiter, it appears that the practice there followed of always 
applying the polar semidiameter (which is the one given in the 
Nautical Almanac) is quite accurate enough for these observations. 
Our more exact method will not he without application, however, 
in cases where greater refinement both in observation and 
reduction are attained. 

Example 8. — At Greenwich, Feb. 0, 1802, the declination of 
the moon’s centre deduced from an observation of the north 
limb, on the assumption that this limb was full, was 

3' = -f 13° 17' 0".58 

For the time of the moon’s transit on this date, we hare 

*'*= 158° 18'.6 A = 819° MM 

s » 16' 31" />= ~ 15 86.8 

whence, by (204), 

/ » - 2° 58' 
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which shows that the north limb was gibbous. The correction 
was 

as = s versin / = l". S3 
and the true declination was, therefore, 

d = + 13° 17' 1".91 


CHAPTER VII. 

THE ALTITUDE AND AZIMUTH INSTRUMENT. 

208. This instrument may be regarded as a transit instrument 
combined with both a vertical and a horizontal circle, by means 
of which both the altitude and the azimuth of a star may 
be observed at the instant of its transit through the vertical 
plane described by the telescope. This combination is not often 
used for the higher purposes of astronomical research, as every 
additional movement introduced into an instrument diminishes 
its stability and increases the risk of error. However, at Green- 
wich, a regular series of extra-meridian observations of the moon 
is carried on with such an instrument, for the sake of comparison 
with meridian observations. The instrument has there received 
the name of the altazimuth . In other places, it has been called 
the astronomical theodolite; and, in fact, the general theory of the 
instrument, which will be given hereafter, will be found to be 
directly applicable to the common theodolite employed in geo- 
detic measurement. 

Still another name is the universal instrument , so called on 
account of its numerous applications ; but this name is usually 
given only to the portable instruments of this class. The small 
universal instruments of Ertel are well known. 

209. Sometimes the horizontal circle is reduced to small 
dimensions, and designed simply as a finder, or to set the instru- 
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ment approximately at a given azimutli ; -while the wer-^c^ 1 
is made of unusually large dimensions, and is iatorAdecl 
most refined astronomical measurement. The instrytl 
then known simply as a vertical circle. Such is the 
Circle of the Pulkowa Observatory, the telescope of 
a focal length of 77 inches, and its vertical circle a cip^j^a 
43 inches. * 

■ This instrument is permanently mounted upon a solid- 
pier G-, Plates X. and XI, which is insulated from tlxo 
floor of the building. It stands upon a tripod whi opi l s ga- 
by foot screws. The three feet are so placed that two of td 
in the east and west line : hence, but one of these two 5.9 
Plate X., which is a projection of the instrument upon pin 
of the meridian, while all three are seen in Plate X~T vv 
a projection upon the plane of the prime vertical. Tine 
foot screw a> carries a small circle j- graduated into 360° fill 
of which is attached to the foot. One revolution, of ±ili5. 
changes the inclination of the instrument iu th.es pl ail c 
meridian 318" : consequently, one division corresponds t< 

The centre of the instrument is held in place Toy- -tixe 
a attached to the pier. 

The vertical stand consists of a hollow cone of brass, x r 
turns the steel axis b. The lower extremity of this mucus is 
and smoothly finished, and is supported by a syrs-fcexxx c 
counterpoises c, suspended upon levers which relieve -fcPxe j 
upon the hearing points of the vertical axis, and tin. ms cl 
the friction. At the top of the conical stand is a 1 3 irx cdx i 
.circle, the verniers of which are attached to the axis, 
provided with a clamp and tangent screw which is movec 
rod d in giving the upper portion of the instruxmerxt 
motion in azimuth. 

The upper extremity of the vertical steel axis carrie s fix 
oblong har e, which may he called the hed of thie iast 
On this hed rests the adjustable frame vfgv, which, siapp 
horizontal axis i in the Vs at vv. This axis should k>e 
dicular to the vertical axis, and its adjustment in tfibis re 
■ 1 ’--t means of two opposing screws at h. 

i has two equal cylindrical pivots of steel at 
dmit light from the lamp x, which is reflec-fc 


* ‘See Description de Fobser. cent., &c., p- 130. 
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the threads of the reticule of the telescope by a mirror in the 
interior of the tube at u. The telescope and principal vertical 
circle o are firmly and invariably attached to one extremity of 
this axis. At the opposite end of the axis is a smaller vertical 
circle .m, which serves as a finder. From the centre of this 
finding circle radiate four conical arms terminating in ivory 
balls n. The telescope is swept in the vertical plane solely by 
means of these balls, never by touching the telescope or prin- 
cipal vertical circle. When the telescope is approximately 
pointed and clamped, fine vertical motion is given to the tangent 
screw hy the rod h The instrument is swept in azimuth by 
means of an ivory ball at Z, the fine azimuthal motion being; 
given by the rod d . 

The circle is read off by four microscopes attached to a square 
frame <x, which is fixed to the frame vfgv . The level /? attached 
to this frame indicates its inclination with respect tp the horizon. 
The circle is divided to 2', and the microscopes read directly to 
single seconds, and by estimation to O'M, or even less. The 
probable error of reading of a single microscope is given by 
Peters as only 0".090 in observations by day, and 0".098 in 
observations by night. 

The friction of the horizontal axis in the Ys is diminished by 
the single counterpoise^, which, by means of a lever, the fulcrum 
of which is at q , supports the principal part of the weight of the 
telescope, vertical circles, and horizontal axis, by exerting an 
upward pressure at r. The point r being at suitable distances 
from the two Ys respectively (nearer to the principal circle than 
to the finder), the friction in both Ys is equally relieved; while 
the whole weight of the movable portion of the instrument is 
transferred to a point g, very near to the vertical axis of rotation. 

The striding level s rests upon the pivots of the horizontal 
axis, and, by reversal in the usual manner, serves to measure the 
inclination of this axis to the horizon. ; 

The reticule at t is composed of three horizontal threads, two 
of which are close parallel threads (the clear space between them 
6eing only 6"), which serve for the observation of objects which 
present sensible discs, or of those which are too faint to be 
observed by bisection (see Art. 198). The third thread is 18" 
from the others, and is used in observing stars by bisection. 
The unequal distances prevent mistakes in the choice of threads. 
These horizontal threads are crossed by two vertical ones, the 
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distance of which is V of arc. The middle point between these 
determines the optical centre of the instrument, and all obser- 
vations are made as nearly as possible at this point. 

The extreme accuracy attainable in the observation of zenith 
distances with this instrument may be inferred from the follow- 
ing values of the zenith point Z (see Art. 219) of the circle, as 
cited by Struve, from observations by Peters upon Polaris at its 
upper and lower culminations : 


1843. 

Upper transit. 

Z 

Diff. from 
mean. 


Louver transit. 

Z 

Diff. from 
mean. 

April 13 

0° O' 33". 13 

— 0".32 

April 14 

0° 0' 33".64 

— 0".08 

14 

33 .26 

— 0 .19 

16 

33 .32 

— 0 .40 

17 

33 .82 

+ 0 .37 

20 

33 .45 

— 0 .27 

19 

33 .27 

— 0 .18 

21 

33 .94 

-f 0 .22 

20 

33 .75 

+ 0 .30 

22 

33 .48 

— 0 .24 

22 

33 .17 

— 0 .28 

24 

33 .50 

— 0 .22 

24 

33 .45 

0 .00 

25 

33 .94 

+ 0 .22 

25 

33 .68 

+ 0 .23 

26 

33 .98 

+ 0 .26 

26 

33 .29 

— 0 .16 

27 

33 .82 

+ 0 .10 

27 

33 .68 

+ 0 .23 

28 

34 .12 

+ 0 .40 


Mean 0 0 38 .45 Mean 0 0 33 .72 


Hence, assuming that the zenith point of the circle was constant, 
the probable error of an observed value of Z was, for either 
series, = O' '.22. This error, however, is the combined effect of 
error of observation and variability of Z. But the probable 
error of observation was obtained from the discrepancies between 
the several values of the latitude deduced from those same obser- 
vations, and was = 0".17 : so that the probable error of Z 
arising from variation in the instrument was = -j/[(0".22)a 
— (0".17)*] = 0".14. The means for the two transits differ by 
0".27, which results from the use of different divisions of the 
circle and different parts of the micrometers. To compare them 
iustly, it would be necessary first to eliminate especially the 
'■■■ : " ; on errors. 

to eliminate the effects of flexure, the objective and 
ie interchangeable (see Art. 204). 
ions of the various parts of the instrument may be 
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taken from the plates, which are accurately drawn upon a scale 

of*.* 

210. The portable universal instruments are usually so arranged 
that the vertical circle may be removed altogether from the 
instrument when horizontal angles only are to be measured. 
One of these instruments is represented in Plate XII. In Fig. 1, 
the instrument is arranged for measuring horizontal angles 
exclusively. In Fig. 2, the telescope of Fig. 1 is replaced by 
another which is connected with a vertical circle and (unlike the 
azimuth telescope) is at the end of the horizontal axis. The 
weight of the telescope and vertical circle is counterpoised by a 
weight at the opposite end of the axis. The focal length of the 
telescope in instruments of this kind seldom exceeds 24 inches. 

The following discussion of the theory of these instruments 
will apply to any of the forms above mentioned, as I shall con- 
sider their two applications — to azimuths and to altitudes — 
independently of each other. 

211. Azimuths . — Let A 0 H, Fig. 49, represent the true horizon, 
Z the zenith. Let us suppose the’ vertical 
axis of the instrument to be inclined to the 
true vertical line, so that when produced it 
meets the celestial sphere in Z Let A Q ff' 
be the great circle of which Z' is the pole. 

The plane of this circle is that of the gra- 
duated horizontal circle of the instrument. 

Let us suppose, further, that the horizontal 
rotation axis, which should be at right 
angles to the vertical axis, and, consequently, parallel to the 
horizontal circle, makes a small angle with this circle. As the 
instrument revolves about its vertical axis, this rotation axis will 
describe a conical surface, and the prolongation of this axis to 
the celestial sphere will describe a small circle AA f parallel to 
A^W. Let A be the point in which this axis produced through 
the circle end meets the sphere at the time of an observation, 
and 0 the position of a star observed on any given vertical thread 

* For all the particulars of the use of this instrument in the determination of the 
declination of a circumpolar star, consult the memoir of Dr. C. A. F. Petebs, 
Astron. Nach., Vol. XXII., Remltate aus Beobachtungen des Polarsterns am Ertehchen 
V*rticalkr$ue der Pulkowaer Sternwarie. 
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in the field. As the telescope revolves upon the horizontal axis, 
its axis of collimation describes a great circle of which A is the 
pole, and the given thread describes a small circle parallel to 
this great circle. Let 

c = the distance of the thread from the collimation axis, 
positive when the thread is on the same side of the 
collimation axis as the vertical circle, 
b — the elevation of A above the horizon as given by the 
spirit level applied to the horizontal axis, positive when 
the circle end of this axis is too high, 
i = the inclination of the vertical axis to the true vertical 
line, 

i' = the inclination of the horizontal axis to the azimuth 
circle, 
a = AZHj 
a! = AZ’H ; 

A = the azimuth of the star 0, reckoned from A 0 as the 
origin, 

z = the zenith distance of the star; 

then, in the triangle AZZ we have AZ — — b, ZZ'=ij 

AZ f — 90° — i' AZZ' = 180° — a, AZ’Z^a’, and hence, by 
Sph. Trig., 

sin b == cos a! cos i' sin i + sin f cos i 
cos b cos a = cos a' cos i* cos i — sin i! sin i 
cos b sin a = sin a 1 cos i f 


But, i , i', and b being always so small that we can neglect their 
Bquares, these equations may be reduced to the following 


a = a! 

b = i cos a' 4 - i! = i cos a + f 



In the triangle AZO , we have the angle AZO = A 0 ZO + A 0 ZA 
= A + 90° — a, and the sides AO = 90°+^ A^==90° — 6, 
ZO = z ; and hence 


— sin c = sin b cos z — cos b sin z sin {A — a) 


or, since c and b are small, 

sin (A — a ) 


6 

tan s 


+ 


sm 2 


Hence sin (A — a) is also a small quantity, and the angle A — a 
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is either nearly 0° or nearly 180°. When the vertical circle at 
the extremity of the horizontal axis is to the left of the observer, 
as supposed in the above diagram, it is evident that A and a are 
nearly equal, and A — a is nearly 0°. But if the instrument be 
revolved about its vertical axis, the azimuth circle remaining 
fixed, and the telescope be again directed to the same point 0 , 
the vertical circle will be on the right of the observer, and the 
angle a will be increased by 180°. In this case, therefore, 180° 
— (A — a) will be a small quantity. Putting, then, A — a or 
180° — (A — a) for sin (A — a), we have 

A = a -f- b cot z c cosec z [Circle L.] 

A = a -f 180° — b cot z — c cosec z [Circle R.] 

How, a is not read directly from the azimuth circle ; but if we 
put A f = the actual reading and A 0 — the reading when the 
point A in the diagram is at A ' (in which case the telescope, 
when horizontal, is directed towards the point JL 0 ), we have 

a = a' = A' — A 0 [Circle L.] 
a + 180° = A' — A 0 [Circle R.] 

and, therefore, 

A == A' — A 0 ± b cot z ± c cosec z 

We have supposed the azimuths to be reckoned from the point 
A 0 ] but it is indifferent what point of the circle is taken as the 
origin when the instrument is used only to determine differences 
of azimuth, since the constant A 0 of the above equation will 
disappear in taking the difference of two values of A. For 
absolute azimuths, let us denote the azimuth of the point A 0 from 
the south point of the horizon by A 1 ; then the azimuth of the 
star, also reckoned from the south point, will be equal to the 
above value increased by A v If, therefore, we add A x to the 
second member, and then write &A for the constant A x — A 0 , we 
shall have 

A — A r + a A ± b cot z z±z c cosec z ^ ^ ] (206) 

where A now denotes the absolute azimuth of the star, and a A 
is the index correction of the circle, or reduction of the readings 
to absolute azimuths. The readings for circle right differing by 
180° from those for circle left, we shall always assume that the 
former have been increased or diminished by 180°, when two 
Vol. II.— 21 
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observations in different positions of the instrument are conn 
pared. We must now determine the quantities c, b , and a A. 

212. To find c and b. — The most convenient method of finding 
c with a fixed instrument is to employ a collimating telescope 
placed on a level with the horizontal axis, such as that of Plate 
III. Fig. 2. The cross thread of the collimator is observed as an 
infinitely distant point or star, whose zenith distance is 90° ; and 
hence cot z = 0, cosec z= 1. Observing it both with circle left 
and circle right, let A' and A n be the readings of the azimuth 
circle (the latter reading being changed 180°) ; then we have 

A = A! — {- aaL ~-j- c 
A=A"+ aA — c 

whence 

c = l (A" — A’) (207) 

which will give c with its proper sign for circle left 

If, however, the collimator is below the level of the horizontal 
axis, so that the telescope must be depressed to observe it, we 
shall have 

A = A! -f + b c °t z + c cosec z 
A = A" -f* a A — b cot z — c cosec z 

in which z = the zenith distance of the collimator = 90° + de- 
pression of the telescope, as given by the vertical circle ; and 
then 

c = £ (A!' — A') sin z — b cos z (208) 

and b must be observed with the striding level applied to the 
axis, as in the case of the transit instrument. 

When the telescope is furnished with a micrometer, the value 
of c can be found with still greater accuracy, by means of two 
collimators, as in Art. 145. 

213. In some cases the spirit level cannot be reversed upon 
the axis, but is permanently attached to it or to the frame which 
supports it. It is then reversed only when the instrument is 
reversed, and it becomes necessary to know the level zero, or 

~ A "ending of the level which corresponds to a truly horizontal 
on of the axis. Let this reading be denoted by Z 0 , and let 
he reading at any observation ; then we have 


b = l — l a 
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where l is the mean of the readings of the two ends of the 
bubble, the readings towards the circle end being always 
reckoned as positive. Then to find Z 0 we have recourse to the 
observation of two stars, one near the zenith and the other near 
the horizon, or of the same star at different times. Let A' and 
A " be the circle readings, z' and z n the zenith distances of the 
high star for circle left and circle right, respectively ; l\ V' the 
level readings ; then, A x and A 2 being the true azimuths, we have 

= A' -f- aA + (Z' — Z 0 ) cot z r •+ c cosec z r 
A 2 — A" — A A - - (Z" — Z 0 ) cot z " — c cosec z n 

The difference between A x and A 2 may be accurately computed 
from the known place of the star, and a small error in its 
assumed place will not sensibly affect this difference. If the star 
is near the meridian (which will be advisable), the change in 
azimuth will be sensibly proportional to the interval of time 
between the two observations : so that if T f and T" are the 
sidereal clock times, and dA the change of azimuth in one 
second, we shall have 

A 9 —A l = dA (T" — T') (209) 

in which T" — is in seconds ; and dA may be found by the 
differential formula 

k . dA 15" cos 5 cos q 

dA = — - = ; - 

dT sin z 


where d = the star's declination, and the parallactic angle q is 
found by Art. 15 of Vol. I. The difference of the above equa- 
tions will then give us the equation 

— - ml 0 -j- nc =jp (210) 


where, to abbreviate, we denote the known quantities as follows : 


m = cot z + cot z n n = cosec z f -f- cosec z’ f 
jp = A" — A'— (JL fl — Aj) — V cot / — Z" cot z* 


?/' } ( 211 ) 


In like manner, the low star gives a similar equation, 


— w! l Q + n'c = jp' (212) 

and from the two equations the unknown quantities Z 0 and c are 
found by the usual method of elimination. If a greater number 
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of stars have been observed, the equations may be combined by 
the method of least squares. Where there is a collimator, it 
may always be used as the low star of this method. 

214. To determine the index correction aA, observe any 
known star in either position of the instrument ; then, having 
computed its true azimuth A (Vol. I. Art. 14), we have 

a A — A — (A ± b cot z ± c cosec z) (213) 

215. With a portable instrument, such as is described in Art. 
210, the use of a collimator is impracticable, since the telescope 
is at the extremity of the axis, and, therefore, cannot be directed 
towards the collimator in both positions. We must then employ 
stars, as in the preceding article ; but, as in portable instruments 
the inclination b is usually found directly by the striding level, 
a single star observed in both positions of the instrument will 
suffice. If we take the pole star when near the meridian, we 
can suppose z to have the same value for both observations, and 
we shall have the two equations 

A l = A' + a 4 -f b r cot z -f- c cosec z 
A 2 = A" + aA — b" cot z — c cosec z 

whence 

c = | [A n — A' — (A 2 — JLj)] sin z — \ ( b ' + ft") cos z (214) 

and it will then be expedient to determine a A at the same time 
from either A 1 or A r 

216. If instead of a single vertical thread there are several 
such threads, the horizontal transit of the star is observed over 
each by the clock, as in ordinary transit observations, the reading 
of the horizontal circle remaining constant. If the star is not 
too far from the equator, the intervals of time between the 
transits over the threads may be assumed to be proportional to 
the distances of the threads, and then the mean of the times 
will be the time of the star’s transit over the mean thread. The 
collimation constant r, determined from stars as in the preceding 
articles, will then be that of the mean thread. 

If some of the threads have failed to be observed, let/ 1? / 2 , &c. 
be the distances of the threads from the mean thread, positive 
for threads on the same side of the mean as the vertical circle ; 
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and let f 0 be tbe mean of the distances of the threads observed, 
and T 0 the mean of the observed times. Then/ 0 + c is the dis- 
tance of the mean of the observed threads from the collimation 
axis ; and the azimuth at the time T 0 is found by the formula 
(206), substituting /q + c for c. 

217. If, however, we wish to proceed rigorously, we can 
reduce each thread to the mean thread by the complete formula 
(138), 

sin I = l 2 tan t sin 2 i I 

' cos d cos n cos t 

where I is the interval of time in which the star describes the 
distance /, and t = r — m 9 r being the east hour angle of the 
star, and m and n being determined by (78). But we can sim- 
plify this formula for our present purpose as follows. Let A, 
Fig. 50, be the point in which the horizontal axis of the 
instrument meets the sphere when produced through Flg ’ *°p 
the circle end (as in Fig. 49) ; Z the zenith ; P the pole ; 

0 the star when in the collimation axis of the telescope, o 
Since the small inclination of the horizontal and verti- 
cal axes will not sensibly affect the thread intervals, we 
can here regard A as the pole of the vertical circle ZO , 
and the triangle OPD may be regarded as right angled 
at D. In this triangle we have, according to the de- 
finitions of »i, n, and r in Art. 123, the angle OPD = OPZ 
- APZ = - r - (90° —m) = — 90° ~ t, and the side PD 
~ AP — 90° = (90° - n) - 90° = — n. We have also OP 
=» 90° — d , and the parallactic angle POD — q. Hence 

cos n cos t = — cos q 

tan t = tan q sin d 



and our formula becomes 


sin / == — f- 2 sin d tan q sin* \ I 

cos 5 cos q 

This applies for circle left. For circle right it is only necessary 
to change the sign of the first term, so that the complete for- 
mula is 


sin I : 


sin / 


cos $cos q 


+ 2 sin d tan q sin* i I 


(215) 
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in which we take ["^] sign for J and I will be the 

correction algebraically additive to the observed time on a thread 
to reduce it to the mean thread. The angle q is found by the 
formula 

sin A cos <p (216) 


sin q = 


COS d 


where q will have a negative value for a negative value of sin A y 
that is, for a star east of the meridian. 

It is evident that, except for stars of considerable declination, 
the last term of (215) will be inappreciable, and that we may 
usually take 


1 = 


f 


(217) 


Fig. 51. 


cos d cos q 

which amounts to assuming that I is proportional to /, as in the 
preceding article. 

218. To find the equatorial values /of the thread internals, 
we observe the transit of a slow moving star near the meridian, 
and from the observed intervals I we deduce 

sin / = sin I cos <5 cos q 

219. Zenith distances . — Let Z , Fig. 51, be the zenith; Z ' and A 
the points in which the vertical and horizontal axes meet the 

celestial sphere ; BB' O' the great circle of 
which A is the pole, and, consequently, the 
circle which represents the vertical circle of 
the instrument. This circle is also that which 
is described by the collimation axis of the 
telescope. Let the star 0 be observed on a 
horizontal thread 00' , which is perpendicular 
to the great circle BO' and coincides with 
the arc A 0 f produced. The point B', in 
which AZ r produced meets the circle BB', represents the ex- 
tremity of that diameter of the alidade circle which is in the 
plane of the vertical axis of the instrument. The arc B'O', or 
the angle B'AO ' which it measures, is then the zenith distance, 
as given directly by the circle when the circle readings for B f 
and 0' are given. Let the reading of the circle, when the thread 
is at B', be denoted by £ 0 , and the reading on the star by £, and 
put B' O' or B'AO' — z l ; then, for circle left, 

= C 0 - C 
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the graduations of the circle being supposed to increase from 
right to left. Now, for different azimuths the relative position 
of B and B f is different ; and they coincide only when the point 
A is in the plane of the circle ZZ r . Their relative position at 
any time is given by the level attached to the alidade circle ; for 
let Z 0 be the reading of the level when B and B r coincide, and 
l the reading in any other case; then, denoting BB ' by a z v we 
have 

A Z x =h-l 

where we take the left-hand end of the level as the positive end, 
the observer facing the circle, and l is half the algebraic sum of 
the readings of the ends of the bubble. 

Let ns now denote the arc B0 f by z'\ then we have 

2 f =Z 1 J r A Z x 

and in the triangle AOZ we have the required true zenith dm 
tance ZO = z , the angle OAZ = z'; and, in accordance with 
the notation before employed, AO — 90° + 00' = 90° + c } 
AZ = 90° — b. Hence 

cos z = — sin c sin b + cos c cos b cos z f 

Substituting cos z' = cos 2 \z' — sin 2 ^', we obtain 

cos z = — sin c sin b (cos 2 £ z' + sin 2 $ z!) 

+ cos c cos b (cos 2 i z' — sin 2 i z f) 

= cos (c -f- b ) cos 2 } / — cos (c — b ) sin 2 i z' 
cobs' — coss = 2sin } (z -f- z r ) sin i (z — z f ) 

= 2 sin 2 i (c + b) cos 2 \z! — 2 sin 2 i (c — b) sin 2 £ z 

The second member involving only the squares of the small 
quantities e and 6, the correction z — z' is very small, so that for 
the factor sinf (z *+ z') we may take sin z f = 2 sin|z' cos \z' . 
Hence, substituting the arcs for the sines of the quantities J (z — z’\ 
+ b ), J(c — b ), we find 

z — z' = | C ztJ i j sin 1" cot iz' — - ^ j sinl"ta n£z' = e (218) 

and e will denote the correction for collimation and the inclina- 
tion of the horizontal axis. Substituting the value of z f above 
given, we find as the value of the zenith distance given by the 
observation circle left , 

* = «;— c + i;— 1,+ * 
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Ill this equation the constants Co and l 0 are unknown ; but if we 
now revolve the instrument 180° in azimuth, and observe the 
zenith distance of the same point, we shall have 

2 x =r— e 0 a Zl = — (i 0 —n 

where and l' denote the new readings of circle and level ; and 
hence, for circle right, 

z — — C 0 — l a 4* l' -f - e ' 

/n which s' is computed by the formula 

e' = ^ 0 ~h— j sin 1" cot § z' — | - ~ - j sin l"tan } / 

c’ and b' being the collimation and the inclination of the hori- 
zontal axis in this second observation. The mean of the two 
values of z is 

2 = 1 C) + HZ'- 0 + K £ ' + e ) ( 219 ) 

Their difference gives the constant quantity 

Co + h= 4(C' + C) + i (*'+ l) + i (/ - «) (220) 

If the observed point is moving, as in the case of a star, the value 
of z obtained by (219) is the zenith distance at the mean time 
between the two observations ; and, in general, if a series of zenith 
distances is taken, one half in each position of the circle, and if 
C denotes the mean of all the . readings of the circle in the first 
position, C' the mean of all the readings in the second position, 
l and V the corresponding means of the readings of the circle 
level, the value of z given by (219) will be the zenith distance at 
the mean of all the observed times, provided always that the series 
is not extended so far as to introduce second differences of the 
change of zenith distance. The correction for second differences, 
when necessary, may be found by Yol. I. Art. 151. 

The corrections e and s' are, however, usually rendered insen- 
sible in practice by observing the star only in the middle of the 
field, or as near the middle vertical thread as possible, which is 
effected by giving the instrument a slow motion in azimuth while 
the star passes obliquely across the field, and thus keeping the 
middle thread constantly upon the star until it is bisected by the 
horizontal thread. 
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220. Tlr.e equation (220) gives the constant £ 0 + 4 only when 
fche observed point is fixed. The cross thread of a collimating 
telescope, or a distant terrestrial object, may be used as such a 
fixed point; and, making the observations in the two positions of 
the circle only in the middle of the field, we shall have e' — e = 0; 
so that if we denote this constant by Z we shall have 

Z = \ (C + O -f ^ (J + O (221) 

With this constant thus determined, a single observation of a star, 
in either position of the instrument, will suffice to determine its 
zenith distance, since we shall then have 

e = Z — {Z + l) for circle L. j 

z=C'J r l')- z “ “ R. ) 

The constant Z expresses the zenith point of the instrument , since 
in any position of the instrument it is equal to the corrected circle 
reading when the observed object is in the zenith. 

If we wish to deduce Z from the two observations of a star, at 
the times ^and T r , we must compute the difference between the 
zenith distances for the interval T f — T \ which, when the interval 
is small, may be done by the differential formula 

A 2 = (T" — T) — = ( T ' — T) cos <p sin A 

in which T' — T is supposed to be reduced to seconds of arc; 
and then we shall have 

It should be remarked that when £' is numerically less than 
£ we should increase it by 360°, both in finding z and Z. 

When the two observations, in opposite positions of the axis, 
are made very near to the meridian, it will he advisable to reduce 
each to the meridian by applying the correction for circum- 
meridian altitudes, V ol I. equation (289) or (290). 

Example. — To determine the zenith point of an Ebtel uni- 
versal instrument, the telescope was directed towards a distant 
terrestrial object, and the horizontal thread was brought into 
coincidence with a sharply defined point in the object, twice in 
each position of the vertical circle. The readings of the circle 
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and level -were as below. The graduations of the level proceed 
continuously from the right to the left end of the tube, so that 
the values of l are simply the arithmetical means of the readings 
of the two ends of the bubble. The value of one division = 2".0. 


Circle L. 
Circle R. 


Circle readings. 

Level readings. 

i 

180° 2' 30". 

40.2 14.6 

27.4 

180 2 35 

40.4 14.5 

27.45 

359 56 20 

38.2 12.8 

25.5 

359 56 30 

38.5 12.9 

25.7 


Hence, taking the means, we have 

C = 180° 2'32".5 
C'== 359 56 25 . 

C 0 = 269 59 28 .75 
l 0 — +53 .04 

Z— 270 0 21 .79 


l = 27.43 
l'= 25.60 

l 0 = 26.52 = 53".04 


A series of zenith distances of the sun’s lower limb near tho 
meridian was then taken, as follows : 



Circle 

reading. 

Level 

reading. 

Circle reading cor- 
rected for level. 

Observed zenith 
distance. 

1 

229° 

50' 

50" 

38.4 

12.7 

229° 

51' 

41' 

'.1 

40° 

8' 

40".7 

1 

229 

57 

15 

38. 

12.3 

229 

58 

5 

.3 

40 

2 

16 

.5 

Circle L. < 

230 

2 

5 

37- 

11.5 

230 

2 

53 

.5 

39 

57 

28 

.3 

1 

230 

5 

15 

37.6 

12. 

230 

6 

4 

.6 

39 

54 

17 

.2 

\ 

230 

7 

0 

37. 

11.4 

230 

7 

48 

.8 

39 

52 

33 

0 

/ 

309 

52 

15 

33.4 

7.9 

309 

52 

56 

.3 

39 

52 

34 

.5 

( 

809 

54 

10 

33. 

7.4 

309 

54 

50 

.4 

39 

54 

28 

.6 

Circle E. | 

309 

57 

50 

33.6 

8.0 

309 

58 

31 

.6 

39 

58 

9 

.8 


310 

2 

40 

33.8 

8.3 

310 

3 

22 

.1 

40 

3 

0 

.8 


310 

9 

15 

34. 

8.8 

310 

9 

57 

.8 

40 

9 

36 

.0 


Here we have, at the first observation, 

diy. 

C = 229° 50' 50" l = -l- 25.55 = -f 51".l 

and hence the corrected circle reading is 
C 4- l == 229° 51' 41".l 
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The correction e being neglected, as all the observations were 
made near the middle vertical thread, we obtain the observed 
zenith distance by subtracting this number from the above read- 
ing Zof the zenith point, whence z = 40° 8' 40".7. 

In like manner, the fifth observation gives £' + V = 309° 52' 
56". 3, from which Z is subtracted to obtain the observed zenith 
distance. The results are given in the last column. 

These observations have been employed in Yol. I. Art. 171, as 
circummeridian zenith distances for determining the latitude. 

221. In the methods of observation above adopted, a know- 
ledge of the deviations i and i' of the horizontal and vertical axes 
from their normal positions is not required : it is only necessary 
that they should be small. Their values, however, can be readily 
investigated. In the triangle AZZ ', Fig. 51, we have the angle 
ZAZ ' = BB ' = ^z l =■= Iq — ?, as given by the level of the vertical 
circle; and this triangle gives, with the notation of Art. 211, 

sin i sin a' 

sin. az x == 

cos b 


or, taking a for a', 


i sin a = l 0 — l 

At the same time, we have, from the level b of the horizontal axis, 

i cos a -f- i' = b 

FTow, revolving the instrument 180°, the angle a becomes 
a + 180°, and if the level reading of the vertical circle alidade is 
now l\ and the inclination of the horizontal axis is 6', we have 


— i sin a 
i cos a + V 


k-i' 


i sin a = \ (l f — l) 
i cos a =s ^ (b — b f ) 


Hence, combining these equations with the former ones, we find 

} (223) 

which determine i and a; and for i' we have 

i’=l(b + b') (224) 

We can, also, find i and i! from the inclinations of the horizontal 
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axis alone. Let the alidade of the azimuth circle b< 
assumed reading A', and then also at A 1 + 120° and 
and let 6, b', b ", he the inclinations of the horizontal 
by the spirit level in the three positions. Then we lx 

i cos a -f- V = b 

i cos (a -f 120°) + i r = V 
i cos (a -f 240°) + i' = b" 

the sum of which, since cos (< a + 120 °i + cos (a + 240° 
gives 

V = ■£(& + &'+ b ,r ) 

This, subtracted from the 1st equation, gives 

2 b—U — b" 

i cos a — 

and the difference of the 2d and 3d equations gives 

b" — V 
i sm a — : — 

1/3 

which determine i and a. This method may be used 
ments intended only for the measurement of horiza: 
In other instruments, both methods may be use< 
accordance of the results will indicate the degree of 
in the workmanship of the vertical pivots of the inst 

222. If there are several horizontal threads, the ve 
of the star over each may be observed, revolving the 
slowly in azimuth, so as to make the transit occur in 
of the field. The level of the alidade should be 
before and after the observation, and the mean ta 
value of l at the mean of* the times of observation, 
star is not near the meridian, the zenith distance rep 3 
the mean of the threads may be assumed to corresp 
mean of the observed clock times; but when near th 
a correction for second differences will be necessary. 

In Yol. I. Art. 151, we have found that if T v T % ^ 
the several clock times, and T their mean, the con 
corresponding to the mean of the zenith distances is 


T+ r \km a 
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in which, t being the hour angle, A the azimuth, and q the par 
allactic angle of the star, 

^ cos A cos q 

si nt 

and m 0 is the mean of the quantities 

2 sin 2 i (T, — T) 2 sin 2 } (T a — T) . 

— , ; — dec. 


which can be taken from Table Y. 

For the moon, the correction will be 


*(1 


— X)*km 0 = 


k ™o 

15 jB 2 


log jB being found as in Art. 154. 

If the transit is defective, that is, if only a portion of the 
threads have been used, it will be necessary to apply to the circle 
reading a correction which will be the difference between the 
mean of the threads observed and the mean of all the threads. 
Thus, / denoting the distance of any thread from the mean of 
all, and n the number of threads observed, the correction of the 

circle reading will be ~ 2f. The value of / for each thread will 

be most readily found from complete vertical transits of stars 
which are not so near to the meridian as to require a correction 
for second differences, since we can then use the differential 
formula 

dz 

/ = 15 J X — = 15/cos psin^l 


in which I is the interval between the observed time on a thread 
and the mean of all the times. 

To compute /with regard to second differences, see Yol. I. 
Art. 150. 


223. Correction of the observed azimuth and zenith distance of the 
limb of the moon or a planet for defective illumination . — I shall here 
consider only the ease where the defective limb of a spherical 
body has been observed. The formulae for the more general 
ease of a spheroidal planet may easily be deduced from those 
given in Yol. I. (occultations of a planet); but they are rarely 
if ever required. W e can obtain the formulae necessary for our 


At/mmi; \su akimi'iii i n *- nu mi;m. 


m 

prcment purpone from thoHr given in Art-*. ho ami of ibe 
pmumt volume, If in evident that in t ho nppa r*-iit 

outline of f|jo dine of a plain t a* il]umim*o-d l*\ th** mju, any 
Hyrttrm of co-ordinate* may hr u^« d, poo tin* p)a*‘«*« <«t the 

huh and plain*! an* expre**rd in tin . lb Pe-n, w** 

here aulmtituto tin* zenith f* *r th* 4 p««h% and, « *«ioM-«pa* nth , the 
horizon Hor the eipiufor, we have onh n* *»»*hHtitute zouh, *h* 
trniee for polar diMame and azimuth b*r ii^h* or 

mther the negative of the azimuth. dime the azimuth in §•*-, \«<n* 4 
from left to right, while ri^lif. a^i'emdon o ^ho|i*vd from right 
to left, Putting, therefore, 

d l the nun'* zenith di**tfifirt% 
a ■■■ 11 azimuth, 

A the jihiiirf *h azimuth, 
a ■ ■ the planet'* apparent nvtm4mm*^^r, 

Jit, tt the helmeen trie d?*»!»f»eefi of the * frith mti*§ pij»fa»b 
re*|ieef iVeiy. 


we have, by f ! *J-| f, for computing the horizontal }>*■ rpefidieular 
from the eenfre of a planet upon the %ertki*l thread in contact 

with the defective limb, the form a be 


Bin % 
u n 


tt 


if 

$ mm x 


nil* 4 *tft ut 4 1 


<T2 V>i 


The value of mn jj will be jmdtiv# or negative aer*#rdmg m the 
2d nr tin* l«t limb i# defectmu The value «f # no#y be tVo*n4 

from tin mean value given in Vob 1, p, &7*. 

For the mmm we rati put II #h 

Sine# we winfi to deduce from the **b*em*4 «f the 

defective limb that of the true limb* th** rurnMiioit of the r$rr|« 
reading will evidently b*t 
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tin £ 


#■ v#r*m g 
mn £ 


{*») 


Again* for computing the vertical jM*rp« 0 f 4 ir*ilur from the rent ye 
of a planet upon the borixoittel thread in notifies with the 
defective limb* we deduce from (24rjj f by rhaojftng the r4«.<«r*)o 
tiato*, 
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tiw *’'Wk Httw $.# th«* tti**&9l rtf ft**? tfttfi*iM rtVit *1* 

Tli*- *j<-*rk rnffiJrlirtii j# tl*«* I#* *UI**r**<»l 

Tb« cirri* nr** *4" f*mr »ni*‘r*Mw:i»|r« ( Tlt« 

|r%"*4 t^mUitg ** iIm* ftiMwti «f i!i0 «f *ts |rri4#, pr* 

*u*?h«4 Irt tl*** |«9»n»lt«*l t« ti«*ri*«»t»fi»l 

a***,. Titr ItfVfrI fw«ir#4 t*v 0*** *4 f Art. 218, mm 

l t swr til 

T»i« m||t|-il*l|r*t$ ri'it|*l4f||l. fitf f||«* SiMWty nf flit* ||»r®#4* Wf## # frff 

rir*4« l«4l t 

« 4 r jp§ 

Til** oHtfititirtfii Wiiiff Uiltrft for lli«* j*nr|w***> n( «fot**ntib*its|£ 
tin* mnmu'§ mm *)y»ll $r*i tin* »»>«)*'* n*rtv*'tum *4 

ihm *‘irrW ir-nn ll*** Utmwn #ti*r m* Vtmn tin* 

Alffwififc, m® fak*? 

ftsfw!**. It. ,4 - Mi* «• ft*Ii 

* t*#»j •. •#.. ir ir w* 4 




Ai.mi in. tM* 4/iM' Hi r- i m mj ■« 


Thu hour angle* «»f the Mar at tU tv-. rvati -i- . are. th.-re 

furu, 

Cirri.- i! < l* 

cirri.- i. t. : I-. - > 

with which and the latitude c 1 •*'* " • “ * ‘ ’h ^ 

I. Art. 1 UheMur»*tnica:’i Milhaud aj*}-reMn-at<- /< i.J*h 'h-tianre, 


Circle It, .f W 1" ! *’ 1" 

ci r .i ( . i, ,1 «•' 


Thu zenith di»tnti<’«*« an- apparent, <■< af}‘< • t.-d h_* fraction. 
Thu inutruiuental correction* t’*.r th«- Mar ar*- rh.-n 


; | | i ti ; I.; P *<A $ I f €'■■** *■ t ■ 

Cirri** II ' -4 * H IN Ml 

<*irrk* L ■ -4 >* ; 4 * «'* ■* *1 IN 

This rjfrlr rrjt'lis*#* »r< f * ih<’T«'k*r« M 4i*44s$#j»c 1*0'* t*» 

the rmding hr Cirri** Ii,|* 

] 4 7 

| , . f 

cmie it : 2*v &r ar f « 

Cir. ie J, ; 2 1« ill M» 32 

which, compared with the tm« azimuth* ,4 b 1 »*.v»- found, fi%*u 
the index correction 


c;iwi» n i wir i.v ii” m 

Circle I, j tost li aw Oil , 

Stmn .* I ,i., W# ’ IS to 1* 

In the next place, to mince the «H«-rvs*t»*»n* of the monii 
there wen* given the twnmV apparent xctntli 4>*tai»c«’» (alibied 
by parallax and refraction), 

Orel* I, 1# H* II* 

Circle It >« n IT 


hence we find the in*irunteutal i-orterlioo* t*» W m full -w* • 




1 L 1 1 J 

* hr 

.% H . < .< 

t/lMl HI ‘ *. •: 

I!U 


*!«*«* 
M 4 « 





J ‘ » 

-r f # 



:<•. r ^ j 



< %r< i *■ 

h 


!•»' :/; 

.* :?" 


* ;: M 

* , * 




n 

* 

|m Mj 

,1 * * j 


• i 

^t* | 




i* .**■«'] 

1 1 1 ,; * 

t <* i \ * 

•• h*nml iitrii 

»' % <* * * 

«t r ■»• *■ 


* r u*t 


• <! 4 1*1 

«• 4: 


*, * sljvt** } 

r% *'4, v, *-r*’ 





i "sir* !*• 

i, u 

IP 


V 11 


I 

a«*t*' 

' : ».V 1* »t* * 'i*f 



H •■ 

1 ;; 


2 


f 


H $:* i;i 


fill! tli*'* j» ; 


-il/l f : > 

li^hfli g*14« 

**rj* f 

i*Uf 1 

*** *“ 1 1 1 1 1 H f 

4 

iij*j*ll fii*‘ 

*’**tt*~‘ 

-■ ts**n 

s?* v *■ 

|» ,M 

inr t^riisuSti*- . 

;*<'«* 

• m .m » i 


r 2-M. ,.\t» 

ti».? 


W ill 

i»..i t 


n*4«h- 

4fl!*-r»'tkt I- 

r tli* 

! U * ♦ 



it !<*r 0*** 3a*§4*ti*‘ !**■! %% **-»•• ss tln-iu, itlurl) 

r« *j*«»ml* Im tli*- !4r< : #**i *w4*r tii***- lu'"' I-**'. F*#r flu** *%"« 

Iii'pI 


'Sm.'n « *?* ii*- | v * $ 

« I .V* ,t |“ *t 


fr^m « tikli H*<' tl**'- ftKtsi*# if/itnuili (itiit 

* ia«v 4 i**r r i 


«i4 li#fir«% talrm# 4 4|ir /*** 1 ith** mrati ViihuM, w» fi?*4 

I-*# ^ H# &i)*U 

Bifiir# #In y I# fwfffttiwft, tlir **r*t Ittuli t» 4*4r*4fr<*- Tli**n» M«ir«i 
# M* 4W\U* asi4 tlio n«f ai» <4 <? ?V 1 1\ 


44 


*M* * 


tr *ij 


wJikli fn t*» .#*I4**4 l« tl*«* mf 4 i« tli# 

mtMnmU* *4 tl#** ini*» 

K* a H W*» 2- h4hmtpg *4m*mni$*m* r*f tW *||#* 

tm $ ****«# mi ill# rMlIitiialMr »i»4 «»f tlm if*****!*"* 1 im* 1> w*?rtt 

mm»h At iktnnmmh mr|t|* tj** 4 * AIt>MHi»«alt«/‘ *JI # 

*4M# , U*»l #•*«§$*§ * a I 

i ~ l I k ■ 1 i 

: . ... : j 

C^tlimal^r Cw-lr h tfli* IV &? " **1 ^ Jf *13 <11 ft" 4t#* ir M 

M II ; Mo W .W #3 |*l 1*1*1 2* ft;* wi J 

M J»* ? 2 4*' 


ll^ff 


838 


ALTirUDI AFD AZIMUTH IN STRUM ENT. 


Tie vertical transit of the moon was observed on sis horizontal 
threads, as follows : 



Thread. 

Clock. 

1,-1 


rin 1" 

Circle L. 

i 

19 s 38- 11-5 

— 3” 43*.4 

i 

27'\22 


ir 

39 47.0 

— 2 7.9 

8 .93 


in 

41 16 .0 

— 0 38.9 

0 .83 


IT 

42 42.5 

+ 0 47 .6 

1 .24 


T 

44 5.5 

+ 2 10 .6 

9 .30 


TI 

45 27 .0 

-f 3 32 .1 

24 .53 


1 = 

■ 19 41 54.92 


m 0 = 12 XU 

Clock corr. = 

+ 7 .90 




Sid. time = 19 42 2 .82 

Circle reading f = 341° 27' 12".55 
Level “ l = -f- 80 .90 


C + l = 341 28 33 .45 
Z= 58 7 2 .48 
2= 76 38 29 .03 

This zenith distance does not correspond precisely to the mean 
time T, on account of the moon’s proximity to the meridian. To 
obtain the correction for second differences -hy our formula (228), 
we have found above the differences between the several clock 
times and T, and also the mean (m 0 ) of the corresponding values 
of m. Then, to compute the coefficient k, we have the approxi- 
mate azimuth of the moon at the time of observation, 

J. = -{- 8° 58'.8 
and the moon’s declination, 

S=— 23°34'.5 

Hence, with <p — 51° 28'. 6, hy the form ulae 

. sin A , si n A 

sin q = cos <f sin t = sin » 

cos a cos <5 

we find 

log sin q = 9.0257, log sin t = 9.2194 

and then 


log k = 0.7727 



Airtivm asi* ammvtu rmeritt'MKNT. 


m 

Tlif 1 rhange of tl*«* tnnun'H right mrrimiun In one minute of 
moan lino* wan ami henee, by tin* table in Art* 154, 

a r to. log H log < 1 x i 1UIH25 
\W !niv*% therefore, the eorrertion 

,‘s ! I | 4*,n? 

wioi.ii* being added to the aid emu I time above found, given 
!** A 4~* 7Mb !i- rt the niderenl time mrreHpi aiding to the apparent 

Zenith diatatiee 7b" If H* 

It dumb! hr observed that in the observation of the eollimator 
one of tie* horizontal threads i n Hindi 1 to bisert the rrosH thread 
<*f tlie ndlsituitor, mid, therefore, ill order to make the emits 
readings rc*rret*pond to the mean of the thread*, they t,nmt he 
i i*e reaped by the «lt#tiiiire of the horizontal thread employed 
from the m*<jifi. In the above otmerviitioiia the 4th thread wtt» 
employed, the diMfiinee of whieh from the mean of the m% 
thread* wit** V tfMd. This quantity m inehtded it* the eirele 
reading* above given, so that they represent the reading* that 
would have been obtained if the fietifiou* thread ealled the mean 
thread had actually been olamrved in eoineidetiee with the 
tiirmda of the collimator. 

In muchi*sofi» it i# In t m remarked that atara may he observed 
both directly and by reflection in a mercury horizon, in whieh 








Til r /JAjiii ii.itv**w, 


2*M. Till' /rinfli V* a ^y«w.*m*-ni *]^rUjlT 

miiij,lr«l f**r ih** ««! **■*■< if? <*.**« */*<•*/•* **$ s*'wth *h^ 

fillirr, If I* r*** T f»tii*llv I ) M *4 1 \*W-.*:vi I 

III’ f fi^ f\ S, I Wjt» Mi im l *-4 ■ r ImMU# Wrli 

H iv«*lv im!«*j*M ill flu- r> *“<•*♦* i**r ih*< *|rUnnii.*tn.u 

sif latitu*ii*«, if lm» thrr^ »«'- trial nri^r^rn^ni» t \%h%<h 

Jyi\ ** givrf$ it ii iii«*rr * r sh#** 4 j*<**«m •*.*«’■« I »»t Itr^i., 

mm r»M^!ry»l4'4 ( if * an J**» u*«*4 all $*uith iiipI 

miiv In* r**j£iir4*4 iw* »i*^ii|ii*'4 f«»r tlm r«***ij»**?i*MH *4 *n> ft<» n«<«tflv 
r* I tin I /*ii4 1 j v* in liny vm m u tl** Tl** r m*« *l«*4 <4* 










mi 


nn^h^ t«* slm horizontal a\is him!, t in tin* jilium of 

im*fb>n **f ih»* i r I *•-*»'* *j»» ami m firmly ri»rim*rh*il with t!i«* bar Jf, 
\vii)«-i< tvv»»Urw ny * *n a * * ntr** t*» 1 1**’ trlrtmopo : **» that 

it may h* }.hir*-<i at any anylr with flm opt'irul ttsin of tin* toh*» 
m ”» »| «**, In » *1*1*1 n* if *-t fht* * ! af any gi vrn aiigh* u|»[»ro?umnh*|\% 
llii* bar //•‘•arrive a \ * mi* r, w hi* ft by flu* rtamj* / nun I*** fi&ml 
at any mmluu* **i f h«* v« rth a! riivh* h\ ami t ! * i h riivb* i* j*rnmn 
nr! ifh with fin t*-lr»r«ij«\ Thin * • $ r * - 1 * % briny ynnluam*! 

fn*m 11 at if* muhlb* !*« **M in ra* h * I »r*"ft •* *l$* will, wlnit 

}*r»*jM'rIv sal ju ♦*?»'* I, yivr tl*r /* nith *IUtnmr of a ntiir fowuntn 
whirls flm h *lir*a l* »| w In n thr hishhh* of tin* Irvrl in 

in thr mhhllr of tin*' tub** ; ami it thrrrfojv *i«rvt*M a* a fimJ*T by 
mting tin* vrrnmr oj*ou thr givm /.ritith ilMatirr of si afar ami 
tlir'ii swolving f h*’ tr h mx mjii* until thr htshhlr j#luy«* \V hrn tin* 
tr lr*roJ»r ».* tlnm ajtjnoiiiinati-U **t, it U r!ani|*r<t hy thu hp mv 

Oh whirl* m'U a ritvnhir nollnr nmumt tin* horizontal 

ami thru si ft nr tool ion in ** uifh itf*tfthrr ran ho givrft to thr 
hy flu* liiogriit wri'tv t*\ Thi* turn motion i*t rr*|uiml 
only in bringing thr Imhhlr of thr Irvrt noarty to thr tiihhltr of 

tlir it|! 

K i* si filar mirfomrirr writh otm or tsioro iiiovnhU* thrmrln 
mrrirjsi hy *t *mgJr wirrofurtrr #rrrw with si gnulimlmi hnul 
mrting *Jirrrtly n* hun«lrr«tfh* of a rrvnlution, nm! hy oHtiiim- 
thin to tlioiifuimltlni* In tlm in*frumrnt* in u**% otiu rr volution 
i* n^iiiilly 1#/*# than «V>*\ mnl hm*r rmh olnmrvfitkni In rrsttl off, 
hy within U*m* than W* Mu Thnru nru natially inhlni 

\»* 

m » tfpti»'it ifi^trnuuuit whvn rr*|isir«»fh 

In tlm jfrrlitniiiiiry n*ljn«*lm«nit t %vlmti #«»ttintc tiji tint ifu»tru* 
nwnh thr ir#t of tin" vnrtiniltty of tfm C*m thsit tlm muting 
of fhi* #trirlin# H in no! rhafignl wliifn tin* iu*trttmwtt mtiknt 





pilin' tin* | *4 ft.*' > *'u*t*- • ■? i.i 

rtiMI|H |.rv tWKr it* * ^ir 4 ! w i!.jt 4 3 »'!;%!♦* < tin 

W»’ ntu t- Sicily -■? Wn 

Him* mill iiIImw fW it, !<*ri! ■<! th** 4 ^ ,4 .u.* <• -4 if. 
f*<l*<#n#ju* I mm lim v«-rtin«l au*. l* *h*'- 4i**4U> * 
mill /» thr wr- Inn* 

.1 

^ /i ».?i* I ’ ' 

{till, jij* t!m Imri&nfitiiS «-ir«- Jr j* m4 4 ^ jh | ft 1 1 - 4 m? % *-ri rant* 
it will ||m| «}*ij*13y Im* ttlsalk- i<« *> ** v !l?g% 

flirtli^r lliilll 1*1 H firM I | « *i*- t ,#4; 4ftt*M‘f4 

rail )»•’ flirrrtly « fir* f * 4 In tl**? <i«n- *'4 In ** <•■*..;! 1? mat U4*' ** 

(Trufimt lijwi * An, H/*i, t <*t ■«■*- * 4&4 'Vi#*" fli« 

li’li'untij^ *tf fwii «W*Mif«-» <*r ft#-- 14 *f**trmm«* »*t* at |is^n4, 

\V li*4t th«* iji«iiriiinriil i# u« 4 §** i# ir»i**n, t!»<v rc'ilittwtwn <’«<** 

wtlilil **atf I*** «M*»rii#it*r*l f'mm 0 mimVr *4 *tar* m 1 1*** 

fWn Jxi#itio||n **f Ijlit ;».«»« ?*y liar #4' *b’j55iwif * v <hij*« 

|Mti»*i3|l two 4iflW*nf tuMtiHsil?* l*nf $ia«* mum m tj*«* 

|.W« fM-iW *if m( n*9t4tl}*«fl* «* !*¥ ihp *' J* JJW'JL 

Ttir vr ninthly «*f fliw tf4»ii»$t ti* ?*’•$« J» ** | .*««*«> 4 l*y ilm 
iinnl for tin* irnfi#it ffiatnwMmHt. 

In duding tli* , » tj*ii$tt4k }#y «#!*•«* il*«* Miftro* 

tmmt in fm*iwmlh’’ r**v*4v«-4 **$ i»^iiii«it|# |w IW ih& 

i'ij-*itfftiticiii t | j*t«*|*»,* A* A, i*?m *rl** 





7.KMTIS Tt;i.EiWni»K* 


m 

having !»*•*.*, |,rovi«*iiHly «mt 1 1 1 y iih'HUm m mtm* known ntur) «o m 
to mark i li<* ifwridiiun f to* fimimg rindo $C in not to tin? nmm 
ymnith >ii*tn two *4' tlm two afar*, ami I ho ti*li%srojm 5 h {minimi m 
n i inako tlm trading of tho irvtd /, Hourly smro, Tim lolo- 
♦*»**»jm* ran im*w in* *iirrrio#l upon oitlmr wtnr by revolving tin* 
inafrutimu? about llm vrrtimd nxin,, amt thin u&iu in Htij»]tn*<*d <«> 
bo mt iirarly vnlmal that tlm malm# of tin* lovrl will not 
!«■• grratly rlmngrd, jdimo for twnirat** dptrrmmiifiunM with it 
wjdrif lovrl if i* atwayn important to mukr tin* ifuTtnafhum whmh 
it h to forumm* u* miuill un j*umdbh% mill Hot to tint* tlm PXlmiitit 
divid.*!**, Tlm * hrmiotu* h r tiiim# of flu* frutmifn of flu* Hturn 
hiivr br-rii prrvimndy rompuimd from limit right iiHiumnionu and 
f hr rliroiiMiiM-trr rormtioi*. Tim itiMirmiHOit Iwing m*t for tlm 
ntiir win*' I* rijjminufo* ftr*h u Imti tlm nfur vutm*n into tlm fiidd 
mi roll* tlm mwm* if* of tlm I’hrofiotimtor, and tlm 

obmnmf hrm*o^ tlm «h*r by tlm iifwronmfrr fhmtd m tmurly it* 
p<»**ihh« »f th*- rMinjuit* 4 tinm of tranml ; nr, failing in doing 
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f of tli*- «4.,orrvatifiii, tin limit rmul* tlm I#*v«4 ittitl fnwro* 
tiirtrr, r*-vo|%>n tlm in#f rnttmul IW y utnl olnmtvrH tlm mn*mul 
Hiur in flw *nttm fimnimr* 

ltkrrt$.f*£f.** *»f thft «tnr might fm mnd« whtbt it m pitHHittg 

through tim tmld f tin*} «*iwh roiild 1m mlurmf to tlm meridian ; 
hot $n th»- fW*t Hn my* u #iftgh* fhdilwmt** mimiitiim ohimrvii^ 
lion t# rrgurdr*! m j»r*TrmhIn to *«*v«?ri*t rtrmitfirtmridiuii otumr* 

v *ii %*m »•.* 

\W mmt not hill to rmmrk fttnf* attmn tlm m ctwlfoiw** of thin 
iimtliml ii j tlm invariability of tint ntiglo wtihdt tlm 

tfdrwojm ini*! |*w«d fiinko with nwli otlmr* tlm ohimrvpr tinrnl not 
fourth tlm tiiiigout mtrw t nftrr liming >w*f for tlm jtrojmr /mnlth 
ili#fniirii iiiit.il tlm ofomn’iitioti of tlm fw^i wturti in potn|ifii.4ih 
Tlm r< wtri* tioii ihwn not it|»jdy to tlm futigimt m n w 1*\ 

W'hirli ntm 4 *™ tlm tplpirnojm mid lovrj togotlmr ; uml f in iiim* tlm 
v*rrtin»l n xm in not %mry wolt mijimfod, it timy Im tm'vmnry to 

» H«? Ofegt# «Wrv«itflKi ft pmfambh m lift tf in it** 

fsswtu^n^Mir, tmt ft iw r*#nr4m$ m mmn «*««*rnf# iImmi tlm wwu »»f wowil 

pt*fy mlf **km ntmmnteim* Tk* b*m tmmm N tlm Mtink 

o »ini# «f tint ***r f«r #t#» t&n 

Kt»# uAmmpm im mhjp** «# n Iwni mtr itnui tlm pint* »f *N» tt»r 
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*mpWf Mm 4ml. nfamriM#** m4 in m«ltf|it.jf t#| tailing 

fMiirt «f aiti. 
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use this screw, after turning to the second star, in order to bring 
the bubble of the level near the middle of the scale, 

Now let m be the micrometer reading (reduced to arc) for the 
southern star. Let m 0 be the micrometer reading for any point 
of the field arbitrarily assumed as the micrometer zero ; and let 
z 0 be the apparent zenith distance represented by m 0 when the 
level reading is zero. Let ns also snppose that the micrometer 
readings increase as the zenith distances decrease. Then, if the 
level reading were zero, the apparent zenith distance of the star 
would he 

*0 + (^0 — m ) 

Let l be the equivalent in arc of the level reading, positive when 
the reading of the north end of the level is the greater; let r he 
the refraction. Then the true zenith distance of the southern 
star is 

z=z 0 + m Q -m-i-l + r 

The quantity z 0 •+ m 0 is constant so long as the relation of the 
level and telescope is not changed. Ve shall, therefore, have 
for the northern star 

z t = z 0 -f- m Q — m f — V + f 

Hence we have 

z — z' — m! — m -f- l f + l -+- r — r f 

But, if <5 and 3 r are the declinations of the south and north stars, 
respectively, and <p the latitude, we have 

(p = 8 4 - z 
(p = — z! 

and, therefore, " 

p=h(.t r + *) + Hz-n i r23S s 

= + D+3(r-0 j ^ } 

Thus, to the mean of the declinations we have to add three cor- 
rections, which I shall consider separately. 

226. The correction for refraction . — The observations being 
usually restricted to zenith distances less than 25°, and the differ- 
ence of zenith distance being necessarily less than the breadth 
of the field of the telescope, the difference of the refractions is 
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Tim* tin* fMfrwliirti fur On' JeV«-l «* found « »0» it* i }«v 
the •utti 4 the ***t»il* *'«»«1 trading* i»«w* i|« *tm« «#f 
ll»** t n »riti end reading*, »wl multiplying *,n* f**ur<b tin- r*-m»i«4*?r 
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In dm mm of the level, by alwaya mbtnriinjt ecnii.lt reading* 
frotw north reading*. But l» 1* well in revenue the matrument 
octawionitlly, toting the tobwopt w*m«timr* on the right a«4 
MNttOiniM m the left of the vertiral saw. In order I** eliminate 
any unknown peculiar error of the Iwatmwent, and in conformity 
with the general principle of varying the rireunmtunc * » under 
which different dMcrmhudNa of the mmc quantity are made 
Thin rcvwwaJ, of eoitme, reveraett the #ig» of the reading*, and 
therefore when the reading* are the revenue of ih*w* above «#p» 
poaed It will he mtflleient to mark tWi all with the negaiiva 
•Ign, and then to pttweetl hy the mmi« formulw a* Itefore. 
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and even this value justifies us in asserting that the results by 
this method compare favorably with those obtained by first class 
fixed instruments of the observatory, where the measures depend 
upon graduated circles. 

But the precision of the results is impaired by the defective 
state of the catalogues of the smaller stars, and the necessity for 
using such stars in order to find suitable pairs is the only “weak 
point of the method.” The facility of multiplying the number 
of pairs, on account of the extreme simplicity of the observations, 
in a great degree compensates for this defect. 

If now we denote the probable error of an observed zenith 
distance by e z , we have the probable error of the observed differ- 
ence 2 — z' = i/2e z 2 , and the above value of e is the probable 
error of | (z — z'). Hence we have the relation 

j/ST* = 2e ' 

and, taking e = (F.50, 

6,= ei/2 = 0".71 

which represents the combined effect of the error in bisecting 
the star, the culmination error, or error peculiar to a culmina- 
tion arising from an anomalous variation in the refraction and 
affecting differently the two stars of a pair, the errors in the 
values of the micrometer and level divisions, and errors arising 
from changes in the instrument (resulting chiefly from changes 
of temperature) between the two observations of a pair. Of 
these, the most important is the error in bisecting the star, 
which is strictly the error of observation. 

233. Having found the probable error of observation, we can 
determine that of the declinations employed. For if e is the 
probable error of observation of the inean value of <p deduced 
from all the observation^ of a pair, E s the probable error of the 
mean of two declinations, 'JB+ the probable error of the latitude, 
composed of the errors of observation and declination, we have " 

S + # 

whence 

(241) 

The mean value of M $ for the stars employed (or for a given 
catalogue when all the declinations are taken from the same 
catalogue) will be obtained from this equation by employing in 
the second member mean values of Mi and e 2 . A mean value 
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the ii*>*!vn Station, Virgin j f », June .*!<», 1 H.VJ, (tie telewojie being 

«|ireet« >| jl li Veii tetrextn.il jioitlt. 



IU4|v|i«ltf» 

Ilf 

Mlfrrrtirio, 

! 

j 

| 

| 


\m * 
*4*0 

r*f 

fee*#*! 



! 

s 

j d 

i 

i it 

; »» 

1 

l ! 

%|trr 

\ 

X 1 

Mirr 

f*«**o|« 

\ 

\ 

i 

i 



4k 

•ti« 




! 



= 

1 

mu 

64 M 

III 




| 

j 


2l««» 

II 2 

. :*2t *§ 

UK* 

4 2M 

, a.wo 

| 0.I70 

! .0310 

1 

; j ** 

■ i m 

ill! 

m 1 

■ m 2 i 


i 




I 


. 221*0 

toft 

■W.«l J 

f 

!«6 

4ft, 7» 

I04H 

,003 

.oooo 


3 

230ft 

1 66,6 

h n 

! 

i 






2600 

' * - 

jmu i 

201 

i 

6U.26 

4, WO 

.046 

.0020 


1 

2ftl7 

66 « 

1 it l ^ 

i 

1 




| i 

i i 

i i 

i 

ft 

: 27**4 
{ 27«:» 

]mn 

a * 

' .»!* n 
. SMI 

I 

son 

* 5 

j 4 a i 
7*4 7 

jj j 

1*7 j 40,1ft j 

1 

| 

•m ' 40, of* j 

4 M2 

1*12 4 

.007 

.070 

.0000 

.0002 

! i 

0 

1 2HI0 ’ 

j i 

i 

i 

1 





! 


| ; 

I 0.2 

M 4 

UNI | 

40 70 

4*197 

.162 

.0231 

f t 

! 1 

1 

1170 

! ft*, 2 

t t 

; ft* 1 






I | 

i f 

l ; 


1 18»« 

. 6.6 

; 6*6 ! 

« | 

m j 

f»2 7*1 

4*001 

.010 

.0008 

| j 

t 1 

M 

j 1390 
! 1017 

SOU 
i 4ft 

So j 

001 

221 ! 

liUft 

! 44111 

.034 

0012 





Mmm d - 

44141 

Hum 

taiil* 


Tli# polnwit of r jrivm the difference between earth ubaervetf 
value »«f »/ ttftti the mmii, Fmm the aunt of the atjitarea of » we 
Ami the (irubalile error of tire mean to he 

*w 0.074ft * 0.028 

The value of 4 k here exproaatM) In division* of the micrometer 
thread which repreaent hundredth* of a revolution, lienee we 
liave, In part* of a revolution M of the micrometer, the value of 
a divhtioo of the level, 

n W 004045 ft ± 0.00028 M 


It ; vi iff I irj *iV ii. 


Fritlll tWi'flf V-«»!»«* ill 1* *Ji« 


/* m m ;* /; 


2*1**. y«# ffltfjf flW 1 tihii’ »>f <* yv-v <-*'rtU‘-Ti = •* ??</ *S1V.."5' ■ ’V >><?/*' I h«' f1'S***t 

(•♦iuviiiinit in**! I m«! ivitli Ho# it* airman i*t, jv**» *1* «Iiaj .*« n$g 

tin* i»* It* Ira in* it.* <.| a < u<"iaii«|«4ai atm n* ar if;? 

«nt*!i*rtt «*r ur*f* rn rlMn^aimo < \r? I '* • * lir*t fm4 tin--- K-^if 

illicit* mill grnilli o! tin- *im *1 tn<- * !#* th*- 

ft *rnt ul»* 


r*4N»f o*f «1 tun */ 


ft %»*•■ *' '4 


it ii#t ili*. fK u l*rifin flj«» *iar‘* ri^bt 

of fli*’* » iir*mom* trr, w<? fit** - ! tl*** 4*^»n^4*iid*-? too*” *4 On* r |nt» £{|.» 

ti«»n liy 

K * * ? » 5 A / I a ., I 

Ht*t tiff* tH#**< , '**|«* for lln* *,*?i!ft)i /'i# it tijtiifi tl*** 

utlif nfitiifif 20"* of |a- lor#* tlir triii^ **f fi$n 


ific! ft»f*?ro««M*i4*r s?*r*wi at a*f % r* r m 1 * 11 # m iiifir- ns mw# 
flu* fitiifi mill twin ilii! tmu«it liy tW nfafwft*wt«?i*f « 

I hi* flirriil i*i i fi*ff romling, *m4 aWnr ih» irm* 
wo citi until t.hc Imi# l#wn *4*#rrtf**4 ttmmgh f jo* wto 
nr ittmingli flto wltolt* mug** of li*o tiiir.r«n$^trr #rt« v * 
n?tirii!«l MrtttilMllAtJatl *»f tin* *rrn%r tnatr *Iittbtlv 4U«« 





/.KM fit 



Tin* vjiluf >.f ti tint* foiiml i* tnrr«'fU'«l for refrtu’fion by nub- 
triw fin# from it fin* ijiuinfitv fi&»\ in whirlt &r tin* t*hmt#o of 
refniffinn «t t !**« tlixtuiO'i* (itc V of zenith iliittattei*, mul 

H if* in minote*.* 

Jvx \ n t )h««*rvHi ton* of /Worn ut it** anatom elongation 
%*•»•»-•< t«k«*n %f imm* 90, «t tin* Knalytt Station (V».)of the 

t‘.H. t *< 111*1 Survey, to <U't*Tinii»o the value of tin* inieroineter of 
tl>i« *»in*s zenith »«•!«•*<■> f|«’ a* wa* tonal in tin* example of tit" 

jirereiltn# artteje*. 

T» prepare for tin* **b*ervntion, we liavtt 
f* St*** IT lift* 

4 to*** sjif flif* * i* ft* JHKH 

Unftw.t, 52* 44' 42" t ft fift 2W.I 

ffbl, time »f elongation It* 10 1,1 

Chronometer fa*t» 40 H 

r; ... it* m m & 

Tin* iwiemtwetnr «hmt*l wan net at every half revolution, »ttrt 


* ft,* **»«**■ *»f twrf«» ft *h 4 /# I* *« *h« nwm Out* ftam ih*»» nbmt- 
r»i fcf wjtiwg «*»# «***! r**4it** •» ib» 4l<frr*»i oh*#r»m t«m* (by mmm 
•f Ihw »#%**»« **»*» *• **i*tl ten* tftm ifc* «b**r***i„int. fb*n **h*Mjr in j*Mn, 

*r MwitUMi <*f lb* feet 

* ... *mitr-/h* i 

trmm »*>nb t»«t» M wet I# m*y tw tm»4 In lW* * - *'»»*» <** 0*« 

r»M 4-«www* ** ***>«»» *f«W*4 t»| lb* «U#ww»ii»t 




362 


ZENITH TELESCOPE. 


59 transits were observed. I extract only those taken on the 
even whole revolutions, to illustrate the method. 
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.30 


7 

18 

a 

U 

u 

38 4.4 
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- 39 

.61 
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24 

42.7 

44.2 
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.08 

76 

14 

82 
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(( 

57 52 .8 

22 
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534 

.70 


We compare the 1st observation with the 8th, the 2d with the 
9th, &c., and in each case we have M' — M — 14 Rev., or, taking 
d = 0.04, as found on p. 359, we have for the 1st and 8th ob- 
servation [TJ — L) d — -J- 0.020 revolutions of the micrometer ; and 
hence, denoting the divisor in (247) by a, we obtain 

a = W — M + (27 — L)d = 14.020 
Proceeding. thus for each pair of transits, we have — 
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.0001 
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which are easily seen from the observations to be near approxi- 
mations, we have the following equations : 


41.4 x + 13 y = + 0".98 
41.4 x + lly = + 0 .55 

41.4 x + 9y = + 0 .98 

41.4 x + 7y = — 0.24 

41.4 £ + 5 y — — 0 .29 

41.4 x + 3y = + 0 .69 

41.4 x + y = — 0.04 

from which we form the nc 


41.4 x — y = + 0".47 
41.4 x — By = — 0 .32 
41.4 r — 5y = + 0 .33 
41 .4 x — 7y = + 0 .94 
41.4 or — 9y = + 0 .23 
41 .4 x — lly = + 0 .67 
41 4 x — 13y = + 0 .85 

equations 


whence 


23995.44 x = + 240.12 
910 y = — 1.72 

x == + 0.01 y = — 0.002 

M 0 = 19.01 JR= 41.398 


If we substitute the values of x and y in the equations of 
condition, we shall find the sum of the squares of the residuals 
to be = 2.956, and hence the mean error of a single observation is 

= JJ™ = 0".496 
V 14 — 2 


and consequently the probable error of y, the weight of which 
is its coefficient (= 910) in the final equation, will be 


2 0".496 
3’ ^910 


0".011 




Applying to the above value of R the correction for refraction 
as before, we have the final result by this method, 

R = 41",366 ± 0 "Oil 

The smaller probable error here found shows that the observa- 
tions are better satisfied by the value of R found by the method 
of least squares. 


EXTEA-MERIDIAN OBSERVATIONS FOR LATITUDE WITH THE ZENITH 

TELESCOPE. 

238. It has been seen above that, although the probable error 
of observation with the zenith telescope is very small, the greater 
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EQUATORIAL TELESCOPE. 


It is evident that as the instrument revolves upon the hour 
axis the declination axis remains in the plane of the celestial 
equator, and, consequently, the telescope, as it revolves upon 
the declination axis, always describes secondaries to the celestial 
equator, or declination circles. The declination of the point of 
the heavens towards which the telescope is at any time directed 
may, therefore, he indicated by the graduated declination circle 88, 
which is read by two opposite verniers. The hour angle of this 
point is at the same time shown by the graduated hour circle t, 
which is also read by two opposite verniers. 

The great advantage of this mode of mounting the telescope 
• is that we can follow a star in its diurnal motion by revolving 
the instrument upon the hour axis alone, the declination circle 
being clamped at the reading corresponding to the star’s declina- 
tion. Further, the star’s motion being uniform, we can cause 
the instrument to follow it automatically hy means of a clock/, 
which, by a train, turns an endless screw acting upon the circum- 
ference of the hour circle. The observer is thus left free either 
to make a careful examination of the physical appearance of the 
objects in the field, or to measure their relative positions with 
the micrometer m of the telescope. 

It is important that all the parts of the instrument be so coun- 
terpoised that the telescope will be in equilibrium in all positions, 
and possess the greatest freedom of movement upon either axis. 
This is effected in the Fraunhofer arrangement in the most 
perfect manner. The equilibrium of the telescope with respect 
to the hour axis is produced by the counterpoises W, W, X, and 
Y, of which W, W are fixed cylindrical masses, but Y is adjust- 
able, so that the equilibrium may be finally regulated with the 
utmost nicety. The weights X (of which there are two, one on 
each side of the declination axis) are attached to the extremities 
of levers whose fulcrums are at x. The opposite extremities of 
the levers seize upon a circular collar at K, in which there are 
four friction rollers. The weights X thus not only contribute to 
the equilibrium, but also reduce the friction of the declination 
axis. The centre of gravity of the telescope tube is not in the 
prolongation of the declination axis, but nearer to the object 
glass; .its equilibrium with respect to the declination axis is 
produced hy counterpoises a (one on each side of the tube) at the 
end of levers abc. Each of these levers consists of two conical 
tubes attached to a cube at b, which moves upon two axes ; and 
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their extremities c seize upon a collar around the tube. The 
extremity a, at which the weight is placed, is free, and the weight 
can be adjusted by sliding upon the lever. In consequence of 
the double axis of each lever at b , the counterpoises act in all 
positions of the telescope, and not only balance the tube, but pre- 
vent in a degree the flexure of the object end which would result 
from its weight, increased as it is by the great veeight of the 
object glass itself. The centre of gravity of the telescope and 
all its counterpoises is now in the hour axis at a point a little 
above its upper journal; the result is a downward pressure upon 
this journal, and an upward pressure upon the lower journal. 

The weight co at one extremity of a bent lever reduces the fric- 
tion upon the upper journal by producing an opposite pressure 
at e at right angles to the axis, two friction rollers upon the 
extremity e being thus pressed against the axis. The remaining 
small upward pressure of the inferior extremity of the axis is 
reduced by a spring which presses two friction rollers against the 
axis at y. 

The weight of the Pulkowa telescope (including all the parts 
which move, namely, the axes and tube with its counterpoises) 
is very nearly 7000 pounds ; and yet, with this admirable system 
of counterpoises, it moves upon either axis with almost as much { 

ease as a small portable instrument. Without this perfect equi- 
librium and reduced friction, it would have been very difficult to 
produce a regular automatic movement of the instrument by the 
driving clock. As this clock is required to produce a continuous 
regular movement, it is not regulated by an oscillating pendulum, 
but by the friction of centrifugal balls against the interior of a 
conical box d. The rate of movement is regulated by raising or 
depressing the pivot of this conical pendulum, which, in conse- j 

quence of the conical form of the box, changes" the degree of j 

friction of the balls against its interior surface. The rate may 
thus be adapted not only to the motion of a fixed star, but to that 
of the moon, or sun, or any planet, all of which have different 
rates of motion. In our own country, Bond’s* Spring Governor 
has been successfully applied to produce the equable motion of 
equatorial telescopes. 

A finder F is attached to the principal telescope (Art. 16). 

The field of the telescope is illuminated by a lamp q , the light 
of which is reflected towards the reticule by a small mirror 
within the tube. The direct illumination of the threads, which 

Vot. It — M 
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243. Any (mint of fit** h<;n mi* may !»’ * *1 with flu* 

equatorial instrument in two differ* ut j..i»iii..n» ,,t it* < 1 < - Ima- 
tion n.VH, For example, it’ tin* declination a\s« >« at rigb* angle* 
tu tin* jiiiini* of tin* meridiaii.—fhat «», h'*ri/,<<nt>il, tin »«-]*-•*« *>j«« 
will describe flu* plain* of tin* meridian, an«l »bi«, w b< tl»<*r the 
cirt'tr mil of tin* declination axis in or w«**t ; and. in general, 
tin* same dcelinuthm circle nf the heaven* may 1« <l< «< ub< <i by tin? 
telescope with thin circle i*tnl of* tin** »xi* «»t* either *»4r. Tin «* 
two nositinns an* to In* di#!iiignt*he*l in tin* use *»f th*» in*trmto»nt. 


ammM. titaoatf or rttc wtuwiiut i**nir*«!rr. 

244. Let um find consider the liwtrument in the tn«*t general 
manner, that S*, without supposing it* hour axt* to l»e oven 
approximately adjusted to the pole of the heaven*, That joint 
of the celestial sphere toward* which the hour axis l* actually 
directed will he called the pafe of the imtntmmi, or the polo of it* 
hour axis, and that point in which the declination axi* produced 
on the aide of the declination circle meet* the sphere will he 
called the pole of thii »xi« or circle. 

The instrument I# designed to flee, by mean* of it* two circle*, 
the hour angle and declination of a alar observed in the night 
line of the talewope. If the night line were perpendicular 
to the declination axis, and if tide axi* were perpendicular to 
die Hour axia, the readings of the circle* would give *t once fhy 
merely oorrecting them for any index error) die hour angle and 
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and hence 

dd' = — e (sin <p x cos d' — cos <p x sin d’ cos <') 
Again, we have 


d.P'Q — d (90° — t) == dC cos 
sin P Q 


(m) 


In which we may put sinP'$ = cos 2 = 1. Substituting also 
the values 


cos P f QZ 


sin <p x — sin i cos C 
cos i sin C 


sin P r QZ = 


COB (t -f x ) COS <p 

sin C 


'and neglecting the product of arid i as insensible, we find 


di = — e Sin ?>, | , 

= e cos <p l cos (I -f .r) ) ' 

Finally, the flexure of the telescope changes the arc QS == 90° 
— c, and we have 

d.QS=d (90° — c) = dC' . cos 27?<2 


in which 


cos f — Bine cos C 

cos ZSQ = — - 7 — 

cos c Bin C 

Neglecting terms of the second order, therefore, 


dc — — e cos C 

in which we have 

cos C = sin f sin y>, — cos t cos ?>, sin (t -j- x) 

and in this we may put V for t ~f- x. Hence, again neglecting 
terms of the second order, 

dc = e cos <p x sin t' (p) 

By the formulae for l' (253), we have 

dt' sssdt + dc see d' — di tan d’ 

and hence, by («) and (p), 

dt'=s (sin <f } tan d' + cos <p x cos t r ) -f- e cos f x sec d' sin t f (0 

- _ - is 
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lienee, applying the correction!* (m) and (r/) to d! ami V (252$), fha 
complete formula 1 , including the effect of flexure, are* 


(V d \ &d ' r (nhi <y x eon d* * eon Bin d' amt') ) 

t * - ~ t ~f x -j- r m h» //' — / tun //' > (254) 

»fe{'ttin y, tun//' + cony, cost') \- rcon <p x mo d* mi P j 


247. 75 reduce the. instrnmmtal dreUnniim and hour ant/lr (d\ /') 
Me airsVml drdmaihtn and hour uw/lr (/), r).— Let /'/£ 
be the true meridian, P the celestial pole, P* the pole p 

of the instrument, S tin* observed star. Let j and /7 

ti denote the polar distance and hour angle of V \ / JJi 

that in, let & A 

r ■ PP f to « zpp* s / S 

and, producing PP f % let A 1 

#/ zp'X z* \m*-~zp*p . 

The instrument gives, by the aid of (254), the values of 
d f ■ 90* /"N, f ZP'sJmul We lire to find d IMP • /« 
and r #/W. The triangle PP f >% hi which PP'H l HIP 
— (/' — &*) and P* PH ~ r — gives 

sift 4 eos r Kin //' — nit* y mm d* @m (P — #') ) 

erm 4 coh (r — 4) ft-? sin y mt d* + row f eon d * cos (P to*) > (gft&) 

turn 4 sin (r — ; * eon ri'shi (P — //) ) 

whieh will determine /fund r from d* and i* when the instrumental 

, constants j\ A*, find if* lire known. 

Putting — y ■■ /*#, the relation between y>,, 0' f y% & f and f 
Is found from the triangle PP'Z* whieh gives 


sin f t ^ 
cos f % mm to* : 
mm f t mn 


mm r sin f + sin f eon f eon $ ) 
sin y sin + con jr eo» f eo* to \ 
mm f sin to ) 
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the telescope is revolved from S towards B and passes beyond 
the pole, we shall have declinations exceeding 90° if wo wish to 
employ the same formulae as have been found for this position; 
but for these points beyond the pole the declination circle follows 
the telescope. The declination in that case, reckoned in the 
usual manner, will be 180° — d', and the hour angle will lie 
180° -f V. We may, therefore, employ these formuhe in their 
present form in all cases, but when d' falls between 90° and 
270° we must finally take 180° — d' and 180° -f- i' as the proper 
instrumental declination and hour angle. (Bee also Transit 
Instrument, Ait. 128.) 

If, however, we wish to distinguish the cases in the formulas 
themselves, we shall have, when the. circle precede#, the readings 
of the circle being d t and t v 

d' = d, -f- Ad — e. (sin <f , cos d' — cos <p , sin d' cos t ') \ 

t' = t x -j- x -f- c sec 'd' — i tan d' I 

-j- e (sin <p , tan d' cos ?>, cos t ') -f- e cos <p , sec d' sin t' I 

and when the circle follows, the readings being d 2 and t 2 , \ (257) 

180° — d' — d, 4 A d -\- e (sin <p , cos d' — cos <p x sin d'co&t' A 

180° -j- 1' = t a x — c sec d' 4 i tan d' 1 

— e(sin yjjtand'+cos (o,cos t')4 eco8 ¥>,secd' sin t'J 

249. The rigorous formulas (255) and (256) will be required 
only in the rare case in which the pole of the instrument is at 
a considerable distance from the celestial pole ; but I will briefly 
indicate the methods of determining the instrumental constants 
for this case. It will always be possible to bring the hour axis 
of the instrument very nearly into the meridian of the place of 
observation, whatever may be the elevation of its pole above the 
horizon, so that the meridian of the instrument and the true 
meridian will nearly coincide. 

If we observe a fixed point in both positions of the instrument, 
circle preceding and circle following, we shall have by (257), 
taking the sums of the respective equations, 

180° = 4 + d t + 2 Ad 

180° + 2f ' = t x + t u + 2x 2e cos <p x sec d ' sin t' 

the first of which determines the index correction (a d) of the 
declination circle, and the second determines the value of V - x. 
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if we have independently found the flexure e, or if the fixed point 
is in the meridian of the instrument and consequently V = 0. 

Taking the differences of the same equations, the observation 
of the fixed point also gives 

180° — 2 d'= d % — d } - f- 2 6 (sin ^cos d* — cos ^sin d' cos t') 

180°=q — t 1 — 2 csecd '+22 t&nd' — 2e(sin^ 1 tan <2'~f-co8^ 1 cos£') 

The first of these determines cl' when e is otherwise known, and, 
the value of cl' thus found being substituted in the second, we 
have an equation of condition for determining c, i, and e. The 
observation of at least three different points will be necessary in 
order to determine these quantities, or of at least two points if 
we neglect e. 

Upon the supposition that the pole of the instrument is very 
near the meridian, but at a considerable distance from the celestial 
pole, y is a large arc, but d is small, and we have from the first 
of the equations (256), by putting cos # = ± 1, 

<p l = <p ± r 

and the value of y may be found from the observation of a star 
in the meridian and as far from the pole of the instrument as 
possible, since in this case we shall have very nearly 


in which d' will be known from two observations of the star in 
the two positions of the instrument. 

When y has been thus approximately found, let a star be 
observed on the six hour circle both west and east of the meridian. 
We deduce from (255) 

sin d f = sin <5 cos y -f cos d sin y cos (r — #) 

Denoting the instrumental declination for the two observations 
Toy d x ' and d 2 f , and putting r = 90° for the first observation, and 
t- — 270° for the second, we have 


whence 


sin = 


sin d cos y -f“ cos d sin y sin # 
: sin d cos y — cos d sin y sin & 


KjiM. w — — ~r , 

2 cos <3 am y 

This will give a sufficient approximation to provided the star 
is not very near the pole. 
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A theoretically rigorous determination of both y and *? would 
be found by observing two points whose declinations (8 V d 2 ) and 
hour angles (r M r 2 ) are known, and then solving the equations 

sin d{ = sin <5, cos y + cos <\ sin y cos (t, — •#) 
sin d 2 ' = sin 8 S cos y -|- cos <\ sin y cos (r, — >'/) 

When y and & have been found, we have, from the observation 
of one known point, 

cos (V cos ( t 1 — #') — sin 8 sin y • cos 8 cos y cos (t — 
cos d' sin ( [t ' — O') = cos 8 sin (r — 8) 

which determine i! — ■&’ ; and, since ■&’ will he known from (256), 
V will also be known. Finally, the instrument gives the value 
of i' — x, as we have shown above, and thus x becomes known. 

250. When the pole of the instrument is very near the celestial pole, 
y is very small, but #may have any value from 0° to 860°. Put- 
ting cos y — 1 in (256), and neglecting terms of the same order 
as f, we find 

y, = y -j- y cos # 

■8 — 8' = — y sin 8 tan y 

and (255) gives 

8 — d'~ x cos (T — »>') 
r = f -)- i) — 8' — x (f — #') sin d' sec 8 

or, within terms of the second order, 

8 = d ' — x cos ( T — $) 
t = t' — x s ‘ n * tan <p — y sin (r — 8) tan 8 

Substituting the values of d' and V from (254), and 
&t~ x — x sin # tan f, which is constant, we have 

8 = d + ad — x 008 ( T — • ’ 5 0 — a (s> n ^ cos 3 — cos y sin 8 cos r) 
r =t + at — x sin (r — ■ #) tan 8 -j- e sec 8 — i tan 8 

+ * (sin <p tan 8 + cos y eos r) -f- e cos y see 8 sin r 

which are the formulse usually required in practice. Here & is 
to he reckoned beyond 90° when necessary, being then the sup- 
plement of the star’s decimation (Art. 248), and then r is the 
star’s hour angle increased by 180°. 

The declination and hour angle are here apparent, that is, 
affected by refraction, &c. If we wish S and r to represent the 


putting 
| (258) 
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geocentric position of the observed point, we may apply the | 

corrortiona for refraction, &e. to d and L j 

If we prefer to distinguish the eases in the formula* themnelveH, 
we shall have — 

For circle preceding : \ 

A d -f &d ■- y cos (r — - »/) c (sin </• cos rt — c*os f sin d cos r) 1 

T t -j- Ht /* hill (r —■ >V ) III It f) *f CHOC f) — / till) o I I 

4 f (sin f tan 4 »f cos cos rj -f c cos f sec ft sin t ( jj 

\ ( 259 } 1 

For circle following : ( '] 

Jko». d | &d »j ^eoHfr— * r /)d e (sirif cos ft • cos <p si lot eon r)\ 3 

lKU <J .,p r xz t + a/ — ymn { r — tan ft — r set* ft } - / tan ft J 1 

— t ( sin <f tan ft - 1 com f cun r) -f c cos f see ft si nr / I 

1 

in which d and r will always denote the declination and hour 

illicit' of the star reckoned in the usual manner. I 

AimiKTMKNT OK TUB BtltlATOUIAt, IKHTHUMKNT. I 

2f>l. The adjustment of the instrument with respect to the pole 
of the heaven* consist# of two operation*: 1st, bringing tin* hour 
axis into the plane of the meridian, and, 2d, giving tliiw axis an 
elevation, with respect. to the horizon, equal to the latitude of the 
place. I 

Fora rough preliminary nttyuMtmeiit, place the declination axis 
in a horizontal position, and move the stand until the telescope 
point# to a star at the computed time of it# meridian pannage. 

The hour axis is then nearly in the plane of the meridian. 

Then bring the declination axis into the plane of the meridian t by 1 

revolving the instrument upon the hour axis through Uf>" by the 

hour circle), and direct the telescope upon a circumpolar star on 

the six hour clrtde. The elevation of the axis should he changed 

so a# to make the star appear near the optical axis at the com- 1 

puted time when the star's hour angle is equal to 0*. J 

A f ** Jt-a « # # 1L jrk <et »■& *1 J k» *■*# i* i h fl 
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six hour circle and from the meridian, respectively. Accor 
to our delinitions of y and #, a positive value of £ will indicate 
the instrumental pole is above the true pole, and a positive \ 
of 7] will indicate that the pole of the instrument is west o 
meridian. I proceed to consider the methods of finding 1 
quantities, as well as the other instrumental constants. 

252. To find £. — The most simple method is to observe 
declinations of known stars at their culmination in both posr 
of the declination axis, and to compare the instrumental va 
corrected for refraction, with the true declinations found : 
the best catalogues or ephemericles. By the instrumental vs 
we shall hereafter understand the values inferred directly ; 
the readings (d) of the circle. 

As the two observations in reverse positions of the declini 
axis cannot both be absolutely in the meridian (unless obsi 
tions on different days are combined), one of them is tak 
few seconds before the meridian passage, and the other a 
seconds after it. In consequence of the great facility with w* 
even the largest equatorial instrument can be reversed, 
interval between the two observations will be so small thal 
mean of the two values of cos (r — d) will be sensibly the a 
as cos #, r being a very small quantity with opposite signs 
the two observations. TIence, we shall have for each pai: 
observations on a star, by putting r = 0 in (259), 

d = d x + Ad — £ — e sin -(<p — d) 

180° — d = d a + Ad -f £ + e sin (y — d) 

where d t and d 2 are the circle readings in the two positions, 
half sum of these equations gives the index correction of 
declination circle, 

= 90° — %(d x •+ d 2 ) 

/ 

Their half difference gives 

£ + e sin O — d) = 90° — g (i a — d t ) — d 

If we put 

D = 90°— 4(d*— <Z X ) 

D will be the mean of the instrumental values of the dedinat 
as inferred from the two readings, whatever may he the mod 
which the circle is graduated. A number of stars being 1 
observed, we shall have the equations of condition 
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£ -f- e sin (<p — <5 ) = Z> — S 
£ + csin (<p - d ' 

£ + 6 sin (y - d") = D"— d " 

&c. &c. 

which, treated by the method of least squares, will give both 
£ and e. 

Example. — The declinations of ten stars were observed by 
Otto Struve with the equatorial telescope of the Pulkowa Obser- 
vatory, 1840, June 22, according to the preceding method, and 
the values of D, corrected for refraction, were as in the following 
table. The values of d for the stars 1, 4, 5 and 8 were taken 
from the Nautical Almanac, for 2, S, and 7 from Argelander’s 
Catalogue , and for 6 and 9 from Airy’s Catalogue for the year 
1840. The latitude employed in computing the coefficient of e 
is (p = 59° 46'. 3. The degrees and minutes of d, omitted to 
save room, are the same as those of I). In order to apply the 
same formula to the stars observed below the pole, we have only 
to employ the supplements of their declinations instead of the 
declinations, that is, to reckon them over the pole . (Art 128.) 


Stars. 

Instr. dec. = D. 


Equations. 

V 

1. ft Sagittarii 

— 21 ° 5' 55".5 

40".6 

— 14".9 = £4 0.99 e 

— 5" .4 

2 . 7) Serpentis 

— 2 56 23 .8 

3 .4 

— 20 .4 — £ 4 0.89 e 

— 7 .7 

3. 4 Serpent is 

4 3 59 47 .1 

59 .5 

— 12 .4 — £ 4 0.83 e 

— I - 3 .2 

4. C Aquiloe 

13 37 84 .6 

48 .8 

— 13 .7 = e-f 0.72e 

-(-4 .4 

5. a Lyrce 

38 37 47 .1 

70 .4 

— 23 .3 = £ 4 0.36 e 

H -6 .2 

6 . x Cygni 

53 3 55 .5 

83 .6 

— 28 .1 =£+ 0.12 « 

-f 9 .0 

7. d Draconis 

67 21 51 .6 

99 .7 

— 48 .1 =£ — 0.13 <? 

— 8 . 1 

8 . d Ursce Min. 

86 34 22 .6 

81 .2 

— 58 .6— £~ 0.46 c 

— 8 .4 

9. 2 Lyncis , s.p. 

120 55 12 .0 

79 .9 

— 67 .9 = £ — 0.88e 

4 0 .9 

10. £ Aurigce, s.p. 

124 19 4 .5 

76 .9 

— 72 .4 — £ — 0.90 e 

— 8 .0 


The solution of these 10 equations gives 

£ = — 40".9 with the probable error = !".2 
e = + 31".7 “ “ “ * “ = 1",S 


The last column gives the residuals v after the substitution of 
these values in the 10 equations. Prom these residuals we find 
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the probable 'error of a single equation to be 3 7/ .9, which is com- 
posed of the error of observation and the error in the star’s decli- 
nation. This degree of accuracy in the determination of abso- 
lute declinations, with an equatorial instrument of such dimen- 
sions, is surprising, and is a striking proof of the perfection of its J 

workmanship. At the same time we perceive that very crude 
determinations will be obtained if we neglect the flexure. f 

253. To find vj . — This will be found by comparing the instru- 
mental hour angles of different stars, near the meridian, with the I 

observed clock times of their transits over a given thread. We 
shall, at the same time, find the instrumental constants i and c 9 t 

and the index correction of the hour circle. | 

We shall suppose the thread on which the stars are to be f 

observed to be placed in the direction of a circle of declination, — I 

that is, as a transit thread, ^-and to be in the optical axis of the 
telescope. This optical axis may be defined to be the line 
drawn through the optical centre of the objective, and the centre 
of the position circle of the micrometer: consequently, when the 
thread is revolved 180° by this circle, it should still pass through 
the optical axis. As the thread may not be precisely adjusted 
in this respect, the error is to be eliminated by combining two 
observations taken in these two positions of the thread. Two 
such pairs of observations are to be taken on each star, one pair 
with circle preceding, and one with circle following. A second 
stai% in a widely different declination, being observed in the same 
manner, we shall have all that is required for the determination 
of our constants. If we observe a greater number of stars, we 
can treat the observations by the method of least squares. 

Supposing two stars to be observed, one near the pole and the 
other near the equator, the observations should be symmetrically 
arranged according to the following schedule, in which the posi- 
tion I denotes circle preceding, and II circle following, and the 
letters a and b refer to the two positions of the transit thread for 
the two readings of the position circle differing by 180°. We 
should endeavor to make the mean of the times of the four 
observations on a star coincide very nearly with the instant of 
its meridian passage. 


t 




! 
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Star. 

Position. 

Clock. 

Means. 

Hour circle. Means. 


i. 

a. 

X 

= T 

ft). ) 

t 

1st Star 


b. 

> 

i 

ft), 3 


Ri.= a 

n. 

b. 

) 

= r. 

ft), l 


Decl.— d 


a. 

(TJ. > 

ft). 3 

t* 




Mean 

= T a 

Mean = 

to 

2d Star 

n. 

a . 

b. 

x 

; 

= t; 

ft'), i 
ft'), 3 

to 

B. A.= a' 

Decl. = £' 

i. 

b . 

a. 

m i 

= t; 

ft'), \ 
ft'). 3 

V 




Mean 

= t; 

Mean = 

to 


The observations being very near the meridian, the flexure of 
tlv , telescope (e) has no sensible effect. That term of the flexure 
(e) of the declination axis which is multiplied by tan d may 
fc> eeome sensible for stars near the pole, but, as it will always be 
combined with i, it will be convenient to put 

t, — i — e sin <f (261) 

The term e cos <p cos t, which is always less than e, will be 
■practically unimportant, and will here be neglected. A method 
of determining e will, however, be given hereafter. 

"With this notation we And, by putting r = 0 in the second 
member of (259), for the observation at the clock time T v 


t, = -f At + 1 } tan 8 + c sec 8 — t, tan 8 
and if a T is the clock correction, we have also 


Hence, by putting 
-we deduce 


Tj srs T, + A T — a 
X == At — AT 



ij tan 5 — j- c sec 8 — i t tan 8 = T x — t, — a — X 

In the same manner the observation at the clock time 1 2 gives 
jj tan 8 ~ c sec 8 -f- Zjtan 8 — T t — t t — a — X 


384 


EQUATORIAL TELESCOPE. 


and from these two equations, with the notation of the above 
schedule, 

7 i tan 8 — T 0 — t Q — a — X 
c sec 8 — \ tan 8 = l [( 2 ^ — q) — (T a — £ 2 )] 

The second star gives, in the same manner, 

7) tan <*' = r; — t;— a' — a 
r see 8' - tan d ' = i [( T/ — f/) — ( T' — £/)] 

By combining the two equations in we have, therefore, the 
following three equations : 

V (tan * - tan 5') = (T 0 — T 0 ') - (* 0 - V) - (® — <0 ) 

<? sec 5 tan 5 = J [(t a — * x ) — (T a — 2\)] V (262) 

<? sec — q tan == i [(V/ — */) — (T/ — T/)] * j 

which determine i 15 and c from the observed clock times and 
the readings of the hour circle. 

We can then find the value of X by the formula 

X — T 0 — t Q — a — j; tan 5 = T' — t 0 f — —rj tan 8 ' (263) 

and finally, if the clock correction is otherwise known, the index 
correction of the hour circle, by the formula 

a t = AT + X (264) 

Example. — T he following observations were taken, according 
to the above method, with the equatorial of the Pulkowa Obser- 
vatory, on June 3, 1840. 



Clock times. 

Hour circle. 

6 Urase Min. I. a. 

b. 

II b. 
a. 

18*21 m 56'.5 
23 25 .8 j 

27 6.01 

29 38 .8 j 

- T t — 18 ft 22 m 41*. 2 

T 2 = 18 28 22 .4 

23* 58 m 21M 1 
59 37 .9 j 

0 2 55.01 
5 17 .7 j 

■ «! = 23* 58 m 59'.5 

■t 2 = 0 4 6.4 

T q = 18 25 31 .8 

t 0 = 0 1 33.0 

a Lyrse II. a. 

b. 

L b. 
a. 

34 10 .0 1 

35 55 .4] 

39 33.11 
41 24 . 9 j 

. 2y= 18* 35“ 2*. 7 

► 7\' = 18 40 29.0 

0 2 56.71 
4 42 .5 J 

8 23.41 
10 15 .4 J 

lt 2 '= 0* 3 m 49 # .6 

► 0 9 19.4 


•2" =18 37 45.9 V= 0 6 34.6 

The places of the stars, according to the Nautical Almanac, 
were — 


8 Ursce Min. a = 18* 24 m 5*.8 8 = 86° 35'.2 

• Lyrce a/ = 18 31 34.0 38 38.1 
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Hence our equations (262) become 

15.97 r ) = + 15'. 6 
16.80 c — 16.77 ij == — 17 .2 
1.28c— 0.80 q = — 1.75 

whence 

r) = + 0'.98 =•+ 14".7 
Zj = — 0'.92 ■ c = — 1-.94 

The values of \ and c are here not separately so well determine 1 
as they would be if the second star were nearer to the equator. 
Their difference, however, i x — c — + i*.02, is accurately deter 
mined by the first star. We next find, by (263), , 

X = — 23-.4 

and if the clock correction is aT~ -f- 20 s . 0, the index correction 
of the hour circle is, by (264), 

Af = — 3'.4 

To give the reader some idea of the stability of a large equa- 
torial properly mounted, I will here give the values of ? and 
together with the coefficient of flexure of the tube.(c), determined 
by the above methods, for the Pulkowa instrument during a year. 
They are taken from -Struve’s Description de V Ob servatoire Central , 
p. 204, only changing the signs of ? and iy to agree with the 
preceding notation : 



r 

t 


v 1 

1840, May 15 

— 41".2 

+ 32".6 

1840, April 17 

■+ 18" .9 

June 3 

— 46 .4 

+ 21 .7 

. “ . 28 

+ 14 .8 

■ “ 22 

— 40 .9 

+ 31 .7 

June 3 

+ 14 .7 

July 8 

— 54 .3 

+ 19 .0 

July 24 

■ +10 .2 

24' 

— 48 .3 

+ 34.2 

Sept. 24 

+ 10 .8 

Aug. 9 

— 43 .0 

+ 36' .2 

' Rov.‘ 3 

+ 4 .4 

Sept. 24 

' —43 .2 

+ 21 .7' 

Dec. 26 

+ 11 .4 

“ 26 

— 53 .0 

+ 37 .2 

1841, Mar. 15 

+ 15 .2 

Nov. 10 

— 38 .5 

+. 35 .4 

Mean + 12 .5 

Dec. 26 

— 44 .1 

+ 29 .3 



1841, Mar. 15 

. —43 .5 

+ 25 .5 ! 




Means — 45 .1 +29 *5 
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The temperature during; this period varied from — 22° to + 86° 
Fahr. The constancy of the coefficient of flexure for the 
extremes of temperature is as remarkable as the stability of the 
axis. 

254. By the preceding method of finding rj we also find the 
constants i x and c ; but we can find tj independently of these 
constants by observing the declinations of stars on the six hour 
circle. 'When r ==>t .6*, we have, by (259), 

d z= D ^ v) — e sin <p cos 8 

where D is the mean instrumental declination from the observed 
readings in the two positions of the instrument (the two obser- 


vations being taken in quick succession very near the six hour 
circle, and one on each side of it). If we put jp = D — we 
shall have the equation of condition i 

zb v + e sin <P cos 8 = p (265) j 

and from a number of equations of this kind the values of 7j and 
e will be found. 

If the same star is observed both at r = + 6 A and r = — 6% 
we shall have, for the two observations, 

7} + e sin (p cos 8 = p x 
— rj + e sin <p cos 8 =p 2 

= (266) 


in which p t — p 2 will be the difference of the observed instru- 
mental declinations, . corrected far any difference of refraction 
that may result from changes .in -the meteorological instrum ents- 
in the interval between the observations. 

But it is not always possible to observe stars on the six hour 
circle in both positions of the instrument, the pier or stand inter- 
fering with one of the positions for stars within a certain distance 
of the pole. We must then find J) from a single observation 
by applying the index correction, previously found from meridian 
observations by Art. 252. The equations formed from such an 
observation should have a weight of only one-half in combining 
the equations according to the method of least squares. 

255. Both £ and rj can be found in a general manner from 
observations upon different stars, -without limiting the obser* 
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rations to the meridian or the six hour circle. If each obser- 
vation of a star is complete , — that is, consists of the mean of two 
observations in the two positions of the declination axis, — we 
shall have for this mean 

S = D — y cos (t — #) — Be 
r = t -j- At — y sin (r — #) tan d -f B'e 

in which B and B r are the coefficients of e in (259). Developing 
sin (r — #) and cos (r — #), we find 

£ cos r + 7] sin r Be = D — > ^267") 

At — £ sin r tan S - \- rj cos r tan d + B'e = r — t } ^ * 

and, from a sufficient number of such equations, At, £, rj, and e 
will be determined. 

256. Again, £ and rj may be found from single observations, — . 
that is, observations in but one of the positions of the declination 
axis, — by observing each star twice at very different hour angles. 
We shall have for two observations of the same star at the hour 
angles r l and r 2 , circle preceding in both observations or follow- 
ing in both, 

r T =t x -j- At — £ sin t x tan S cos r x tan 5 ± c sec S qz i tan £ Hh Ap -f- Bp 
r 2 = t 2 -\- At — £ sin r 2 tan d -\-rj cos r a tan 5 ± c sec d i tan <5 ± Ap + Bp 

where the signification of A and B is apparent from (259). The 
difference of these equations gives 

— £(sin r 3 — sin r^tan (cos r 3 — cosr^tan <N t(A a — A x ) £-f ( B a — B x ) e= 

How, suppose one series of observations in which each star is 
observed at equal or very nearly equal distances from the meri- 
dian, east and west : this equation will then be reduced to the 
form 

— £ sin r tan d e cos y sec <5 sin r = q (268) 

and from the whole series, embracing stars of very different 
declinations, £ and e will be determined. 

Suppose another series in which each star is observed at or 
very near to its upper and lower culminations : the equation will 
take the form 


— tq tan d =p e cos (p = q 


(269) 
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This series will, therefore, determine rj and e. The upper sign 
will here be used for a series in which the circle is west of the 
meridian, at the upper culminations and east of the meridian at 
the lower culminations. This appears to be the most simple and 
satisfactory method of finding the flexure e of the declination 
axis. Another method will be given in the next article. 

; 257. AIL the preceding methods of determining the ; instru- 
mental constants depend upon the accuracy of the graduations 
of the two circles of the instrument. Let us inquire how far 
it is possible to determine these constants independently of the 
circles, or without involving their errors.* 

First . — The inclination 9Q° — c of the telescope to the decli- 
nation axis can be separately determined, independently of the 
other constants, as follows. Bring the telescope into a horizontal 
position in the plane of the meridian, the declination axis being 
then also horizontal. Place two collimating telescopes in the 
prolongation of the - optical axis, one north and one * south, 
and, directing them towards- each other,- bring the cross threads 
in their foci into optical coincidence (the equatorial telescope 
being for this purpose temporarily moved out of the line joining 
the collimators by revolving it about the hour axis). Then, 
bringing the telescope upon one of the collimators, and clamping 
the hour circle, measure with the micrometer the distance 
between the fixed thread, that marks the optical .axis and the 
cross thread of the collimator. Revolve the telescope upon the 
declination axis, and measure the distance between its optical 
axis and the' cross thread of the other collimator. The difference 
of the two micrometer measures is the value of 2c. To elimi- 
nate any eccentricity of the fixed thread with respect to the 
optical axis, let each observation on a collimator be -the mean of 
two taken in reverse positions of the thread corresponding to 
readings of the position circle differing 180°. This method is 
identical in principle with* the process given far the transit 
instrument, and more fully explained in Art. 145. Instead of 
one of the collimators, a distant terrestrial point may be used. 

We may, at the same time, determine the flexure e of the" 
telescope- with the aid of the declination circle, but without 
involving its errors of division (Art. 204). ;\ 


^ * See Bessel’s Astronom. Wntersuck., Vol. X. p. 14 
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Second.— An equation* for determining the inclination, 90° — ; i r 
of the declination and hour axes, can he obtained from the 
observation of the transits- of two different stars in the same 
fixed position of the declination axis, that is, with the hour circle 
clamped at any assumed reading. If r and r' are the apparent 
hour atigles of the stars, and T, T f the sidereal clock times of 
the transits (corrected for clock rate), the difference 2 q of these 
hour angles will be known by the formula . • .? 

.2 q = t' - — t = T [ — T — (a' — a) — if — r) 

where r and r' are the corrections of r and r' for refraction ; and, 
as the difference is very small, we may use r for r' in the second 
member of (259) : hence, if the circle precedes, we shall find 
for this difference the expression 

2 q = — [y sin (t — #) i — e sin <p ] (tan 8' — tan 8) 

‘ -f (c + e cos <p sin r) (sec 8 f — sec 8) 

How reverse the declination axis, setting the hour circle at a 
reading differing 12 h from the former reading, and repeat the 
observation on the' same' stars on the following day. We shall 
then have, in the same manner, 

2 q f = — [/ sin (t — #) — i + e sin <p\ (tan 8' tan 8) 

. — (c — e cos ,<p sin r.) (sec 8 '• — sec 8) ... , - ... 

The half difference of these equations is 

q' — q = (i — e sin y) (tail 8' — tan 8) — ’ c (sec 8' ’ — sec 8) (270) 

from which, c being previously known, we find the value of 
i — e sin <p.- The hour circle is here used only to set the instru* 
ment approximately in the reverse position,- and so that the values 
of r in the second members of all the equations may be regarded 
as equal to each other in the computation of the small terms: 
W*e thus find the combination i — e sin <p independently of the 
circle reading ; but we cannot separate i without such reading. 

Third .— The quantities c and rj may be found independently 
of the reading of the circles by observing the same star at its 
upper and lower culminations, and also at its east and west 
transits over the six hour circle, without revolving the telescope 
upon the declination axis, and measuring the distance of the star 
in declination from the sight line -with the micrometer. Thus, 
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for t — 0 and r = 180°, the reading of the declination circle 
being constant, and f l and f 2 the micrometer distances of the 
star from the sight line in the two observations, r } and r 2 the 
refractions, and d the true declination, we have 

3 — = d Ad — £ — e (sin <p cos d — cos <p sin <5) 

3 -f- r 2 = d + Ad + / 3 + £ — a (sin <p cos 3 -f- cos <p sin 8) 

and the difference of these equations gives 

£ = K/i — /,) + i 0) + r s ) + « cos 9 sin d (271) 

For t = 90° and r = 270°, we have 

<5 + = d + Ad -f- f x — rj — e sin <p cos 3 

3 — |— r^ d Ad — j— fc£ -j— yj — e sin (p cos 3 

in which r x and r 2 will be equal if no change in the meteoro- 
logical instruments has occurred. The difference of these equa- 
tions gives 

V = iCr i -/M>-i(r l -r a ) (272) 

258. A precise determination of the constants would be re- 
quired if the instrument were to be used for determining abso- 
lute hour angles and declinations. But so large an instrument 
is liable to be so much affected by its own weight and by changes 
of temperature that we could not rely upon the constancy of 
its condition for the intervals of time that must necessarily 
elapse between the determinations of its errors and its applica- 
tion to the observation of absolute positions of stars. Hence its 
chief application is to the measurement of small differences of 
right ascension and declination, or of distance and position angle 
of two stars with its micrometer. The advantages of the equa- 
torial system of mounting for this application are obvious. 

The methods of conducting these micrometer observations are 
discussed in the next chapter. 
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CHAPTER X. 

MICKOMETRIC OBSERVATIONS* 

I shall confine myself to those micrometers which have been 
most generally approved by astronomers, either for their con- 
venience or their accuracy, and which are more or less in com- 
mon use at the present day. 

THE EILAR MICROMETER. 

259. This has already been fully described in Chapter If., 
where also the methods of finding the angular value of a re- 
volution of the screw have been given. Those applications in 
which this micrometer is but an auxiliary of some principal instru- 
ment — as in the transit instrument, meridian circle, &c. — have 
already been treated of under their appropriate heads. We are 
here to consider it as the principal instrument, and the telescope 
as the auxiliary: consequently, we are to suppose the tele- 
scope to be mounted with special reference to the convenience 
of micrometric observations, or, in short, to be an equatorial 
telescope. We also suppose it to be furnished with a position 
circle, constituting it a position micrometer (Art. 49). 

TO FIND THE DISTANCE AND POSITION ANG-LE OP TWO STARS* WITH 
THE FILAR MICROMETER. 

260. With the equatorial mounting, the telescope can be 
readily directed to the stars at any time by setting the circles to 
the known hour angle and declination of the middle point 
between the stars. Moreover, the automatic movement of this 
instrument (by the driving clock), by means of which the stars 

* I say “ stars,” in general, for brevity ; tut the methods given are obviously 
applicable to the measurement of the distance and position angle of any two near 
points, as the cusps in a solar eclipse, or to the measurement of apparent semi- 
diameters, &a 
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are kept in a constant position in the field, is indispensable foi 
the exact measurement of their distance and position angle. 

The micrometer is to be revolved until its transverse thread, 
which is parallel to the screw, passes through the two stars. 
The zero of the position circle (i.e, the reading when the trans- 
verse thread is in the direction of a . circle of declination) being 
known — P 0 , and P being the reading upon the stars, we have 
at once the required position angle p, by the formula 

p = P-P Q (278) 

The distance of the stars is measured at the same time, by 
placing the fixed micrometer thread (which is perpendicular to 
the transverse thread) upon one of the stars, and the movable 
thread upon the other. The reading of the micrometer now 
being M (revolutions), and its zero for coincidence of the threads 
being Jf 0 , the required distance in revolutions of the micro- 
meter is 

m = M—M 0 (274) 

If JR is the value of a revolution in seconds of are. (Arts. 42, 43, 
&c.), and s = the observed distance in arc, we then have, 

tan i s = m tan P,- or, nearly, s == mjR ' (275) 

The distance m may also be found by placing the same thread 
successively upon the stars and taking the difference of the 
micrometer readings, thus dispensing with the fixed thread and 
with the determination of M 0 . It will be still better to use two 
movable threads whose constant distance is known, as will be 
illustrated in Art. 265. 

In this process, we should , bring the images , of the stars on • 
opposite sides of the middle of the field, and at very nearly 
equal distances from it. The position angle measured is then the 
angle between the arc joining the stars and the circle of decli- 
nation drawn to the middle point between the stars. Both the 
distance and position angle thus observed are apparent ; the effect 
Of refraction will be considered hereafter. » 

. 261. Correction of the observed posM<m^(A^e f or the errors oftke 
equatorial instrument — The preceding process would be complete, 
if the zero of the position circle always corresponded to that 
position of the transverse thread m which it coincided with a 
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circle of decimation. The adjustment described in Art. 49— 1 
namely, placing the micrometer thread so that an equatorial stai 
in . the meridian runs along the thread — assumes, 1st, that the 
micrometer thread is perpendicular to the transverse thread, and, 
2d, that the equatorial instrument is in perfect adjustment in all 
respects, so that the transverse thread, once adjusted to the meri- 
dian, will remain in the direction of a circle of declination in all 
other positions of the telescope. 

. The first source, of error is avoided by adjusting the transverse 
thread independently of the micrometer threads. This will be 
most readily done by* directing the telescope upon a distant ter- 
restrial point, and revolving the micrometer until a motion of the 
telescope upon the declination axis alone causes the point tci 
move exactly along the thread. The thread then represents a 
declination circle of the instrument, or rather a circle whose pole 
is that of the declination axis ; and" we take the reading P 0 in 
this position as the zero of the position circle. 

The second source of error is next to be removed by computa- 
tion , based upon the actual state of the instrument. The distance' 
of the stars is correctly obtained independently of the errors of 
the equatorial adjustment, and we therefore have only to inves- 
tigate the effect of these errors upon the position angle. The 
adjustment of the thread by the method just described causes 
the thread to be at right angles to the arc QS, Fig. 54, 54 

which joins the pole of the declination axis and the Q 
star* If P is the celestial pole and / is the required K. 
correction of the observed position angle, we have \ / 

the angle QSP = 90° — X. Let P r be the pole of the \ - 

instrument, and put " ~ \/ , 

8 

QSP'=90° — Q, P&P'=g 
we. shall then have ; - 1 

, .. ^ = 2 + Q 

The triangle QSP' gives, with the notation of Art. 245, : 

t ^ sini — sincisin^' > 

sin Q = 

, 4 . .. ... - . • cos-c cos a 

or, with- sufficient precision, 

^v'j: - • . x ■' -A' : * - Q =t % ski t ■ ctair^ ” 


.894 


MICROMETRIC OBSERVATIONS. 


To take the flexure of the declination axis and telescope into 
account, we see, by Art. 246, that we must increase i by the cor- 
rection di = — - e sin <p, and c hy the correction do = e cos <p sin r. 
Hence, putting, as in Art. 253, 

i x = i — e sin tp 

we have 

Q = i x sec 5 — c tan 8 — e cos y tan 8 sin r 

The triangle PSP', with the notation of Arts. 245 and 247, gives 

sin y sin ( r — #) 

sm a = — 

cos d f 

or, with sufficient precision, 

q = y sin (r — #) sec d 

and it is evident that the flexure produces no sensible effect upon 
this angle. We have, therefore, 

X — y sin (t — $) sec d -(- i x sec 8 — c tan 8 — e cos <p tan 8 sin r (27 6) 

This formula can be used for either position of the declination 
axis hy observing the precepts of Art. 248 ; but if we wish to let 
3 always represent the actual declination, and regard (276) as 
applicable to the case in which the declination circle precedes, 
we shall have, for the case in which it follows, 

X — y sin (r — #) sec <5 — i x sec 8 + c tan 8 — e cos <p tan 8 sin r (276*) 

The value of 3 must be that which belongs to the middle of 
the field, or the mean of the apparent declinations of the two 
stars. 

The position angle resulting from the observation will now be 

p = P-P Q + X (277) 

262. The constant c expresses the angle between the optical 
axis and the axis of collimation ; and it may be well to repeat 
here the definitions of these terms as we have used them. The 
optical axis is the straight line drawn through the optical centre 
of the objective and the centre of the position circle ; and the 
axis of collimation, the straight line drawn through the optical 
centre of the objective perpendicular to the declination axis. 
Now, the transverse thread may not pass through the optical 
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axis, but may have a certain eccentricity: hence, to obtain the 
position angle according to the above formula with the utmost 
rigor, we must take the mean of two observations in reversed 
positions of the thread, corresponding to readings of the position 
circle differing 180°. 

The correction X, if the equatorial adjustment is good, will 
seldom amount to one minute of arc, and may usually be disre- 
garded. The importance of a correct determination of the posi- 
tion angle increases with the distance of the stars, since an error 
in this angle will produce errors in the deduced relative right 
ascension and declination of the stars which are directly propor- 
tional to this distance : at the same time, the greater distance is 
favorable to accuracy in the observation of the position angle. 
The field of the filar micrometer, however, is small, diminishing 
as we increase the magnifying power for the sake of increased 
accuracy ; and, since for this observation both stars must be seen 
in the field at once, we are obliged to use low powers for the 
greater distances (from 10' to 20'), and thus lose, in a degree, 
the advantage which the increased distance would otherwise 
afford. This difficulty does not exist in the use of the heliometer , 
for which, therefore, a greater degree of refinement in the deduc- 
tion of the position angle is requisite, and the above correction 
becomes of greater importance. 


263. Reduction of the observed position angle to the mean of the 
position angles at the two stars . — Let S and S', Fig. 55, 55 

be the stars, P the celestial pole, S Q the middle point * * 

between the stars, and let the arc SS ' be produced 
through the star S' towards A. Let 


•.PSA, 


p" = PSA, 


p = PS q A. 


It is usual to assume p to be the mean of p' and p", 
but for large distances, and when the stars are near 
the pole, a correction becomes necessary. If we put 

d, d', d Q = the declinations of S, S' r S# 
s = the distance SS', 



the triangle PS Q S gives 

cos 8 cos p' ===. cos \ s cos S Q cos p + sin ^ 5 sin <? 0 „ 
cos / sin p' = cos £ 0 sin p 
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whence 

cos S sin Qf — p') = — sin £ s sin £ 0 sin p -f- sin 2 J s cos 5 0 . siu2.jp. 
cos 8 cos (p f —p) = cos d Q + sin } 5 sin <5 0 cos p — 2 sin 2 J 5 cos <5 0 cos 2 j) 

and, developing sin J $ and sin J s in series, 

cos 5 sin ( p ' — p) = — ^ 5 s * n s ^ n P “I" is cos sin 2 p -f & c - ; 
cos <5 cos (jp' — p) = cos d 0 r{- is sin £ 0 cos p — . &c. , 

Dividing the first by the second, and putting for tan (p' p) 
value in series, we find 

p ! — p = — ^ s tan sin p -f- T l s s 2 sin 2p (1 +2 tan 2 <$ 0 ) — As 3 rf- &c. 

In like manner, the triangle PS 0 S r gives 

cos 8' cos p" = cos is cos d Q cos p — sin i $ sin 8 0 
cos S / 8inp"= cos d Q sin p 

from which we see that the development of p n — p will be ob- 
tained from that ofp' — p hy merely changing the sign of s : 
hence 

p” — p = + l s tan d 0 sin p + s 2 sin 2p (1 +. 2 tan 2 d 0 ) + As* + &c 

Neglecting only the 4th and higher powers of s, we have, there- 
fore, 

£ (/ + /') -P = A s 2 sin 2p.(l + 2 tan 2 ^ , (278) 

which is the required correction to be added to the observed 
position angle p to reduce it to the mean J (p' -fjp"). When s 
is expressed in seconds of arc, the second member must be mul- 
tiplied by sin 1". > 

We also find, within terms of the 3d order, 

£ (p’ r — p') = l s tan S 0 sin p (279) 

The purpose of the observation is usually to determine the 
place of one star from that of another which is given. It will 
be convenient hereafter to consider the observed position angle 
as expressing the position of the unknown star referred to the 
known: thus, in the above formulae the three position angles 
p', p'% p are all reckoned in the direction from ■ the known to 
the unknown star, p f being the angle at the former, p n the angle 
at the latter, and p the angle at the middle point between the 
two stars. ^ 1 * • 
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TO FIND THE APPARENT DIFFERENCE OF RIGHT ASCENSION AND 
DECLINATION OF TWO STARS WITH THE FILAR MICROMETER. 

264. First Method.— O bserve the distance «$, and the position 
angle p, of the unknown star from the known star, by the pre- 
ceding method. For a rigorous method of computation we 
must first reduce the observed angle to the mean of the angles 
at the stars, by (278). Thus, if we denote, this mean by p 0 , we 
first find 

p Q = p - j- sin 1" sin 2p (1 -f 2 tan 2 3 0 ) (280) 

in which we may take 8 0 = the mean of the declinations of the 
stars, which may be found with sufficient precision by a rough 
preliminary computation. If we also put a p = \(p n — p r ), we 
find in the next place, by (279), 

Ap = % s tan 3 Q sin p * (281) 

Now, a, 8 denoting the right ascension and declination of the 
known star, a/, d' those of the unknown, star, the triangle 
formed by the two stars and the pole gives, by the Gaussian 
equations of Spherical Trigonometry, 

sin i ( 3 f — 3) cos £ (a' — a) = sin £ s cos p Q 
COS .£(£' — 3) COs£(a' — a) == COS £ S COS A p 
sin £ ( 3' -f- 3) sin £ (a/ — a) = cos £ s sin A p 
cos £ (<$' 3). sin £ (a' — <*) =■ sin £ s sin, p Q 

The 1st and 2d give 

tan £ (3 f — 3} = tan £ s • - CQS * (282) 

cos Ap 

Having' thus found \ (8' — £), 1 we also have J ( S ' + 8) = 8 + 
4(5' — 8) ; and then the 4th equation gives 


sin i (a! — - 


sin £ s sin p 0 
cos £ (<S' 5) 


(283) 


For an approximate method of computation, sufficient in most 
cases, we can neglect the difference between jp and p 0 , and, con- 
sequently, also neglect terms in 5 s in (282) and (283), ‘ so that 
these equations will become 

3 ' — 3 == s oo sp 

. o' — a = 5 sinp sec £ (3 r + 8) 
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Example. — In 1846, November 29, at the Washington Obser- 
vatory, Mr. Sears C. Walker observed the position angle and 
distance of the planet Neptune from a star as follows : 

Sid. time -= 0* 17™ 52* P = 82° 35'.7 m = 20.576 rev. 

For the zero of the position circle he found P 0 = 272° 38' j 
and the value of a revolution of the micrometer was JR — 15 // .406. 
The star’s apparent place was 

a = 21* 51™ 50 s .69 6 = — 13° 25' 52".76 

Hence we have, by (284), 

P — P Q = p = 169° 57'.7 log cos p n9. 99830 log sin p 9.24182’ 

log mJR == log s 2.50105 log s 2.50105 

S ' — d = — 5' 12".14 log ( fi '— fi ) n 2.49435 lo g sec 4 (<*'+ * ) 0.01212 
i ($'+*)=— 13° 28' 29". a'— a=+56".82=+3* 79 log(a'-a) 1.75449 

The computation by the rigorous formulae (282) and (283) gives 
the same results. Neglecting the differential refraction, which 
will be treated of hereafter, these differences applied to the 
given place of the star give for the place of Neptune at the 
sidereal time 0* TJ m .52*, 

a' = 21* 51™ 54*.48 d f = — 13° 31' 4".90 

In the case of a planet the place thus found has also to be cor- 
rected for its parallax. (Arts. 102, 103, of Vol. I.) 

{ 265. When one of the stars has a proper motion , the mean of 
several observed distances and position angles will not corre- 
spond precisely to the mean of the times. To proceed rigorously 
in that case, we must compute the differences of right ascension, 
and declination from each- observation ; and, as these differences 
may be regarded as proportional to the time, their mean will 
correspond to the mean of the times. But a briefer method 
of reduction consists in employing the mean of the observed 
distances and position angles corrected for second differences . Let 
s v s 2 , s 3 , &c. be the observed distances, and s 0 their arithmetical 
mean; p v p 2 , p# &c. the observed position angles, and p Q their, 
arithmetical mean ; T v P 2 , T v &c. the corresponding observed 
times, afnd T their arithmetical mean. Let s and p denote the 
valubs of the distance and position angle corresponding to the 
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time T We have only to find 5 and p, with which a single com- 
putation of the differences of right ascension and declination 
will give the quantities required for the time T 1 

Let aoc, a£ be the changes of right ascension and declination 
in one sidereal second. If a', §' are the values which corre- 
spond to the time jT, we have 

s sin p = (V — a) COS £ ($' -f- d) 
s COS p = d r — S 


and, consequently, 

$ x sin P 1 = (a' — a) COS £ (£' -f d) -|- Aa ( T x — T) COS £ (d r -f* 8) 
S l COSp i = d ' — (^i — 2T) 


Put 

T l -T= r v 
and, also, 

then 

whence 




f sin # = Aa cos £ (?' + 5) 
/ cos # = A<$ 


T z — T = r„ &C. 

} (285) 


s x sin p x = s sin p + / sin # . r x 
cosp x — 5 cos jp -f/cos #.t t 

S, sin (p — j> t ) =/ sin (p — 0) . r, 

Si cos (j> —Pj) = s -f / cos (_p — #).T t 


} (4> 


These equations give, first, 

tan(p — J>,) = 


y sin (jj — #) . r, 

1 + y COS (jp #) . 


which developed in series [PL Trig. Art. 257] gives 

„ , / BinQ>-*) r sin 2(p-^) 

P=A + 7‘ sinr Tl sin 1" 2 + 

Each observation gives an equation of this form ; and the mean 
of n such equations, observing that It = 0, is 

f* sin 2 ( p — #) jfr 2 ; 

\ P — Pg S 2 sin 1" 2n 
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where we neglect terms of the third and higher orders. Here t 
is expressed in seconds of time, and we have, very nearly, 

r 2 '2 sin 2 J t 

¥ == (15 sin l") 2 

If we employ the quantity m given by Table Y., — Le. 

2 sin 2 i t 
m = sin 1" 

our formula will become 


= p --(ujkr)'’ inHp 


Again, the sum of the squares of the equations (A) gives 
V = S 2 + 2/S cos (P - #) . Tj + (/q) 3 


whence 


where the terms of the third order are neglected. The mean 
of n equations of this kind is 

_ l . P Bin 2 (p — ’?) 2P 
s s 2 ’ 2 n 

and, if r M is the modulus of common logarithms, we have, very 
nearly, ’• ;• ■ 0 ‘ ■ ' . 

i i , r I f V sin 2 ( p — ?5>) 2m 

log s — log s a — M — — | - (287) 

6 8 0 \ 15 s / sin 1" n ' > 

It will be convenient to find the correction of p 0 in minutes 
of arc, and the correction of log s 0 in units of the fifth decimal 
place ; for which purpose we have to divide the last term of 
{286) by 60, and multiply the last term of (287) by 10®. It will 
also be convenient to let agc and &S be the changes of right as- 
cension and declination in me minute of mean time, as they will 
usually bp given in this form ; and then we must divide f by 
60.164 (= no. of 'sid. seconds in 1” of mean time). With these 
modifications our formulae will become 

P = Po~ [2.93984] t sin 2(p-») 55 

P 2m I 288 ? 

log $ = log s 0 *— [4.04135] ^ sin 3 (p S) — 
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where the logarithm of the constant factor is given. The quan- 
tities Acq a <?,/, and s are supposed to he expressed in seconds 
of arc.. 

266. Second Method. — Set the declination circle of the equa- 
torial instrument to the mean declination of the two stars ; direct 
the telescope to a point a little in advance of the stars, and clamp 
the hour circle. The telescope being lixed, the diurnal motion 
will carry the stars across the field. Set the transit threads (i.e. 
the transyerse thread and the threads parallel to it) in the 
direction of a circle of declination, and, as the stars pass across 
the field, observe the clock times of their transits over the threads. 
At the same time, set the micrometer thread upon the two stars 
successively as each passes the middle of the field, and read, the 
micrometer interval between them ; this will give at once the 
difference of declination. The difference of right ascension will 
be the difference between the observed clock times of transit of 
the two stars over the same threads, this difference being, of 
course, reduced to a sidereal interval when necessary, and also, 
corrected for clock rate. 

For the reduction of defective transits, it is necessary to know 
the intervals of the threads, which will be found as in the transit 
instrument (Art. 131). 

If one of the bodies has a proper motion, the differences 
obtained are those which belong to the instant when this body 
was observed. 

It is usual, in observations of this kind, to avoid all consider- 
ation of the errors of the equatorial instrument* by adjusting 
the movable micrometer thread at the time of the observation 
so that the star runs along the thread.* If the transit threads 
are exactly perpendicular to the micrometer thread, they will be 
(very nearly) parallel to a circle of declination drawn through 

* This method is, however, not strictly correct; for the apparent path of a star is 
not precisely perpendicular to the circle of declination, on account of the difference 
of the refraction at different points of this path. The error is, indeed, extremely 
email, except when the zenith distance is very great ; but, if we wish to proceed with 
the utmost precision, we can set the threads by means of the position circle. If the 
zero jP 0 of the position circle has been determined as in Art. 261, and the circle is 
set to this reading, the threads will make the angle X with a true circle of declina- 
tion ; consequently, 6 and <f being the declinations of the stars, we must add the 
correction A (<*' — d) sin X sec S' to the observed time of transit of the star whose 
declination is <T. The angle X will be found by (276). 

Von. II.— 26 
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the centre of the field ; but, to eliminate any error arising from 
a defect of perpendicularity, the threads should be revolved 180° 
by the position circle, and the observation repeated; and in a 
series of consecutive observations there should be a like number 
of observations in these two positions. 

The slide moved by the screw is often provided with three 
micrometer threads the constant distance of which from each 
other is known, and each of the two bodies is observed on the 
thread which is nearest to it. By this arrangement we are 
enabled to measure a large difference of declination with but a 
small motion of the screw, which often facilitates the observa- 
tion, especially when the stars have nearly the same right ascen- 
sion, and, consequently, pass the middle of the field nearly at 
the same time. 

The equatorial mounting enables us to repeat the observation 
as often as we please, with the greatest facility. After each ob- 
servation we have only to revolve the instrument a small dis- 
tance upon the hour axis and clamp it again a little in advance 
of the objects. 

Example. — In 1846, November 29, at the Washington Obser- 
vatory, Mr. Walker observed the difference of right ascension 
and declination of the planet Neptune and a star as below. The 
micrometer was adjusted so that the star ran along a micrometer 
thread. There were three micrometer threads, numbered 1, 2, 3, 
of which 1 was nearest the micrometer head, and the constant 
distance between 2 and 3 was 29.983 revolutions. The readings 
of the micrometer increased with the declination. The value 
of a revolution was It = 15". 406. 



Transit Thread. 

Mean of threads. 

Micrometer. 


I 

II 

III 

Thread. 

M 

Star 

2*. 7 

15*.2 

2T-.4 

23* 30- 15M0 

2 

Rev. 

54.564 

Neptune 

48 .2 

0.5 

12 .5 

“ 32 0.40 

3 

55.453 


a, = -f 1 45.30 + 0.889 

— 29.983 
m = — 29.094 
$ ' — 6 = mB == — V 28".22 
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The star's place was 

a = 21* 50 m 8®.99 $ = — 13° 28' 35".ll 

and therefore, neglecting the differential refraction and the 
planet’s parallax, we have 

a! == 21* 51 m 54 s .29 d' = — 13° 31' 3".83 

which belong to the time when hTeptune was observed. The 
clock correction was — 3 m 31^.7, and therefore the place deter- 
mined corresponds to the sid. time 23* 28 m 28\7. 

Five observations of the same kind were taken successively, 
which gave at the sid. time 23* 30 m 56 s , oJ — a = + l” 1 45®.23, 
*/_$ = — 7' 29".40. 

♦ 

267. Third Method. — When the telescope follows the motion 
of the stars automatically with great accuracy, we may measure 
the difference of right ascension by placing the micrometer 
threads at right angles to the diurnal motion and setting the 
fixed thread upon one star and the movable thread upon the 
other. The middle point of the arc joining the stars should be 
as nearly as possible in the centre of the field. If, then, m is 
the distance of the threads, and its equivalent in arc is s = mJ2, 
we shall have, very nearly, sin (a/ — a) = 2 sin J s sec 8 0 , in which 
d 0 is the mean declination. This method will not be used for 
stars far from the equator, and therefore in all practical cases 
we may take a' — a = s sec 8 0 . The objection to this method is, 
that the difference of declination is not found at the same time. 

THE HELIOMETER. 

268. This instrument belongs to the class of double image mi- 
crometers. The object glass of an equatorially mounted tele- 
scope is bisected, the plane of the section passing through the 
optical axis of the lens, and the two semi-lenses, set in separate 
metallic frames, slide upon each other in a direction parallel to 
the line of section.* Either semi-lens can be moved, and the 
amount of its motion measured, by a micrometer screw. Each 
semi-lens forms a complete image of a distant object at the prin- 

* The dupHcation of the image by means of two complete lenses was invented by 
Bougueb, in 1748. The improvement of substituting the two halves of a single lens 
was shortly after made by John Dollond. 


404 


MICROMETRIC OBSERVATIONS. 


Fig. 56. 



eipal focus. These images (in a perfect instrument) are super- 
posed, and form but a single image at the focus, when the two 
semi-lenses are in their primitive position forming a single cir- 
cular lens: but when the optical centres of the two semi-lenses 
are separated by the sliding motion, the two images at the focus 
are separated from each other by a distance equal to the distance 
of the centres of the semi-lenses. The instrument thus arranged 
becomes a micrometer adapted for the measurement of small 
angular distances in general, but, from its supposed peculiar 
adaptation to the measurement of the sun’s diameter, has re- 
ceived the name of the heliometer* Thus, if 
A (Fig. 56) is the image of the sun formed 
at the focus when the centres of the semi- 
lenses are coincident, and one semi-lens is 
then moved until the image it forms is in 
the position A ', so that its limb is in appa- 
rent contact with that formed by the other semi-lens, the motion 
of the semi-lens, as measured by the micrometer screw, gives 
the measure of the angular diameter of the sun as soon as the 
angular value of a revolution of the screw is known. 

Again, if A and B (Fig. 57) are the images of two stars when 
the semi-lenses are coincident, and if (the direction 
of the line of section of the lens being made to coin- 
* cide with that of the line joining the stars) one semi- 
A ' * lens is moved until the image of A is seen at B , 
while that of B is moved to B\ the motion of the lens as given 
by the screw determines the angular distance of the stars. The 
position angle of the two stars will also be determined by the angle 
which the line of section makes with a declination circle ; and 
for this purpose the whole lens is mounted so as to be revolved in 
a plane at right angles to its optical axis, and its position at any 
time is shown by a graduated position circle attached to the tube 
of the telescope* 

Such is the general principle of the instrument ; but in order 
to give precision to the observation, it is necessary that the 
observed point of coincidence of two images should be in the 
optical axis of the complete lens, and that these images should 
be separated by moving the semi-lenses in opposite directions 
. and equal distances on each side of this axis ; or, if these condi- 
tions are not exactly or approximately satisfied, that we should 
have the means of computing the correction which the observed 


Fig. 57. 
A B 
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measure requires. For this purpose, the ocular is also provided 
with a micrometer screw and a position circle, and the position 
of the point of contact of two images, with respect to the line 
joining the centres of the two position circles, can be determined. 
The mode of using the data thus obtained will be discussed in 
the general theory of the instrument hereafter given. 

269. Plate XV. represents the heliometer of the Konigsberg 
Observatory, with which Bessel determined the parallax of 
61 CygnL The focal length of the telescope is 102 inches, the 
diameter of the lens is 6^ inches. The equatorial mounting 
needs no special explanation, as it is essentially the same as 
that described in the preceding chapter, except that the stand is 
here of wood and adjustable by means of four foot screws. The 
sliding motion of the semi-lenses is produced by the micrometer 
screws a, 6, which are moved by the observer by means of the 
rods a! and b The measure of the motion is obtained either 
from the graduated heads of the micrometer screw or from two 
graduated scales, which are read by the microscopes e and /. 
The latter method is, however, chiefly used as a check upon the 
former, and also to verify the regularity of the screw. The 
revolution of the lens about the axis of the tube is effected by 
a rack (hh) and pinion, which is out of view in the drawing, 
but is acted upon by the rod c. In order to read the micrometer 
and position circle after an observation is completed, the tele- 
scope has only to be revolved upon the declination axis until its 
object end is brought to a convenient position for reading. 

It greatly facilitates the successive repetitions of the observation 
to employ the automatic movement by clock-work ; for after an 
observation the telescope can be revolved upon the declination 
axis without stopping the clock , and after reading the micrometer 
and position circle it can be restored to its former position in 
declination, and the objects will be still in the field. 

It is one of the chief advantages of the heliometer that the 
precision of the observation is not impaired by the diurnal 
motion ; for even when we do not employ the driving clock, a 
good result is obtained whenever we have made a contact of the 
images of the observed points near the centre of the field. The 
automatic movement is, therefore, not essential to secure the 
accuracy of the observation (as it is in the case of the filar mi- 
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crometer), but is chiefly important as facilitating the repetition 
of the observation. 

It has been objected to the heliometer that the optical per- 
formance of a semi-lens is imperfect. In fact, it appears that, 
although the correction for spherical aberration of a complete 
lens may be perfect, it is not perfect for each half of the lens,— 
at least, it has not been found perfect in the instruments of this 
kind heretofore constructed. There is also some inflexion of the 
rays of light produced at the line of section. The combined 
effect of these causes is an elongation of the separated images in 
a direction at right angles to the line of section. Another ob- 
jection is, that the brightness of each of the images is but one- 
half that of an image formed by the whole lens. It has also been 
found that when the two semi-lenses are in their primitive posi- 
tion, forming a single complete lens, the two superposed images 
do not always form a single constant image, but that in a dis- 
turbed state of the air the images are frequently seen to separate 
momentarily. This effect, of which no entirely satisfactory ex- 
planation has been suggested, has been observed in most if not 
all the heliometers. 

But these optical defects are more than compensated by the 
superior accuracy in the measurement of distances, resulting 
from the great precision with which contacts and coincidences 
of images can be observed. The elongation of the images, being 
in a direction at right angles to the observed distance, has no 
sensible effect upon its measure, and its minute effect upon the 
position angle is eliminated by repeating the observation with 
opposite motions of the semi-lenses, that is, by interchanging 
the images. The tremulous motion of stars arising from a dis- 
turbed state of the air is, in general common to the images of 
both objects, and, therefore, does not affect the observation of a 
contact; and the momentary separation of the images above re- 
ferred to, which when the semi-lenses are separated produces 
a slight tremulous motion of each image, does not cause the 
images to appear so unsteady relatively to each other as the 
single image formed by a complete lens relatively to the thread 
of the filar micrometer. Finally, the experience of Bessel and 
others in the actual use of the instrument has proved that the 
probable error of a single measure, whether of distance or posi- 
tion angle, is less than in the use of any other micrometer.* 

* See Bessel's account of the Konigsberg heliometer, Astron. Fetch. Vol. Till, 
pp. 411-426. 
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The heliometer possesses a great advantage over all other 
micrometers in the measurement of comparatively large dis- 
tances. With a filar micrometer the distances observed must be 
the less the higher the magnifying power employed, since the 
whole distance must be in the field of view; but no such restric- 
tion exists with the heliometer, where only the point of contact 
or coincidence of two objects is required to be in the field. 
With the Konigsberg instrument above described, a distance of 
1 ° 52' can be measured. 

GENERAL THEORY OF THE HELIOMETER. 

270. In the following discussion of the mathematical theory 
of the heliometer I shall chiefly follow Bessel.* 

I shall first investigate the general formulae which determine 
the position of any point of the celestial sphere observed with 
one semi-lens, the data being — 1st, the declination and hour angle 
of the point of the sphere which is in the heliometer axis , which 
point may be called the pole of the heliometer axis; 2d, the 
position of the semi-lens with respect to this axis, as given by 
the micrometer and position circle of the objective; Sd, the 
position of the point in the field where the image is observed, 
as given by the micrometer and position circle of the ocular. 

By the heliometer axis is here meant the straight line which 
joins the centres of the position circles of the objective and 
ocular ; and we shall here apply to this axis the notation which 
in the theory of the equatorial instrument (Art. 245) was applied 
to the sight line. Thus, 90° — c will now express the distance 
of the pole of the heliometer axis from the pole of the declina- 
tion axis. If then we denote by d l and r 1 the declination and 
hour angle of the pole of the heliometer axis, we shall have, by 
(258), 

*1 = d + A<Z— r COS (r, — &) ) 

r l = t At — y sin (Vj — #) tan ^ -f- c sec \ tan ^ ) 

where d and t are the readings of the declination and hour circles, 
and a d 7 a i 5, f, #, c, and i x are the constants of the equatorial in- 
strument, supposed known. The terms depending on the flexure 
are here omitted, as not sensibly affecting micrometric observa- 


* Astronomische Untersuckungen, Vol. I., Theorie eines mit einem Heliometer versehenen 
JEquatoreal- Instruments. See, however, also Hansen’s Ausfuhrliche Methods mit dtm 
fraunho ferschen Heliometer Vermche anzustellen, 4to. Gotha. 1827. 
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tions, excepting only the term s sin (p tan d v which, on account 
of the factor tan 8 V may he supposed to become sensible for 
stars very near the pole ; and this term is included in our for- 
mulae by the substitution of i x — i — e sin <p. 

It is assumed that the images of infinitely distant points 
formed by each semi-lens are mathematical points, that they all 
lie in the same focal plane perpendicular to the heliometer 
axis, and that the straight lines joining these points and their 
images pass through the optical centre of the semi-lens. Let 
this optical centre be denoted by 0 . The point 0 is moved by 
the micrometer screw in a plane which is at right angles to the 
heliometer axis and in a line which should pass through that 
axis; but a perfect adjustment in this respect will not be 
assumed, and we shall suppose that the line in which the point 
0 moves is at the distance b from the heliometer axis. The 
position of the point 0 in this line at any time will be deter- 
mined by the micrometer reading m, together with the reading 
that corresponds to some assumed point of the line as an origin. 
Let this origin be the point of the line which is at the least dis- 
tance (= b) from the heliometer axis, and let a be the reading 
when 0 is at this point ; then the distance of 0 from this origin 
at any time will be expressed by m — a. 

The direction of the line of motion of the point 0 at any time 
will be given by the position circle. The zero of the position 
circle will be the reading when this line coincides ill direction 
with a celestial circle whose pole is the pole (Q) of the declina- 
tion circle of the instrument, as in Art. 261. If we here denote 
this zero reading by n 0 , and the reading at any time by n, the 
position angle of the line of motion will be 

= 71 — 7l Q -|— A 

In which we have, by (276), 

1 = [r sin (n — &) -f Q sec — (c -f- e cos <p sin t x ) tan $ 1 (290) 

271. 23 w, in order to express the position of the point 0 in a 
general manner, let us take two planes of reference at right 
angles to each other passing through the heliometer axis, and 
let one of these planes be the plane of the circle of declination 
passing through the pole of this axis. Let A F, Fig. 58, he the 
intersection of the plane of the circle of declination with the 
plane of motion of the semi-lens ; AX the intersection of the 
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second plane of reference with the plane of motion ; BO the line 
in which the optical centre 0 of the semi-lens moves; AO x the 
perpendicular from A upon BO. Then, according to the nota- 
tion above adopted, we have AO x = b, O x O = m — a, and ABO 
— n — n 0 + A = n — where, for brevity, we put 

Jc = n 0 — X ( 291 ) 

Hence the distance of 0 from the two planes of reference, or 
its co-ordinates on the axes AX and A T, are evidently 

x - = (m — a) sin ( n — k) -f- b cos (n — k) 
y = (m — a) cos (n — k) — b sin ( n — k) 

The position of the point in the field of the ocular, at which 
the image of the celestial point is observed, which point we shall 
call the point o, will be determined by referring it to the same 
two planes : so that if /*, a, v, x, j3 have the same signification for 
the point o that m, a , ??, k, b have for the point (9, the co-ordinates 
of o. with reference to these planes are 

£ = (a — ») sin (y — x) -| - p cos (v — x) 

V] = (/I — a) COS (v — x) — p sin (v — x) 


Fig. 58. Fig, $y. 

r p 



The direction of the sight line o0, or that of a star whose image 
is observed at o, can now be determined by means of these co- 
ordinates and the distance f' between the planes of motion of o 
and 0. Conceive a straight line to be drawn through o, parallel 
to the heliometer axis. This line and the heliometer axis have 
the same vanishing point in the celestial sphere, namely, the pole 
of the heliometer axis. Let A , Fig. 59, be this point of the 
sphere, S the star in the sight line oO, P the pole of the heavens. 
The plane passed through the line oA and the line oO makes 
with the plane of the circle of declination PA the angle PAS = tz\ 
and the angle between the lines oA and 0 0 is measured by the 
arc AS = A. The distance of 0 from the line o A is /' tan J, 
and its distances from the plane of PA and the plane drawn 
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through oA at right angles to the plane of PA are /'tan A sin it 
and /' tan A cos 7 z\ These distances are also expressed by x — ? 
and y — 37 ; and hence we have the equations 

f tan A sin x = x — £ 

f tan A cos x — y — yj 

If we take the linear distance of the threads of the micrometer 
screw of the objective as the common unit of measure of all the 
quantities m, a , b , //, a, /?, and if is the angular value of one 
revolution of the screw, we have, since /' is the focal length of 
the lens, 



Hence, the above expressions divided by/' give 

tan A sin x = tan j R [(m — a) sin (n — ft) b cos (n — k) 

— (//. — a ) sin (y — x) — /3 cos ( v — x)J 

tan A cos x = tan E [(m — a) cos ( n — k ) — b sin ( n — k) 

— (jj. — a) cos (y — x) -f* P sin (y — x)] 

These determine A and tt, with which the declination d and hour 
angle z of the star are determined by means of the formulas, 
derived from the triangle PAS, 

sin S = sin 3 1 cos A + cos sin A cos x \ 
cos 3 cos (r a — r) = cos 3 X cos A — sin 3 y sin A cos x V (298) 
cos 3 sin (r, — r) = sin A sin x ) 

272. ¥e can now proceed to the determination of the relative 
position of two stars S and S' whose images have been brought 
into coincidence by giving the two semi-lenses different positions. 
This relative position is expressed (as in the use of the filar 
position micrometer) by the distance s = SS f , and the position 
angle at the middle point of SS'=p. Thus, in Fig. 55, p. 395, 
S 0 being the middle point of SS', we have PSJS' = p. The 
declination 5 0 and hour angle r 0 of S 0 will be regarded as known. 

Let us distinguish the two semi-lenses by the numerals I. and 
EL, and let the formulae (292) and (293) refer to the semi-lens 1. 
and to the image of the star S formed by it. Let the image of the 
star S' be formed by the semi-lens IL, and let the several quanti- 
ties referring to this star be distinguished by accents, excepting 
those which are common to both stars. These common quanti- 
ties are— 1st, the readings n and v of the position circles ; 2d, the 
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micrometer reading p. — a and the constants ft and % of the 
ocular, since these refer to a single point of the field. But we 
shall suppose the lines of motion of the two semi-lenses to be not 
perfectly parallel, and shall therefore express the angle which 
the line of motion of the semi-lens II. makes with a declina- 
tion circle by n — k f ; so that, n 0 ' denoting the zero reading of the 
position circle when this semi-lens is used, we have 


V=n 0 ' — X ( 294 ) 


tan A' sin n' = tan R [(m' — a ') sin (n — k') -f- b' cos (n — k f ) 

— (jj. — a) sin (y — x) — ft COS (v — x)] 

tan A' cos n' = tan R [(m' — a') cos (n — k!) — V sin (n — k') 

— (p. — a) cos ( y — x) -j- ft sin ( y — x)] 


( 295 ) 


sin 8' = sin 8 X cos A' -)- cos sin A ' cos tz ) 
cos S' cos (q — t') = cos 8 1 cos A r — sin S 1 sin A ' cos ^96) 

cos S' sin (q — r') = sin A' sin tt' j 

The triangles PS 0 S and PS Q S' (Fig. 55, p. 395) give 

sin i s sin p 
sin $ s cos p 
cos i s 

and 

sin i s sin p 
sin i s cos p 
cos is 

From these equations we must eliminate 5, r, d', and r', since the 
values of s and p , resulting from the observation, are to be 
derived only from the declination <? 0 and hour angle r 0 of the 
middle point between the stars, and from the data obtain ed from 
the instrument. For brevity, let us write u and v instead of 
tan A sin n and tan A cos ;r, and u' and v' instead of tan A f sin ri 
and tan A ' cos tt'. Also, put r and r' for j/(l + uu + vv) and 
|/(1 -f- u'vJ + v'v'). The equations (293) and (296) become 

r sin d = sin d 1 -f- v cos 8 X 
r cos 8 cos (q — r) = cos d % — v sin S x 
r cos <5 sin (q — t) = u 


= — COS S sin (r 0 — r) 

= — sin S cos d Q -j- cos S sin d 0 cos (r 0 — r) 

= sin S sin d Q -f- cos 8 cos £ 0 cos (r 0 — r) j 

= cos 8' sin (r 0 — r') 

= sin S' cos 8 0 — cos d ' sin <$ 0 cos (r 0 — r') 

= sin <J'sin S Q - f cos d f cos <S 0 cos(t 0 — ri)y 


(297) 


r f sin S' = sin <5 X -j- l/ cos 
ri cos 5' cos (r — t') = cos ^ — t/ sin 
/ cos sin (q — r') = v! 


and 
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These, combined "with (297), give 


r sin $ s sin p = — cos ^sin (r 0 — — u cos (r 0 — Tj)-)- v sin d 1 sin (r 0 — r 2 ) 
r sin i s cos jp = — sin ^cos 8 0 -\- cos ^sin £ 0 cos (r 0 — t x ) — u sin d 0 sin (r 0 — rj 
— r [cos 5 1 cos (\ + sin d 1 sin £ 0 eos (r 0 — r x )] 
r cos i s = sin ^sin d 0 -{- cos ^cos <$ 0 cos (t 0 — r x ) — u cos S 0 sin (r 0 — r x ) 
+ v [cos d x sin d 0 — sin 8 X cos S Q cos (t 0 — r x )] (298) 


and 


r'sin $ s sin p = cos 8 X sin (r 0 — r x ) -f- u' cos (r 0 — r x ) — v' sin 8 X sin (r 0 — r x ) 
r'sin i s cosjp = sin d x cos <5 0 — cos d x sin d 0 cos (r 0 — t.) -f- w' sin £ 0 sin (r 0 — t x ) 
-f v' [cos d x cos S Q -f- sin ^ sin d 0 cos (r 0 — r x )] 
r'cos Jsr^sin^sin <5 0 + cos ^ cos 8 0 cos (r 0 — t x ) — u'cos <S 0 sin (r 0 — r x ) 
-fV [cos d x sin d 0 — sin 8 X cos <3 0 cos (t 0 — r 2 )] (299) 

These equations not only determine s and p, but also give a 
relation between d 09 r 0 and S v r v To find this relation, multiply 
the first two equations of (298) by r', and the first two of (299) 
by r, and subtract the former products from the latter: we find 


0 =■ (t -j- r') C 08 6 X sin (r 0 — + ru') cos (r 0 — r x )—(r'v + rv') sin sia ( r o — r i) 

0 =s- (r -f r') [sin d x cos <5 Q — cos 6 X sin <5 0 cos (r 0 — r x )] + ( r'u -J- ru') sin 6 0 sin (r 0 — rj 

+ {r'v + rv') [cos d x cos 8 0 + sin 6 X sin cos (r 0 — r x )] 


which, if we put 


tan g sin G = 


r'u -j-. ru' 
r J r r' 


tan g cos G = 


r'v -f- rv' 
r ■+ r' 



may be written in the following form : 

0 = [cos <5 X — sin e^tany cos G~\ sin (r 0 — r^-ftan g sinG t cos(r jJ — r x ) 

^tanff coBff _ = j. coB ^ — sxn g cos(r] cos(r 0 — r x ) — tan^ sin G sin(r 0 — -j) 

tan <5 0 


If we multiply each of these by cos < 7 , and then introduce the 
auxiliaries h and H, determined by the conditions 


sin h = sin g sin <? 
cos h sin H = sin g cos G 
cos h cos S = cos g 

we shall have 



cos h sin (d x 4 - £[) 
tan 4 


: cos h cos ($ x -f~ -ff) sin (r 0 - 
. cos h cos (d x + JEC) cos (r 0 - 


" T i) + s ^ n A 008 Oo — T l) 

- r,) — sin h sin (r 0 — rj 
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from which we deduce 


cos h sin (d 2 -f- H) 
tan d 0 

cos h sin (d l 4- _Zf) 
tan < 5 0 


COS ( r 0 — q) = cos h cos ($ f -f _£T) 
sin (r Q — q) = — sin A 


and the sum of the squares of these gives, by a simple reduet 5 on. 


cos h sin (<\ -f H) = sin 5 0 

-By the combination of the last three equations we have, therefore. 


sin S Q = oos h sin 4- JEC) > 

cos ^ cos (r 0 — q) = cos h cos (d 2 -f- j EC) ^ (302) 

cos <$ 0 sin (r Q — q) = — sin A i 

If we regard^ and q as given by the declination and hour circles 
of the instrument, with the aid of (289), we can employ these 
equations to obtain $ Q and t 0 ; or, if d 0 and r 0 be regarded as known, 
we can employ the same equations to obtain and q, and then 
the reading of the declination, and hour circles is altogether dis- 
pensed with. 

The values of s and p will he derived from the following equa- 
tions, which are obtained by adding (298) and (299) : 

(r-fr') 8 i n si np =(u' — u) cos (r 0 — q) — ( Y — v) sin ^ sin (t 0 — q) 

(r-f r') sin is cos p = (V — u) sin d 0 sin (r 0 — q) 

-p (v' — v) [cos $ 2 cos ^ 0 -f sin S 1 sin £ 0 cos(r o — q)] 
(r-fO cos i s =2 [sin ^sin S Q 4- cos d ± cos S 0 cos (q — q)] 

— COS ^ sia (q — q) 

+ (V -}-?;) [cos sin 8 0 — sin \ cos <5“ 0 cos (q — q)] 

In these rigorous formulae, every thing in the second members 
is known. But it will never he necessary to employ them in 
this rigorous form, except when the two stars are so near to the 
pole that the quantities u, v\ it', ?/can no longer he regarded as 
small in relation to the polar distance. In almost all cases, 
therefore, an approximate development of the formulae will 
suffice; and this I proceed to consider. 

273. The approximate development of the equations (303), 
when the terms involving the third and higher powers of u,v>u', v f 
are neglected, is extremely simple, and would lead us to the 
formulae usually given for the heliometer. But it is easy to see 
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that such a development is not sufficiently exact, even for stars 
near the equator, when their distance approaches to the maximum 
limit (of about 2°) which the instrument is capable of measuring, 
unless a special method of observation is exclusively employed 
by which the terms of the higher orders are rendered practically 
insensible. The nature of such methods of observation will be 
seen hereafter; but, in order to obtain the most generally useful 
formulae, which can afterwards be simplified and adapted to 
special cases, I shall follow out the very precise development, 
given by Bessel, in which the terms of the third order are 
retained. 

In order to develop the equations (303) as far as terms of the 
third order in U, v , u\ v it is necessary to develop the factors 
by which u f — u,v r — v, u ' + m, v f + v are multiplied, as far as 
terms of the second order only. If in (300) we substitute the 
values of r = *j/(l + uu + vv) and r f = i/(l + u'u' + v f v f ), and 
develop the expressions, we shall find that when terms of the 
third order are neglected they are reduced to 

tan g sin G = £ (v! -f u) 
tan g cos G == £ (v f + v) 

and consequently we shall have, with the same degree of approxi- 
mation, 

sin g sin G = £ (u f + u) 
sin g cos G = \ (i?' + v) 

cos g = 1 — £ (v' + u) 2 -— | (v' + v) 2 

The equations (302), by the substitution of the values of h and IF 
according to (301), become 

sin $ Q = sin S x cos g -j- cos 3 X sin g cos G 
cos d Q cos (r 0 — Tj) = cos ^ cos g — sin 9 X sin g cos G 
cos d 0 sin (r 0 — Tj) = — sin g sin G 

from which follow, also, 

cos g = sin d x sin -f cos d x cos £ 0 cos (r 0 — t x ) 
sin g cos G = cos S l sin 5 0 — sin \ cos d 0 cos (r 0 — r t ) 
sin g sin G = — cos sin(r 0 — t x ) 

With the aid of these equations the required development of 
(303) is readily obtained. We find 
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(r -f r') sin } s sin p = (w' — w.) [1 — £ (w ; (u' + u ) 2 tan 2 dj 

+ O' — *0 [2 O' + *0 tan £ 0 — 1 (u' + u) ( 1 /+ v)] 
(r -f r') sin } s cosp = (v' — v) [1 — £ (v f -f v ) 2 — £ 0 4 ' + u ) 2 tan 2 <5 0 ] 

— 2 O' — u ) O' + u ) tan 5 0 

(r + r') cos is = 2 [1 + § (v! -f- w) 2 -(- ^ (V -f v) f ]. 
or, dividing the first two of these by the third, 

2 tan is sin p=(u' — w)[l — {(u'+u) 2 — ^0'-|-^) 2 — |(w'+^) 2 tan 2 d Q ] 

+0'— i?)Q (u' + w) tan d 0 — 1 O' -f O' -f v)] 

2 tan cosp =(v'— t?)[l— £0'+ ^) 2 “-gO'+ w ) 2 ~FO'+ w ) 2 tan 2 
— ^(v! — u ) O' -f- w) tan d 0 

in which we are now to substitute convenient expressions for 
u ' — — t?, u r + w, v r + 

It is expedient in practice to make all our observations depend 
upon but one of the micrometer screws of the two semi-lenses, 
since all the time that we may have to devote to the investiga- 
tion of the errors of the screws may then be expended upon this 
one. Let us suppose the micrometer screw of the semi-lens II. 
to be thus adopted, and let w denote the angle between the lines 
of motion of the semi-lens II. and of the ocular, so that 



w = (n — k') — (y — x) 

and let/ and J^be determined by the conditions 


f sin F= tan B [(m — a ) sin ( k! — &)-f- b cos (k r — — a) sin w — /?cos w] 
f cos F— tan B [( [m — a)cosO' — k~)—b sin (k'—k) — (jl — a) cos w — p sin w ] 

(305) 

Multiplying these respectively by cos (n — k') and sin (n — k r \ 
and also by — sin (n — k') and cos (n — k '), the sums of the pro- 
ducts are, by (292), 


u = f sin (n — k' + F) 
v = f cos (n — k! 4 - J P) 



from which it follows that / and n — k r + F are the same as 
tan A and n. 

If we also assume S and JE to he determined by the conditions 


2 tan iS sin B= tan It [ — (m — a) sin (K — k) + V — b cos (kf — A)] 

2 tan £/Seos2£=tan R[(m r — a') — (m — a)cos(A' — #)+& sin ( k ' — £)] 

mi) 
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we shall find, by means of the multiplication and addition above 
employed, and by comparison with (292) and (295), 

v! — u = 2 tan i S sin (n — k! E) ) 

tf-v = 2 tan J 5 cob (n — V + E) J ^ 308 - ) 

and from (306) and (308), 

£0'+ u) = UniSsm(n — k f + .E)+/sin(w — ^ + F) 1 

^ (y r -f v) = tan } S cos (n — W + E) -f-/cos (n — If F) f ^ ' 

To facilitate the substitution of these values in (304), let us put 

q = n — V + E u x = %(u' + u) v 1 = %(y' -f v) 

we shall then have 


tan is 
tan iS 
tan is 
tan£$ 


sinp — sin ^(1 — u* — 1 v i~h ufi&xi' 1 ^o) + cos q (u x tan S Q — u x v t y 
cos p = cos q (1— : v x — l u*—? u x tan 2 <5 0 ) — sin q . u x tan d Q 


Multiplying these respectively by cos q and — sin q , and again 
by sin q and cos q, the sums of the products are 

tan is 

sin(p — 2)==u 1 tan d 0 —± cos q pt^cos q~v x sin ^)+(^ 2 +^ 2 )sin q] 

cos(p-— q)=l — ( u * + v*)— \ V tan 2 \ + \ (u x cos q—v x sin q ) 2 

The square root of the sum of the squares of these equations, 
neglecting terms of the 4th degree in their second members, gives 

tan is — tan i S [1 — ( u L 2 -f vf) -f £ (u x cos q — - v x sin £) 2 ] 

and their quotient gives tan (jp — q) 9 for which we may write 
p — q; whence 

p — q — u T tan \ — | cosg [2 v x (% cos q —v l sin q) + (u x 2 -f Vj 2 ) sin q\ 

But with the notation just adopted, the expressions (309) become 

th == tan i S sin q -f / sin (q -f- F — E) 
v x = tan iS cosq -f/cos (q 4 * E — E) 

whence, also, 

+ Vi — tan 2 i S tan i S cos‘(JF'— E) -f /* 

t^oosf — v l $wq=fB l m(F — E) 
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by the substitution of which we obtain 

tan}s=tan}fif |1 —tan 2 iS—'2f tan %Scos(F— cos 2 ( F-—jF)]} 

p=q + [tan iS sin q -f / sin (q -f F — E)] tan S 0 

— £ cos q [tan 2 iS sin gr -f 2/ tan JS sin (g -f JF — jE?) 
+/ 2 sin(2 + 2F-~2j£)] (310) 

In the terms of the order of tan 2 we may put p for q; but 
in those of the order of tan Js, in the first line of the value of p 9 
we shall employ the more accurate value 

q = p — [tan $S sin p + / sin (p -f F — EJ] tan S 0 

Dividing the first equation of (310) by 1 — tan 2 the first mem- 
ber becomes J tan s , within the degree of approximation here 
adopted, and in the small terms we may put \ s for tan %S. The 
equations thus become 

tan s = 2 tan i$-[l — fs cos ( F — E ) — £/* [1 -f- cos 2 (F 7 — E )} j 
p=n — k! -f E + Q s sin p -f / sin (p + F — E )] tan <5 0 

— [l$*smp-\-%fssm(p-\-F-— ^)-f^/ 2 sin + 2.F — 2 _F)] cosjp 

— [|s 2 sin2p-)-^/ssin(2jp-(-F— J?)+£/ a sin (2^+2 ^—2^)] tan 2 d Q 

These may, however, be still further simplified. The angle E is, 
in general, either very small or very nearly 180°, according as 
m' — a! — (m — a) is a positive or negative quantity in (307). 
The case must be excepted in which the distance $ is itself so 
email as to be regarded as of the same order as h' — k and V — b; 
but in this case the terms involving E are themselves so small 
that they can be wholly neglected. Putting, therefore, in the 
email terms, E = 0 or = 180°, and also substituting the value 
of k f = nf — X, and of X by (290), we have, finally, 

tans “2 tan [1 fs cos F — £/ 2 (l + cos 2 .F)] \ 

p = n — + E + |> sin (r 0 — &) + tj see ^ / 

[^ s sin^> it /sin (j? -+• JF) — c — e cos y sin r 0 ] tan <J a > (Bll) 

— [| s 2 sin p ±z hfs sin (jp+JF) + |/ 2 sin (p-f 2 JF)] cosp \ 

— [^s 2 sin2jpih^/ssin(2p4-F , )+^/ 2 sin(2p+2JF)]tan a 5 () ) 

in which the upper or the lower sign is to be taken according as 
ml — - a ' — (m — a) is positive or negative. In the value of X 
(290), we have here substituted r 0 and 3 0 for and 8 V which will 
produce no appreciable error. 

The angle p here expresses the position angle from the star 

Vol. IX.— 27 
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whose image is formed by the semi-lens I. to the star whose 
image is formed by the semi-lens II. It is also to be observed 
that we have employed the formulae for the equatorial instrument 
as given for the ease in which the declination circle precedes the 
telescope: so that, according to Arts. 248 and 250, when the 
declination circle folloivs, t 0 will be the hour angle increased by 
180°, and d 0 will be the supplement of the declination; conse- 
quently, also, p will be the position angle increased by 180°. 

274. The coincidence of the images of the two stars S and S f 
can be produced at the point 0 (Art. 271) in two different ways, 
namely, by opposite motions of the semi-lens II. relatively to 
the semi-lens I. By the combination of the observations made 
in these two ways, we shall be able to eliminate a , a 6, ft' — ft, 
and it will no longer be necessary to determine these quantities. 

Let us suppose the semi-lens I. to remain in the same position 
as in the first observation, and that the semi-lens II. is now 
moved in a direction opposite to that of its former motion until 
the second coincidence of the ima ges is produced. This will, in 
general, require a common revolution, to a small extent, of the 
two lenses about the heliometer axis, thus slightly changing the 
reading of the position circle, which reading we shall now denote 
by Let the reading of the micrometer in this observation be 
m/, and let the corresponding values of S, E, and p be denoted 
by S v E v and p v The formulae (807) and (811), with these 
changes, will then apply to this second observation, and (307) 
will become 

2 tan i S 1 sin E x = tan It [— (m — - a) sin (ft'— - ft) 4- V— b cos (ft'— ft)] 

2 tan i >Si cos E x — tan It [>(— a'— (m — a) cos (ft 7 — ft) + b sin (ft' — ft)] 

Since m/ — a f and m f — a! fall upon opposite sides of m — a, the 
quantities 2 tan ^S^cos E x and 2 tan J S cos E have opposite signs, 
but 2 tan sin i?! and 2 tanj$ sini? are equal ; from which it 
follows (since S x and 8 can differ only by terms of the 3d order) 
that E x differs from f80° —E only by terms of the order of the 
product of ft' — ft into s 2 , and this difference may be regarded as 
altogether insensible. In the application of (311) to the second 
observation, therefore, the meaning of the double sign will be 
reversed. We can, however, avoid all the difficulty in distin- 
guishing the cases in which E is to be taken greater or less than 
90°, by calling that observation the first, for which E< 90°, and 
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applying to it the notation n. Under this condition, the 
npper signs of (811) will be used for the first observation and 
the lower signs for the second ; and the value of p 1 for the second 
observation will be 180° -fi p. 

The formulas for the two observations may, therefore, be 
expressed as follows, where we introduce the value of 2 tan J 8 
given by the second equation of (307) after neglecting the insen- 
sible terms (which terms, however, even if they were sensible, 
would be eliminated by the subsequent combination of the two 
observations) : 

1st Observation. 

tan s = tan B ^ ^ fl — fs cos F — if 2 (1 + cos 2 F )1 

cos E ^ ~ - 1 

p=n~n 0 ' + F +[ r s in (r 0 — #) + ij sec d 0 

-f- [J s sin p + / sin ( p + F) — c — e cos <p sin r Q ] tan d Q 

— s 2 sin p 4 \ fs sin (p 4 F) -f sin Q? 4 2_Z^)] cos p 

— Q s 2 sin 2 p -f- A/s sin (2 p + E) 4 sin (%P 4 2.F)] tan 2 d Q 

2 d Observation. 

tan 5 = tan R — - [1 -(- fs cos F — If 2 (1 + cos 2 .F)] 

cos E L v 

p = n x — n 0 ' — E + [ r sin (r 0 — tf) + ij sec <5 0 

+ [ — i $ sin p 4 / sin (p 4- F) — c — e cos <p sin r 0 ] tan d Q 

— [£ 5 2 sin jp — i/s sin (p + F) -f A/ 2 sin (p -f- 2JF)] cos jp 

— Q 5 2 sin 2 j? — lfs&m( 2 p F) \ sin (2/4-2F)] tan 2 d 0 

From the mean of the two observations, we have 

iyy\ 1 _____ 4M ^ 

tan 5 = tan B [1 — ^ / 2 (1 + cos 2 F )] 

P = n — n 0 ' + [r sin (r 0 — />) -4- {,] sec S 0 

4- [f sin (p 4 F) — c — 6 cos (p sin r 0 ] tan S 0 

— s 2 sin 2 p (1 4 2 tan 2 <? 0 ) 

— 2/* [sin (p 4 2F) cos p 4 sin (2 p 4 2F) tan 2 

The value of E r obtained from the difference of the two values 
of p , is 

E = 1 HnzJL __ 1 $ sin jp tan <? 0 

2 4 i/ s [sin (i> + E) cos + sin (2p 4 - F) tan 2 <5J (B13) 

But it will not usually be necessary to regard the divisor cos E in 
the formula for tan 5 , for it can differ sensibly from unity only in 
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those ease** in which s is an extremely small quantity, and in 
these cases we may take j E — \ — n). 

The method of observation with the heliometer, in which two 
corresponding observations in opposite positions of the semi- 
lenses are combined, may be regarded as fundamental and essen- 
tial. The same degree of accuracy which it affords cannot be 
attained by single observations, the reduction of which requires 
an accurate determination of the quantities a, a', 6, b\ k r — Jc; 
for, in addition to the uncertainty of such determinations foi 
any given position of the instrument, it is not certain that the 
values of these quantities are really constant for all positions of 
the telescope with respect to the horizon. It is true that oui 
formulae still involve/ and F \ which depend upon a, a', &c. ; but 
a precise determination of these quantities is no longer necessary, 
since they enter only into the small terms of the formulae. 
Moreover, by a proper method of observation, f and F may be 
dispensed with altogether, as I next proceed to show. 


275. Assuming that a complete observation always consists of 
two corresponding observations, as in the preceding article, 
there are yet three different methods of making such an obser- 
vation, each of which offers some advantage over the others. 
These I propose to consider separately. 

First Method of Observation . — Let the semi-lens which is to 
remain fixed during the observation be set so that its sight line 
shall be parallel to the heliometer axis. This will be effected by 
making m — a = — a, and at the same time n — k = v — x, or, 

in the most simple manner, by making m — a = ju — a = 0. 
We shall then have/= 0, and the formulae (312) become 


d , J, m' 
tan ^ = tan B 


• m. 


P = 


2 cos E 

- i~ — — < + 0 sin (r 0 — *) + tj sec \ 

(c -J- e cos <p sin r 0 ) tan < 5 0 — T ' g s 2 sin (1 -f- 2 tan’ < 5 0 ) J 


(314) 


This method recommends itself by the symmetry which it gives 
to the observations, as well as by the simplicity of their reduction 
Second Method . — In this method, we make the lines of motion 
of the objective and ocular parallel, or w = 0, and also make 
m = a; but the ocular is moved between the two observations, 
being set for one observation so that fx — - a = %(m' — a'), and 
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for the other so that (i — a = J(m/ — a'). We then have 
/= is and F— 180° for one observation, hut F — 0 for the 
other. These changes must be made in the two sets of formulae 
from which (312) were obtained ; for in the combination expressed 
by (312) the ocular was supposed to have the same position in 
both observations. Here, however, we must put F — 180° in 
the first and F = 0 in the second, at the same time substituting 
\ s for/, and then make the combination: we thus obtain 


tan s = tan It 


m' — m/ 
2 cos E 



71 — j— 7l\ 
~2 


— < + C r sin ( T o — + b] see <\ 
— (<? -j— e cos <f sin r 0 ) tan <\ 


(315) 


In this method, the rays from the two stars make the same angle 
(= i s) with the optical axis of each semi-lens; whereas in the 
first method the rays from one star make the angle s with this 
axis and those from the other star are parallel to the axis. The 
second method, therefore, offers the advantage of bringing both 
images at equal distances from the axis, thereby producing equal 
distinctness and accuracy of definition in them, and avoiding the 
defects of the lens, which appear more prominently as the rays 
fall more obliquely. The greater simplicity of the first method' 
in the observation will, however, give it the preference so long 
as the distance to be measured is not so great as to carry one of 
the objects beyond the limits of distinct vision. 

Third Method . — This combines the advantage of the second 
method with the simplicity of the first. We place the ocular 
permanently in the heliometer axis, and make each observation 
with the semi-lenses at equal distances from that axis and on 
opposite sides of it. The chief objection to this method is that, 
since both lenses are moved, it becomes necessary to know the 
value of a revolution of the screws of both ; but, as has been 
already remarked in Art. 273, it is expedient to devote all our 
attention to the investigation of the errors of but one screw. It 
may also be objected to this method that, when the distance to 
be measured is rapidly changing, time will be lost in effecting 
the requisite symmetrical arrangement of the observations. This 
objection, however, may be made with even greater force against 
the second method ; but the first method is free from it. 

With any of these methods, if we wish to free the results from 
the effects of flexure of the declination axis and from the ineli- 
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nation of this axis to the hour axis, without supposing q an< 
c to be known, we take two complete observations (i.e. pairs oi 
observations) in the two positions of the declination circle, pre 
ceding and following ; for we see by (314) and (315) that q and 
will vanish from the mean of these two observations. 

In Art. 263, we have seen that fg-^sin 2p(l + 2 tan 2 d 0 ) is th< 
correction to be added to the position angle at the middle poin 
between the two stars to reduce it to the mean (= p Q ) of th< 
position angles at the two stars : consequently, if we neglect thi 
term in the first method of observation above given, the result 
ing position angle will be at once the mean position angle p { 
with which and the distance 5 we find the differences of decli 
nation and right ascension of the stars, by Art. 264. The result 
are yet to be freed from the effect of refraction, by the method 
hereafter to be given. 

276. I have thus far assumed that the contact of the images i 
always produced at a certain known point (o) of the plane o: 
motion of the ocular. It will be well always to make the con 
tacts at the middle point of the field, but the position of thi 
point will usually be estimated only, unless it is indicated by 
square formed of intersecting threads or some equivalent con 
trivance, which, however, involves the necessity of illuminatim 
the field or the threads. Let us inquire, therefore, to wha 
extent an erroneous estimate of the position of the middle o 
the field will affect the observed measures. 

The quantities f and _F, determined by (305), express the actus 
position of the middle of the field (o) ; but if the point of cor 
tact is a different point (o'), the values given by the formuh 
require a correction. 

Let h denote the angular distance of o' from o, and H th 
angle which oo' makes with the observed arc SS ', H and w bein, 
reckoned in the same direction. The quantities tan_B. (//—a) sin i 
and tan 22. (ju — a) cos zo, which express the angular distances o: 
the point o from SS\ and from a perpendicular to S8' draw: 
.through the heliometer axis, must be increased by h sin IT an 
h cos IT respectively. Consequently, fsmF and / cos will rc 
quire the corrections h sin if and — h cos H: hence, if we suppos 
h to be so small that its square may be neglected, the effect upo: 
tans will be, by (311), 

dz hs 2 cos H + hsf (2 cos F cos JET — sin jF sin JBT) 
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and the effect upon the position angle will be 

h sin [p — jET) tan d 0 ± \ hs [sin (p — H ) cos p ■+■ sin (2 p — H ) tan 2 <5 0 ] 
+ hf [sin ( p -{- F — H) cos p -f- sin (2 p -j- F — H) tan 2 <5 0 ] 

Since h will be but a few minutes in any case, it follows that the 
effect upon the distance will be usually inappreciable even for 
the greatest values of s and/. The first and principal term of 
the effect upon the position angle is proportional to the tangent 
of the declination ; but it vanishes when sin ( p — H) = 0, that 
is, when II— p, or p -+■ 180°, or when the point at which 
the contact is made lies in the declination circle which passes 
through the centre of the field. When the telescope follows the 
diurnal motion accurately, and a contact has once been made in 
the centre of the field, the subsequent observations will all be 
very near this point. The greater the declination, the more 
careful must we be to make the contacts near the declination 
circle of the centre of the field ; but it is evident from the pre- 
ceding discussion that we shall probably always be able to effect 
this with sufficient accuracy by estimating the position of this 
centre, without resorting to the use of illuminated threads. 

DETERMINATION OF THE CONSTANTS OF THE IIELIOMETER. 

277. To find a 7 a a. — Direct the telescope to any fixed point, 
and, having brought the centre of the semi-lens I. nearly into the 
heliometer axis (by estimation), revolve the lens 180° about the 
axis. If the image of the point appears still in the same point 
of the field of view, the reading m of the micrometer is then 
evidently = a. If the image has moved, we have only to move 
the semi-lens by its micrometer screw until the image has been 
carried to the middle point between its first and second positions, 
and, if this middle point has been correctly estimated, the semi- 
revolution will no longer affect the apparent position of the 
image. By repeating this process, we shall very quickly find 
the exact position of the semi-lens when its centre is at the 
minimum distance from the heliometer axis, for which m — a 
In the same manner, a f will be found for the semi-lens II. ; and, 
by a similar process, revolving the ocular 180°, a will be found 

278. To find k 9 — k 7 V — b . — These quantities produce the 
greater influence upon the readings of the position circle, the 
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smaller the distance between two points whose images are 
brought into coincidence. They will, therefore, be most accu- 
rately determined by complete observations (Art. 275) of the dis- 
tance and position angle of the components of a double star. 
Since s is in this case extremely small, we shall have E=%(n i — ft), 
and, neglecting the insensible terms in (307), the single observa- 
tions will give 

s sin i (n x — ri) — B [(m — a) Qc — k r ) -J - b' — £>] 

$ cos i (n x — 7i) = JR [m' — a! — m -j- a] 

and (since in the second observation we put 180° — E for E) 

s sin i — n) = H [(m — a ) (k — k r ) -j- V — b ] 
s cos i (n x — n) = B[m — a — m x ' -f a'] 

from the combination of which we derive 

(m — a) (k — k r ) + V — b = | (m' — m/) tan { (n t — n ) (316) 

in which the second member and also the coefficient of k — k' are 
known from the observation. By setting the semi-lens I. at various 
readings and making the contacts by moving the semi-lens 
II., we shall thus for each complete observation have an equa- 
tion of condition of the form (316) ; and since the coefficients of 
k — in these equations may be made to have very different 
values, the combination by the method of least squares will give 
a very accurate determination of both k — k' and b ' — b. 

"We may here observe that it is not necessary, nor is it advan- 
tageous, to bring the images of the stars into coincidence. It 
will be better to bring the image of one of the components 
formed by one semi-lens to the middle point between the two 
images of the two components formed by the other semi-lens. 
Thus, if a and b are the images of the two components formed 
by the semi-lens I., a' and those formed by the semi-lens II., 
in the first observation the images will stand thus : 

a! a b' b 
* * * * 

and in the second observation thus : 

a a' b V 
* * * * 
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As the components are supposed very close together, the bisec- 
tion of their distance will be more accurately estimated than a 
coincidence of superposed images. This method of observation 
is always advisable when the distance to be measured is but a 
few seconds. 

I should have remarked before that the quantity k — k f is the 
difference of the index errors of the position circle for the two 
semi-lenses, since from the values of k and W (291) and (294) 
we have 

k — Ji r =n 0 — n' 

279. To find the index error (n 0 ') of the position circle. — This is the 
index error for the semi-lens II., with which we suppose all our 
observations to be made. Let the semi-lenses be separated to 
any assumed distance (by setting m — a and m ' — a' to different 
readings), direct the telescope upon a fixed point, and revolve 
the objective until a motion of the telescope upon the hour axis 
(the declination circle being clamped) causes the two images of 
the fixed point to come successively into the sight line, that is, 
into the centre of the field of the ocular. The position angle of 
the line joining the two images is then nearly ± 90° ; but it will 
vary with the distance by which the semi-lenses are separated. 

If the hour circle is clamped and the objective is revolved 
until a motion of the telescope, upon the declination axis only, 
causes the images to come successively into the centre of the 
field, the position angle of the images will be nearly 0° or 180°, 
but w T ill also vary with the distance of the centres of the semi- 
lenses. The relation between the reading (n) of the position 
circle and the distance of the lenses will be investigated for 
each of these methods. 

In either method, I shall suppose that the sight line of the 
semi-lens I. is made to coincide with the heliometer axis, which 
will be effected by setting the micrometers so that m — a = 0 
and ju — a — 0. 

1st. When the telescope is revolved upon the hour axis. — It is ob- 
viously unnecessary to consider the position of the instrument 
with respect to the pole of the heavens, and we may therefore 
express the position of the heliometer axis by formulae which 
give the instrumental hour angle and declination of the axis. In 
order to show the effect of flexure, let us return to the general 
formulae (258), which, by omitting the terms y cos (r — #) and 
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J sin (r - ■&) tan S, will express the declination and hour angle 
Tl of the heliometer axis referred to the pole of the instrument 
Putting D for d + a d and T for t + a<, and \ = i — e sin <p, we 
shall put 

8 l ==D — e (sin <p cos JD — cos y sin D cos T) =D + aD 

t x = T -f- c sec D — \ tan D -f- e cos (p cos T -j-e cos <p sec D sin T=T + a? 

in which <p will now denote the latitude of the instrument. The 
equations (293), under the form given to them in Art. 272, will 
now become 

r sin 8 — sin D -f- v cos D -f- r cos ^ 008 ( T — t) . aD 
r cos 8 cos ( T—t) — cos D — v sin D-— r sin 8 . aD + r cos 8 sin ( T— r) . a 1 

r cos 8 sin ( T — r) = u — r cos 8 cos (T — r) . a T 

V J (317) 

in which d and r are the declination and hour angle of the fixed 
point. 

In the revolution about the hour axis, D remains constant. 
If the preceding equations are assumed for the case in which the 
image produced by the semi-lens I. is in the sight line, and we 
distinguish by accents those quantities which vary when the 
second image is brought into the sight line, we shall have, since 
S is fixed, 

1 v 

sin 8 = — sin JD -)- — cos D cos 8 cos (T — r) . a D 
r r 

1 v r 

== — sin D -| cos JD + cos 8 cos (T' — r) . a D' 

T T' 

as the expression of the condition that the two images of the 
same point are successively brought into the sight line. But, as 
we may neglect the products of the small quantities c, i v e, e, by 
the squares and products of u , v , u\ ?/, we can in the last terms 
put cos (J 7 — t) = cos (I 7 — r) = 1, and then give the equation 
the form 

j sin D -f cos 8 (a D — a D') 

j sin JD 4* e cos <p sin JD cos 8 (cos T — cos T f ) 

From the second and third equations of (317) we have, with tho 
degree of approximation here required, 



cos 8 cos T = cos JD cos r — v sin JD cos r — u sin r 
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and, therefore, also 

cos d cos T' — cos D cos r — v' sin D cos r — u' sin t 


by means of which our equation becomes 


r' 



- j tanZ)-|-6 cos?? tan_D[(z/ — v)$inD cos r -\-(u r — u) sinr] 


The mode of observation above proposed, by which we have 
m — a = 0 and fi — a = 0, leads to a simplification of this equa- 
tion; for these conditions give also/ = 0, and consequently, by 
(306), u = v = 0, and r = i/(l + uu + vv) = 1. We have also, 
by (308), under the same conditions, 

u f = 2 tan £ S sin (n — k! -f- E) 
vf = 2 tan £ S cos (w — k' + Z7) 


and, consequently, 

r'= 1 + i (wV + v'v') = 1 + 2 tan 2 } S 

Substituting these values, and neglecting terms of the order oi 
£ tan 2 £ S, we deduce 


cos (n — kf-\-E) =tan i Stan E-\-e cos <p tan Z) [sin Dcosrcos (n — k'-\-E) 

+ sin t sin (n — k! - f E)~\ 

trom which it follows that cos ( n — k f + E) is of the same ordei 
as tan jS, and n — k' + E is nearly — ±z 90°. We may, there- 
fore, in the last term, put cos (ft — k' + E) — 0 and sin (ft — k r 
-+ E) = =t 1, and write the equation in the following form: 

sin [90° qp (n — If + E)~\ = tan i S tan D dt e cos <p tan D sin r (318) 

We shall here have to distinguish between the cases in which 
n — k f is nearly = 90° or nearly = — 90°. The angle E is nearly 
= 0 or nearly equal 180°, according as m ' — a f is positive or 
negative in (307). When n — k' is nearly = + 90° and E is 
nearly = 0, we have n — k' + E nearly = + 90°, and the upper 
sign in the second member must be used. Under the same 
conditions, the upper sign in the first member makes 90° 

(n — k f + E) nearly = 0, and the angle may be put for its sine. 
When ft — V is nearly = + 90° and E is nearly = 180°, the 
lower signs must be used. Hence, if we write sin E for E or 
for 180° — E, we shall have, when n — k f is nearly = -|~ 90°, 

- zn (n — kf — 90°) — sin E= tan $ Stan D zte cos <p tan Z> sin r (318a) 
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and similarly, when n — k' is nearly = —.90°, 

±:(n — k! + 90°) -f sin E = tan J S tan D =p e cos <p tan D sin r (3186) 

The value of k\ according to (294) and (290), when we refer X to 
the pole of the instrument, is 

k! = Uq — q sec d x -f- c tan 8 1 + e cos <p tan $ 1 sin 

where the last term is equivalent to the last term of (318). If, 
therefore, we neglect this term in (318), the value of k f , which 
the equations then determine, will be 

= n 0 r — i x sec \ -f- c tan 

If we suppose k f — k and b' — b to be known, we shall know 
E from (307), and a single observation will determine k' by (318). 
But it will be preferable always to combine two corresponding 
observations in which m' — a' — m -f- a and m/ — a! — m + a are 
numerically equal but have opposite signs ; then, n and n x being 
the readings of the position circle in the two observations, we 
shall have from their mean 

n 0 ' — i x sec d x + c tan \ (n 1 -f ri) q 1 90° (319) 

If we set the micrometer at various readings in making these 
pairs of observations, and assume that the weight of the resulting 
determinations is proportional to J (m/ — m'\ and if we denote 
the several values of £ (m/ — m') by M, iff', Jf", &c., and of 
J (n t + n) 90° by N 9 AT 7 , N", &c., we shall have the final mean 
by the formula (see Appendix, Method of Least Squares) 

m __ MN + M'N’ + M"N" -f &c. 

C j “ M + M f + M"+ &c. 

and then 

n 0 ' — i x sec & x + c tan d l = (A) 

To eliminate the terms involving i x and c, we take observations 
In the two opposite positions of the declination axis, — circle pre- 
ceding and circle following, — and if (N) and (iV 7 ) are the general 
means found in the two positions, we shall have 

■ .*>■" . (820) 
We see that the index error will be found independently of all 
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other quantities, by taking the mean of the readings in four 
observations, two in each position of the declination axis. 

2d. When the telescope is revolved upon the declination axis . — In 
this case T is constant and D varies. The condition that the 
two images are successively brought into the centre of the field 
will be expressed by equating the two values of cos S sin (T — r) 
given by the last equation of (317). Putting cos ( T — r) = 1 in 
the last terra of this equation, we find 

— — COS d . A T = — — COS d . A T' 
r t* 

or, by the same method of observation as we employed above, 
making/ = 0, and, consequently, also u = v = 0, and r = 1, 

v! = r'cos S (aP — a T) 

= r' cos d [q (tan D — tan D') — ( c -f- e cos <p sin T ) (sec D — secD')J 

which, with the same degree of approximation as was observed 
above, may be reduced to 

u f = rV [i x sec <5 — (c + e cos <P 0 i n 37) tan <5] 

n! 

Substituting tan (n — k' + E) for - » and r' = 1 (which involves) 

only errors of the order of tan 2 J S multiplied by i u c, e), we 
have 

tan (n — k 1 + JS) — i\ sec S — (c -)- « cos <p sin T ) tan <5 

Hence n — k' + E is very small or very nearly = 180°. When 
n — k' is nearly = 0, we shall have, for the two cases of E, 

n k! ± sin E —• t, sec <? — (c -f e cos <p sin T) tan <J (321a) 

and, when n — k' is nearly = 180°, 

n — W =F sin E — i x sec .8 — (c + e cos <p sin T) tan S (3216) 

If we omit all the terms in the second member, the value of k' 
which these equations determine will he that of n 0 ' itself. If, 
then, two observations are taken in which to' — a' — to + a and 
to/ — a' — to -f- a are numerically equal but have opposite signs, 
and if n and n x are the two readings of the position circle, we shall 
have 
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Regarding the weights of the several determinations thus made 
as proportional to the values of J (wq 7 — m '), a general mean (iV) 
will be found as above, and then we shall have n 0 '= (N). 

280. From the preceding article it appears that by revolving 
the telescope upon the declination axis the index error of the 
position circle is found independently of all other quantities, 
and without reversing the declination axis. We should expect, 
therefore, that when this method is followed in both positions of 
that axis — that is, both with circle preceding and with circle 
following — the same value of n 0 ' will be obtained. Bessel 
found, however, that this was by no means the case with the 
Konigsberg heliometer; for the difference of the resulting values 
was sometimes as great as 4 7 , which is too great a difference to 
be ascribed wholly to errors of observation. He explains the 
discrepancy by supposing the telescope to have a tendency to 
revolve (so far as the elasticity of its materials will permit) 
about the point at which it is secured to the declination axis : a 
revolution which has the same effect upon the position angles as 
a revolution of the tube about the heliometer axis, and which is 
clearly to be distinguished from a flexure of the declination 
axis. Supposing the amount of the revolution to be proportional 
to the force which tends to produce it, the law which it follows 
in all positions of the instrument is easily assigned; for this 
force is merely that part of the weight of the telescope which 
acts at right angles to a plane passing through the declination 
axis and the heliometer axis, and is, consequently, proportional 
to the cosine of the zenith distance of the point of the heavens 
towards which the perpendicular to this plane is directed. The 
hour angle of this point is the same as that of the heliometer 
axis = t v and its declination differs 90° from that of the helio- 
meter axis = 90° + 8 V Denoting the zenith distance of the 
point by £, we shall have 

cos C = sin cp cos 8 1 — cos <p sin cos t x 

and the amount of revolution will be expressed by ^ cos £, in 
which <4/ is its maximum. The observed position angles must be 
corrected by adding this quantity, or 


4 (sin <p cos d 1 — cos <p sin cos r x ) 


(322; 
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which term must, therefore, he annexed to the formulae for p in 
(314) and (315).* 

281. To fold the index error (x) of the position circle of the ocidar . — 

Set the semi-lens II. at any assumed distance = mJ — a f from 
the heliometer axis, and the ocular at an equal distance = p — a 
from that axis. Revolve the ocular about its axis until the image 
of a fixed point is seen in the centre of the field. Let n and v 
be the readings of the position circles of the objective and ocular. 
Without moving the telescope or changing w, repeat the obser- 
vation with the distance — (m ' — a ') = — (/u — oc), arid let i/ be 
the new reading of the position circle of the ocular. Then, 
n — n 0 ' being the true direction of the line of motion of the 
semi-lens II., we have x = + v') — (n — ??/). It will be well 

to adjust the index of this circle so that its readings will agree 
with those of the position circle of the objective. 

For the fixed point in the preceding methods of determining 
the index error of the position circles, it will be expedient to 
employ the intersection of a cross thread in the focus of an 
auxiliary telescope, mounted in the observing room, with its 
objective turned towards the heliometer ; the two threads of the 
cross making an angle of 45° with a declination circle. 

282. To find the distance ((3) of the line of motion of the ocular from 
the heliometer axis . — Set the ocular at an assumed distance f± — a 
from the axis, and bring the image of a fixed point into the centre 
of the field. Keeping the telescope fixed, set the ocular at a 
reading // such that fo — <x = — (// — a), and revolve it until 
the image is again seen in the centre of the field. Let u and v r 
be the readings of its position circle in the two positions ; then 
we evidently have 

d= y9 = tan i (180° — v + (323) 

U 

It will be easy to adjust the ocular, by means of the proper 
adjusting screws, so that its line of motion passes through the 
heliometer axis, and thus make /3 = 0. A small error in this 
adjustment will have no sensible effect upon, the observations, as 
our formulae show. 


* See Bessel’s Astron. Uhtersuch., Vol. I. pp. 45, 72. In the latter place he finds, 
for the Konigsberg heliometer 4 , ( which he there denotes by p) = 1'.914. 
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283. finally, the value of a revolution of the micrometer 
screw (== It) is to he determined with the utmost precision. Of 
the methods given in Chapter II. for the filar micrometer, we 
may regard the following as the most suitable for the hcliometer : 

1st. By the measurement of the focal length of the lens and 
of the distance between two successive threads of the micrometer 
screw. 

2d. By the Gaussian process, or the observation of a thread in 
the focus of the lens with a theodolite. 

3d. By the measurement of a distance otherwise known, as, 
for example, the distance of two stars in the group Pleiades de- 
termined by meridian observations. 

By the third method, however, we cannot expect to reach the 
•degree of accuracy which is necessary to give the heliometer all 
the advantage which it should possess as a micrometer. This 
objection is obviated in a degree by measuring the successive 
distances between a number of stars which are nearly in the 
.same great circle, and, having reduced these distances to the 
great circle joining the extreme stars, comparing the total reduced 
distance with the distance of the extreme stars as determined by 
meridian observations. 

Bessel, after a careful trial of all these methods with the 
Konigsberg heliometer, gave the preference to the first. I must 
refer the reader to his elaborate researches upon this instrument 
(already referred to) for his very precise method of determining 
the focal length of the lens. These researches include also some 
optical investigations of great elegance and importance. 


OBSERVATIONS UPON THE CUSPS OF THE SUN IN A SOLAR ECLIPSE. 

284. In the general discussion of eclipses in Vol. I., I omitted 
to speak of the use that may be made of these observations in 
determining the corrections of the elements of the eclipse. The 
omission may be appropriately supplied here 
in connection with the heliometer, with which 
the observations are most accurately made. 

Let M and S (Fig. 60) be the apparent places 
of the centres of the moon and sun, CC ' the 
common chord of the intersecting discs. The 
observation consists in measuring the distance of the cusps C, C f . 
and the position angle of CC with reference to the circle of 
declination drawn to its middle point This distance, as well as 
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the position angle, will he affected by refraction, the correction 
for which will he investigated hereafter. Let s and here denote 
the distance and position angle deduced from the ohservation by 
the formulae above given for the heliometer, and also corrected 
for refraction. 

The local* time of each measure must he accurately known. 
For this time, let the parallaxes of the two bodies in right ascen- 
sion and declination he computed (by Yol. I. Art. 98), and let a 
and a' denote the resulting apparent right ascensions of the 
moon and sun respectively, S and d ' their apparent declinations. 
Let c denote the apparent distance of the centres = SM, and n 
the position angle of SM with reference to a circle of declination 
drawn through its middle point, reckoning this angle from the 
moon towards the sun. We have, with sufficient accuracy, 


a sin 7 r — (a' — a) cos i (<$' + <5) 
a cos 7C = d' — d 



which determine a and tv. 

For the same time, the apparent semidiameters of the moon 
and sun, which we shall denote by S and S' respectively, will 
be computed by Vol. I. Art. 131. We then have given the 
three sides of the triangle SCM, and, denoting the angles at M 
and S by fi and //, we may find these angles by the usual formulae 
of plane trigonometry, or by the following formulae, which in 
the present case are somewhat more convenient : 

^ ( S cos //. —j~ S' cos //) = \ 

i / cr Off f\ "f" ^0 

£ ( S COS / x — S' COS //) = ^ — - — +- 

u 


as 




(325) 


With either of these angles and the value of S or S', we can 
compute the value of CC'. Let this computed value of CC' be 
denoted by s' ; we have 

s' = 2 S sin a = sin (326) 

The difference between this computed value and the observed 
value 5 will determine the corrections which the elements of the 
eclipse require in order to satisfy the observation. Put s = s' 
<+ ds'. Differentiating (326), we find 

ds' — 2 S cos ii.dfi - f- 2 sin ji . dS 
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and from tlie formula 


we find 


2 S<T COS p = a % -f- S 2 — S ' 2 


— Set sin p dp = (ff — S cos p) da -)- (S — a cos p) dS — S'dS 9 

whence, with the aid of the known relations between the parts 
of the plane triangle, we readily find 


2 S 

a tan 


dS + 
a 


2S , af 2S cosp , 

dS' da = s s' 

a tan p a tan p' 


But, since da varies with 7r, we must replace it by corrections 
which will have the same value in all the equations of condition 
thus formed. By putting 

a sin 7r = (a — a) cos i (S' -(- S) = x 
a COS iz = d r — 5 =y 


we shall find 
in which 


da = dx . sin it = 4 - dy . cos 7r 

= cos } (5' +$).d (a' — a) 
dy = d (£' — 5) 


and we may regard d(a r — a) and d(p f — <5), and, consequently, 
also dx and dy , as constant for the duration of the eclipse. We 
then have 


2S r rr . 2S' 2>ScosAt .... . 2^fcos/i 

* 7 q dS ' ~ sin 7T to — 

r tan /ar ertan a tan p! c tan p! 


cos 7 vdy=s — s' 


( 327 ) 


This will be the final form of our equations of condition if tbe 
distance s is fully corrected for tbe instrumental errors. If, how- 
ever, tbe zero of tbe micrometer is uncertain, we should make 
observations on opposite sides of tbe zero, (with tbe beliometer, 
by placing tbe movable semi-lens alternately in opposite positions 
with respect to tbe stationary one,) and if c is the unknown error 
of the micrometer zero, we must write s ± c for s in tbe above 
equation, taking s -f c for one series of observations and s — c 
for the other. Tbe resolution of all the equations of condition 
by the method of least squares will then determine dS, dS', dx, 
dy, and e. 
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It will usually, however, he inexpedient to retain dS', as its 
coefficient will differ very little from that of dS. The value of 
the sun's semidiameter is now so well determined that in dis- 
cussions of this kind it will he quite allowable to put dS' = 0. 

¥e may also form equations of condition from the position 
angles. The angle n is formed by SM and a circle of declina- 
tion drawn to the middle point of SM, while p is foraied at the 
point D. Denoting the middle point of SM by E, we have DE 
-== } a- — S' cos p' = %(S cos fi — S' cos p') = A ; and we can now 
compute the position angle of CC ' at the point 2) from the 
known parts of the triangle formed by the points D , E, and the 
pole. Let denote this computed value ; we readily find 


p f = it — 90° -)- A sin 7r tan i (<P -f $) (328) 


Putting the observed value p — p' + dp', we have, by neglecting 
the insensible variations of the last term of (328), dp' = dn, and, 
consequently, 


cos 7r dx sin tt dy 

± — p — p r 

<r sin 1' a sin 1' 


(329) 


where dx, dy, and a are expressed in seconds and dp' in minutes. 
From all the equations thus formed, we can find dx and dy; or 
we can combine all the equations of the forms (327) and (329) in 
a single discussion. We see that the corrections of the semi- 
diameters cannot be determined from the position angles alone. 

When the observations are made with the heliometer, each 
must be a single observation, for the chord s changes so rapidly 
that we cannot combine two opposite observations, as has been 
supposed in Art. 275. We must, 'therefore, reduce each obser- 
vation by the general formula (311), in which, however, we may 
make / = 0, by making all the contacts in the heliometer axis 
or middle of the field. The angle E in these formulae must then 
be known ; but if it has not been determined with certainly, we 
may introduce it into our equations of condition as an additional 
unknown quantity. For one series of observations, we must 
write p + E in the place of p in (329), and for the other series, 
in opposite positions of the semi-lenses, we must write p — Em 
the place of E. But, as E varies inversely with the distances, 
it will be necessary to put 
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in which y is a constant which will be expressed in seconds, 
since s is in seconds and JE in minutes. The equation (329) may 
then be put under the form* 

- cos - dx — - sin -dy^y — 8 sin (p — i>0 (329*) 

t a 

For some observations of the cusps of the solar eclipse of July 
28, 1851, made with the heliometer of the Konigsberg Observa- 
tory and reduced by the preceding method by the Director 
Wichmann, see Astron. Nach ., Vol. XXXIII. p. 309. 

THE RING- MICROMETER. 

285. This is simply a thin metallic ring, exactly circular, 
placed in the focus of the objective, with its plane at right angles 
to the optical axis. From the times of transit of two stars across 
its edge, the telescope remaining fixed throughout the observa- 
tion, we can find both the difference of right ascension and the 
difference of declination of the stars. Although inferior in 
accuracy to the filar micrometer and the heliometer, it possesses 
the advantage over the former of not requiring illumination, and 
over both in not requiring an equatorial mounting of the telescope. 

Let ABB r A f represent the inner edge of the ring. Denote by 
t x and t 2 the observed sidereal times of ingress 
and egress of a star at the points A and B; by 
t/ and t 2 the same for a star observed at 
A' and B'. IJpon the supposition that the 
a paths of the stars across the field are recti- 
linear, the straight line GMM drawn from 
the centre Cof the ring perpendicular to the 
chords AB and A'B\ will coincide with the 
f eclination circle of the point C. The time 
of the transit of the first star over this circle is the arithmetical 
mean of the times t x and t 2 = } (t x + t 2 ) ; that of the transit of the 
second star over the same circle is + 1 /) ; and, hence, if a and 
a' are the right ascensions of the stars, we have 

* = i(^+ V)— i (*i+A). (330) 

* By (SOT), we perceive that y is here the value of the quantity (m — a ) (7c — 7k') 
4* V — & expressed in seconds ; and by putting its value, found from the discussion 
of the equations (329) in the second member of (316), and also the true value of 
m — a found from the value of c hy (327), we shall have an equation for determining 
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Let r denote the radius of the ring expressed in seconds of 
arc, S and S' the declinations of the stars, and put . 


then we have 


y = BCM 
d — MC 
fi = BM 


15 

a = — r COS o 
2 


sm y : 


K- 


K 


r' 

r’=B'CM' 
d f = M'C 
yl= B’M' 


15 , 

: T' COS S' 

' 2 


sm f = —■ 


(331) 


: r COS y 


d' — r cos / 


and hence the difference of declination of the stars : 

d’—s^d'—d 


(332) 


The signs of cos y and cos f'are not determined by the second 
equations of (331); consequently, either sign may be used in 
computing d or d r . To remove the ambiguity, it is necessary 
that the observer note the positions of the stars with respect to 
the centre of the ring: then $ or dJ will be positive when the star 
passes north and negative when south of the centre. 


Example.* — On the 11th of April, 1848, at the Observatory of 
Bilk, the planet Elora and a neighboring star were compared by 
a ring micrometer of a six feet refractor. The observed sidereal 
times were as follows : 


Flora (N. of centre). 

tl'= 11» 16"* 85*.0 
#;=11 17 25.5 
r' = 50.5 


Star (N. of centre). 

= 11* 17”* 53*.0 
# s =ll 19 46.5 
t = 1 53 .5 


The approximate declination of Elora was <5' = + 24° 5'.4. Th* 
apparent place of the star was 


a = 6* 4* 51 s .93 

S = + 24° V 9" 01 

The radius of the ring was r ■= 1126".25; and hence 


. * Brunnow’s Sphariscke Astronomie, p. 546. 
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log r' 1.70829 

log T 

2.05500 

log cos S' 9.96043 

log COS d 

9.36067 

log p! 2.53878 

log p. 

2.89073 

log sin / 9.48715 

log sin y 

9.83910 

log cos / 9.97850 

log COS y 

9.85940 

log d f 3.03013 

log d 

2.91108 

d'= + 17' 51".9 

' d = + 

13' 34".8 


The planet and star being both observed on the north side of the 
centre of the field, d! and d are both positive, and hence 

$' — S = d'—d = + A' 17".l 

For the times of transit over the declination circle of the middle 
of the field, we have 

Flora, \ (V + if) = 11* 17" 0*-25 
Star, 1(4 -f 4 ) = 11 18 49 .75 
a! — a=— 1 49.50 

Hence we have for the planet 

o' = 6* 3" 2*.43 

+ 24° 5' 26".l 

which values express the planet’s apparent place at the tim e of its 
passage over the declination circle of the middle of the field, that 
is, at the sidereal time 11* 17 m 0*.25. But the effect of refraction 
has not jet been allowed for. See Art. 300. 

286. Correction for curvature. — The correction which the pre- 
ceding method requires, in consequence of the curvature of the 
paths of the stars, may be found as follows. In the spherical 
triangle of which the three angular points are the pole, the centre 
of the ring, and the point where the star enters or leaves the ring, 
we have 

sin S = sin D cos r -|- cos D sin r cos y 

where D is the declination of the centre of the ring. For the 
second star, we have 

sin S'— sin D cos r cos D sin r cos f 

and the difference of these equations gives 

2 sin } (a' — 3) cos } («' -f i)==(sin r cos /— sin r cos jOcos-Z) 
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or, very nearly, 

(S' — <$) cos i (S' + S) = (r cos / — r cos y) cos D 
== ( d' — d) cos D 

in which d' — d is the approximate difference found by the pre 
ceding article. But we have, very nearly, 

D = S — d 1 D = S' — d f 


the mean of which is 

JD = H*'+d)-h<id' + a) 
and we may, therefore, put 

cos D = cos £ (S' + S') + 2 ( d' -f- d ) sin 1" sin $ (£' -f- <5) 
so that we obtain 

S' — S = d' — d -j- \ (d' + d) (d' — d) sin l"tan $(S' -f S) (333) 

Hence, the correction of the difference of declination found upon 
the supposition that the path of the star is rectilinear, is 

+ l (&' + d) ( d' — d) sin 1" tan $ (5' -f <5) 

The correction disappears'when df and d are numerically equal, 
that is, when the stars are observed at equal distances from the 
centre of the ring. 

In the example of the preceding article, this correction 
amounts to + 0".52, and the corrected difference of declination is 

S'—S = + 4' 17".62 

287. If the outer edge of the ring is also an exact circle, it may 
be used in the same manner as the inner edge, let the four 
transits of a star over the edges of both rings be observed at the 
times t v t 4 ; then, if r is the radius of the outer ring, r x that 
of the inner ring, we put 

p = l £ (* 4 — t x ) cos d * fjL x = *£ (t n — t a ) cos S 

Sin y = ~ sin y x = ^ 

r r x 

so that with the outer ring we find 

$ === r cos y 
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and with the inner ring, 

d = rj cos y l 

and the mean of these values will be taken as the true value of 
d. In the same manner d' for the second star will be found, 
after which S' — d = d r — d. 

But when the four observations have been obtained, the pro- 
cess of reduction may be slightly abridged, as follows :* 

The sum and difference of the values of d 2 give 


Putting 


we find 


r 2 — r* = jul 2 — ■ /Jij 2 

a= r -±h 

2 

sin A = = 

2 a 2 a 

r — r. = — = 2 a sin A sin B 

1 2a 

r 2 -f- rj = 2 a 2 (1 -f- sin 2 A sin 2 B) 

M 2 + Ai 2 = 2 a 2 (sin 2 A + sin 2 B) 



which, substituted in the above value of d 2 , give 


or 


d 2 = od cos 2 A cos 2 B 
d = a cos A cos i? 


(335) 


bo that, A and B being found by (334), d is found by (335). The 
formulae (334) for determining A and B may also be written as 
follows : 

. 15 (r + r ) COS d . 15 (r — r.) COS <5 

sm A = — - — - — ~ sin B = — 

4a 4 a 


tn which r = t l — i l and r t = t s — * 2 . 


Example. — On the 24th of June, 1850, at the Observatory of 
Bilk, Petersen’s comet and a star were observed with a double- 
ring micrometer, as follows : 


Comet (N. of centre). 

18* 15“ 54*. 
t; 16 20 
IT 21 
t! 17 48 


Star (S. of centre). 

t t 18* 18" 55*.3 
t , 19 13 . 

% 21 20 .5 

t. 21 37 .5 


* Bbonkow’s Spharische Astronomie, p. 649 . 
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The approximate declination of the comet was S'= + 59° 20', 


and the apparent place of the star was 


a = 14 A 53 

• m 30‘.75 

d = + 59° T 12".19 

The radii of the rings were — 




Outer, r 

= IP 21".09 



Inner, r x 

= 9 26 .29 


whence 

a 

= 10 28 .69 


Then we find : 




Comet. 


Star. 

r' 

1“ 54*.C- 

r 

2 m 42*.2 

r i 

1 1 .0 

T i 

2 7.5 

i°g <y + t i') 

2.24304 

log (r + t x ) 

2.46195 

log (y t i0 

1.72428 

log ( T — r x ) 

1.54083 

. 15 cos 6' 

l0g 4a 

7.48667 

. 15 C08 d 

'° S 4. 

7.48938 

log sin A ' 

9.72971 

log sin A 

9.95133 

log sin B ' 

9.21095 

log sin B 

9.02971 

log cos A 

9.92623 

log cos A 

9.65137 

log cos B ' 

9.99419 

log cos B 

9.99750 

log 

2.71539 

log d 

2.44384 

d' = 

+ 8' 39".27 

d = 

— 4' 37". 87 


d' — d = 

+ 18' 17".14 



and for the difference of right ascension, 


r — a = — 3- 25*.83 


* 288. To find the correction for the 'proper motion of one of the objects. 

— The most common application of the ring micrometer is to the 
determination of the difference of right ascensions and declina- 
tions of a star, and a planet, or comet. But since a planet (or 
comet) changes both its right ascension and declination during 
the time of an observation, its path will not 
be at right angles to the declination circle 
drawn through the centre of the ring: so 
that the differences found by the preceding 
methods will require a correction. 

Let Ab, Eig. 62, be the path of the planet 
across the ring; Cm the declination circle 
through C y the centre of the ring. Draw 
AB perpendicular to Cm, Ch perpendicular 
to Ab, bp perpendicular to AB . Put 
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Aa' = the increase of the planet's right ascension 
in one sidereal second, 

Ad ' = the increase of the declination in one sid. 
second, 

tj = the sid. times of ingress and egress of the 
planet at A and b : 

x = the correction of the mean of t/ and tj, or 
of the right ascension of the. planet found 
by the preceding methods, 

i (fi + tj) -f x — the sid. time of the planet's transit at m, 
p = the angle BAb = mCn . 

The arc bp may he regarded as a portion of the declination circle 
drawn through b. The angle at the pole included by this circle 
and the declination circle of A is the hour angle described by the 
planet in the time r', which hour angle is r f — r f . aol'=t' (1 — Aa'). 
Hence we have, very nearly, 


We have, also, 
whence 


Ap = 15 / (1 — a a') cos <$' 

bp = /. Ad' 


tan /S : 


Ad ' 


15 COS d' (1 Aa') 

or, since the squares of a 8' and acl' or their product may he 
neglected, 

tan ft = 


Ad' 


15 COS d ' 


The correction # is the time in which the planet describes the 
line Tim, and this time is found by the proportion 

/ : x = Ab : nm, = Ab : Gn tan ft 
for which we can take 


/ ; x = 15 / cos d r : d' tan ft 
whence, substituting the value of tan /?, 

&’. Ad' 

. X (15 cos d’y ^ 386 ) 

Since Ab = Ap sec /9, and sec $ differs from unity only by 

terms involving (a d'f, we may take Ab = 4p, and bence 
15/ cos d- 


An ==z % Ap : 


“ (1 ' — Aa') =y (1 — Aa') 
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so that to compute d' =Cn in this case we have 

sin y — ^-(1 — a a') d f = r cos / 


(337) 


that is, the computation by the preceding methods will give the 
value of d\ corrected for the proper motion, if we employ 
/ (1 — aoc/) instead of //'. In the method of Article 287, with a 
double-ring micrometer, the logarithm of 1 — aoc' may be added 

to the logarithm of ‘ 

Example. — In the example of the preceding article the comet's 
motion in one mean day was, in right ascension — 5 m 0®, and in 
declination — 1° 17' ; and therefore, since one mean day contains 
86636 sidereal seconds, * 

logfl — Aa') = 0.00150 
86636 s v ' 

4620" 

log a< 5' z= k8.72694 
86636 & 

Hence, in the computation of d' we have 

, 15cos<5' , 

log (1 _ ao') 7.48817 

4 a 

log sin A' 9.73121 
log sin JB r 9.21245 
log cos A! 9.92563 
log cos B’ 9.99415 
• log d' 2.71475 

d'= + 8' 38".50 


* The logarithm of 1 — Ao/ may be found at once from the change of nght ascen- 
sion in d8 hours, as follows. Let this change be expressed in minutes of arc , and 
denoted by (Ac/), then we hare 


(Aa')XGO _ (*«') 
15 X 2 X 86686 43318 


But if if is the modulus of common logarithms, we have from the development of 
log (1 — A a/) in series, by neglecting the second and higher powers of A a', 


or, very nearly, 


log (1 — Ac/) = — if A a' 
log (1 — Ac/)== — 


0.43429 (Ac/) 
~ 43318 

0.00001 (Act 1 ) 


Bence, to correct for the proper motion in the computation of d, subtract from the 
logarithm of X as many units of the 6th decimal place as there are minutes of aro in 
the 48 hour increase of right ascension. 
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and, therefore, 
By (336) we find 


d'—d = + 18' 16".87 
x = — 0.47 


whence 


oJ — a = — 8-20.80 


The correction of d! — d for the curvature of the path is, in this 
case, by (333), rf- 0".78; whence 

d = + 13'17".15 


so that the corrections for curvature and proper motion here, 
accidentally, almost destroy each other. 

The apparent place of the comet (still affected, however, by 
parallax and planetary aberration, as well as the differential 
refraction) is, therefore, 

a' = 14* 50- 4*.45 

* == + 59° 20' 29". 34 


at the sidereal time 18 h 16 m 50*.75. 


289. It is yet to be shown under what conditions errors of 
observation or of the data will have the least effect upon the 
results obtained with the ring micrometer. For the effect of an 
error at in the observed interval, we have, by differentiating (331), 

15 cos 8 . Ar 

A y = — 

2r cos y 

a d = — r sin y . Ay = — cos 8 tan y . at 

which shows that the error in the observed time produces the 
least effect upon d when tan y is least, and, therefore, for the most 
accurate determination of the declination, the chords described 
by the two stars should be as far from the centre of the ring as 
possible, or the difference of declination should be but little less 
than the diameter of the ring. If d is not much less than r, it 
will be advisable to let the stars pass across the field on opposite 
sides of the centre, at nearly equal distances from it. But if d is 
very small, both stars should pass as far from the centre as 
possible, on the same side of it. 

For the effect of an error in r, we have 
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winch is also least when the star is farthest from the centre of 
the field. 

For the second star, we have also a d! = Ar sec y r , and hence 
a (d* — d) == Ar (sec / — sec y) 

so that if the stars are on the same parallel of declination (when 
y = y') the error in r has no effect upon the computed difference 
of declination, as, indeed, is otherwise evident. 

For the accurate determination of the difference of right 
ascension, it is plain that the stars should pass as near to the 
centre of the field as possible, since the immersions and emer- 
sions can then be most accurately observed. 

290. To find the radius of the ring . — First Method . — Observe the 
transits of the sun’s limb over the 
edge of the ring. Four contacts 
will be observed, the sun’s centre 
being at the points a , h, c, d (Fig. 

63) at the times t v t 2 , t 3 , , t 4 . If the 
radius of the ring is denoted by r 
and the sun’s semidiameter by JR, 
we see that the externa] contacts 
(at a and d) are observed at the 
times at which the transit of the 
sun’s centre would be observed 
over a ring whose radius was r + JR; while the internal contacts 
(at h and c ) are observed at the times at which the transit of the 
sun’s centre would be observed over a ring whose radius was 
r — It. Hence, putting d = sun’s declination, and 

T = tt — \ t' = t 9 — 

we have, by Art. 285, from the external contacts, 

• 2 (r -f- It) sin y = 15 r COS d 

2 (r 4- It) cos y = 2 d 

and from the inner contacts, 

2 (r — JR) sin / = 15 r' cos d 
, 2 (r — jR) cos /= 2 c? 
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Eliminating y and y', we have 

4 (r -f- ft)* = (15 r cos fy* + 4 d 2 
4 (r — JRy — (15 t' cos <5) 2 +4 d? 

and eliminating cP, we obtain 

(15 COS 4) 3 (r -|- r') (r — r') 
T ~ 16 It 


(388) 


In order to take into account the' sun’s motion in right ascension, 
the intervals r and z' should he expressed in apparent time. 

It is easy to see that the formula (338) will still he applicable 
when the sun’s diameter is greater than that of the ring. 

Example.* — The sun was observed with a ring micrometer at 
the Observatory of Bilk as follows : 

External Contacts. Internal Contacts. 

f, — 10* 31” 8*.2 Sid. time t 3 = 10* 32“ 30*.8 
t 4 =10 34 47.5 f, = 10 33 25.3 


The sun’s declination was d = + 23° 14' 50" ; the semidiameter 
R — 15' 45".07 ; and the sun’s motion in right ascension was 
4" 8\7 in one day. 

The sidereal intervals 3“ 39*.3 and 54*. 5 must he reduced to 
intervals of apparent time by multiplying them by the factor 


whence 


248.7 

86636 


= 0.99713 


r = 218*.67 V = 54*.34 


and hence, by (838), 

r = 9'23".57 

Second Method. — Observe the transits of two stars the differ- 
ence of whose decimations is accurately known. Then, z and z' 
being, as before, the intervals between the ingress and egress of 
the two stars respectively, we have 

P = If r cos <5 — reiny d — ±r cos y 

ft — •/ cos S’ = r sin / d' = ± r cos / 

Since for determining r it will always be advisable to select a 


* Beusnow, Spharische Astronomic, p. 661. 
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pair of stars whose difference of declination is not much less, 
than the diameter of the ring, the stars will be observed on 
opposite sides of the centre : we shall, therefore, have 

d f — d = r (cos y -f cos /) 

Let A and B be assumed, so that 

A = $(y + r) B = 

then 


d ' — d = r [cos (A -f- B) + cos (A — I?)] == 2 r cos A cos B 

l±' -f fj. == r [sin (J. + B) -f. sin (J. — B)] = 2r sin A cos B 

// — n = r [sin (A + B) — sin ( A — 5)] =2 r cos A sin B 

Hence we derive 

tan A = ^ tan 5 = ^ 
d'—d d’—d 

d' — d 

r = 

2 cos A cos B 

We may also use any one of the following forms for r: 

r — **' + M __ a*' __ 

2 sin A cos 2? 2 cos A sin 2? sin(J.-f--®) sin (A — 2?) 


(339) 


In order to render this method exact, the atmospheric refrac- 
tion should be taken into account. Its effect upon micrometric 
observations in general will be considered hereafter, but, since 
for determining the radius of the ring micrometer it will be 
advisable to take the observations near the meridian, the refrac- 
tion may be allowed for in a very simple manner ; for we may 
then neglect its effect upon the right ascensions of the stars. The 
effect upon the declinations is found by the formulae (234) and 
(20) of Vol. I. ; according to which, if 8 and 3' are the true decli- 
nations, the apparent values are 


d 4 .# cot (d + W) 
d’ + K cot (<$' + N) 


where tan 2V = aotf cosr 0 , <p being the latitude of the place of 
observation, and r 0 the hour angle of the centre of the ring. 
Hence the apparent difference of declination, which we will 
denote by ( 8 f — 3), 


(*'-*) = 



rt'sin (d r — £) 
sin (d -f 2^) sin ($' -f- IT) 
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for which we may take 

(<$' — S) ==5'-— d 


k r sin (S' — 8) 
sin 2 [4 (5 + d') + JT] 


( 340 ) 


whieh is to be used for d'—d in (339). It will here generally 
suffice to take k! = 57" ; but it may he accurately found by 
Column B of Table II. 

When the stars are not very near the equator, the correction 
for curvature must he applied. If r were given, the observations, 
computed upon the supposition that the paths of the stars are 
rectilinear, would give the approximate difference d f — d , and 
hence in the inverse process we have only to use d ' — d instead 
of (£' — 8) in order to obtain the true value of r. Now, by (333), 


d r — d = (d r — S)—l sin 1" (d'* — d 2 ) tan i (6 f + 0 

or, since d n — d 2 = — (ji n — ju 2 ), 

— sin 1" (id + ii) O' — ft) tan $ O' -f 8) (341) 

in which (8 f — 8 ) is the difference of declination corrected for 
refraction. 


Example. — The radius of the ring of the micrometer em- 
ployed in the example of Art. 285 was determined hy the stars 
Asterope and Merope of the Pleiades , the declinations of which 
were 

*' = 4- 24° 4' 24".26 d = 4- 23° 28' 6".85 
and the observed intervals were 

/ = 18*.5 r = 56'. 2 


In order to illustrate the use of (340), let us suppose the hour 
angle of the centre of the ring to have been z 0 = 1* = 15° ; then, 
tie latitude of Bilk being <p — -j- 51° 12' 25", we find 


JT= 37° 49'.6 
*(* + 35.3 

= u r 17" 41 
coir. — 0 .78 

(s '— $) = ww'.m 

We find, in the next place, 
log (/•+/*) = 2.71 038 


log Jd = log 57" 17559 

log cosec 2 [1 (^4- d') +N] 0.1114 
log sin ($' — 8) 8.0235 

log eorr. #9.8998 


. , A = 386". 68 
- log(/ — » == #2.41489 
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whence the correction for curvature is, by (341), = — O'M.4, and 
therefore 

d' — d = 36' 16" .48 
with which we now find, by (839), 

log tan A = 9.87263 log tan B = 9.07714 
log sec A 0.01175 
log sec B 0.00308 
log (d’—i) 3.33775 
log 2r 3.35258 
r = 18' 46". 03 

Third Method. — Direct the telescope of a theodolite towards 
the objective of the telescope which carries the micrometer, and 
measure directly the angular diameter of the ring by either the 
vertical or the horizontal circle of the theodolite, as in the case 
of the filar micrometer, Art. 46.* 

291. The filar micrometer, the heliometer, and the ring micro- 
meter are now almost the only micrometers in use. I will, 
therefore, here only briefly mention two or three others, as it is 
not within the plan of this work to enter upon the history of the 
numerous instruments of this class which have been proposed. 

The duplication of the images of objects, which is effected in 
the heliometer by dividing the objective, has also been effected 
by dividing the ocular, constituting what has been known as the 
double-image eye-jpiece micrometer . The principle of this instrument 
is identical with that of Ramsden’s Dynameter, which is still 
used for measuring the magnifying power of telescopes (Art. 13). 
It is evident that by separating the two halves of a simple eye- 
lens until the image of one star coincides with that of another, 
the angular distance of the stars becomes known from the known 
angular value of a revolution of the screw by which the separa- 
tion is produced. Amici, of Modena, is said to have produced 
the best micrometers of this kind. 

The duplication of images is also effected by the use of a 
doubly refracting prism of rock crystal, originally proposed by 
Rochon. The difficulty of determining the relation between the 
given position of the crystal and the angular distance of two 

* Upon the ring micrometer, see also papers by Bessel in the Monatliche Corre* 
tpundenz, Vols. XXIV. and XXVI. 
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objects which have been brought into contact, is a considerable 
obstacle to its general use, to say nothing of the optical difficul- 
ties in obtaining well defined images free from color.* 

Struve has proposed the use of a graduated plate of trans- 
parent mica placed in the focus of the equatorial, and this method 
lias been employed by the Messrs. Bond in cataloguing small 
" stars. Upon a plate of mica ^ °f inch in thickness are 
drawn two sets of parallel lines, one system representing decli* 
nation circles, the other, at right angles to the first, representing 
parallels of declination. The relative declination of two stars 
which pass over the field is determined by merely observing the 
divisions of the graduated declination scale over which or near 
which they pass ; and their relative right ascension is found 
from the observed times of their transits over the lines which 
represent declination circles, these times being noted by the aid 
of the electro-chronograph. f 

An ingenious mode of employing a double eye piece micro- 
meter (consisting of two complete eye pieces), apparently giving 
very precise results, is suggested by Mr. Alvan Clark, of Boston, 
in the Proceedings of the Am. Association for the Adv. of 
Science, 10th meeting, p. 108. 

CORRECTION OF MICROMETRIC OBSERVATIONS FOR REFRACTION. 

202. Since the position of each of the two observed stars is 
affected by the atmospheric refraction, their relative position, de- 
termined by the micrometer, is also affected by it. The object 
of the following investigations is to determine the correction of 
the mierometric measures themselves, without requiring a sepa- 
rate consideration of the absolute places of the two stars . % 

293. To find the effect of refraction upon the observed angular distance 
of two stars cmd upon the angle which the great circle joining the stars 
makes with a vertical circle . — This mode of observation is indeed 
not practised, but the investigation of the effect of refraction in 


* For a description of a num."ber of double image micrometers, see Pearson’s 
Practical Astronomy. 

f See Atinmls of the Astronomical Observatory of Harvard College, VoL I. 
t 1 followed Bessel’s methods (Astron. Uritersuch . , VoL I.) in the investiga- 
tion of the greater part of the formula. That portion of his article which relates to 
Ute ring micrometer is, however, considerably abridged and simplified. 
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this case is very simple, and will serve as the ground-work of 
the subsequent applications. Denote by 

C, and z, z' } the true and apparent zenith distances of the 
two stars 8 and S'; 

A , their difference of azimuth ; 
r, r ' , their refractions ; 

A, A', and Z, l\ the true and apparent angles which the great 
circle joining the stars makes with their re- 
spective vertical circles, all reckoned in the 
same direction; 

<r, $, the true and apparent distances of the stars. 


We have, in the triangle formed by the zenith and the appa- 
rent places of the stars, by the Gaussian equations of spherical 
trigonometry, 

sin is sin i (l + O = sin $A sin \{z - f z ') 

Bin is cos i(l -|~ l') = cosi^. sini(z — z ') 

and in the triangle formed by the zenith and the true places of 
the stars, 

sin i<r sin £ (A -f- A') = sin } A sin £(C + C') 
si n£<r cos £(A -f- A') = cosJ-4 sin£(C — C*) 

If we put 


Z 0 = £ (Z + V) A 0 :=£(A + A') C 0 =i(C + O 

and also substitute £ — r apd £' — r' for z and z', the elimination, 
of A from the above equations gives 


sin i <r sin A 0 = sin £ s sin Z 0 * 
sin £ <r cos A 0 = sin i $ cos Z 0 • 


sin [C fl — J(r+0] 
sin } (C — C') 
sin £ [C — C' — (r — r')] 


"We may evidently, in the first equation, put r 0 for J(r -f r f ) f 
which is equivalent to assuming that the mean of the refractions 
for the zenith distances £ and £' is the same as the refraction for 
the mean of these zenith distances, an assumption producing here 
no sensible error in* the factor sin [£ 0 — J (r + r')] or sin (£ 0 — rj. 
We may also take 
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In which the differential coefficient — ® expresses the rate of change 

&'SQ 

of the re&action corresponding to £ 0 . Then, in the fraction 


sin j (C — CQ 
sin | [C — V — (r — r')] 

which differs but little from unity, we may put the arcs for their 
sines : so that, denoting this fraction by b , we have 


6 = 


£ — C' 


£ — ( r — p . 


If we also put 


r — t * 


1 dr o 

K 0 


<2 = 


sin L 


sin (*o — r o) 

and substitute W and J-s for their sines, our formulae become 

g sin = $ . a sin l 0 

_ - <r eos k 0 = s . b cos L 

From these we have 


tan = ® tan Z 0 

which developed 511 gives 

A g — ~ sin 2^ -f i | j sin H - 1 &c. (342) 

From the same formulae we derive 

<r cos (4 — y = s [a -j- (b — a) cos 2 ZJ 
and, dividing this by cos (A 0 — l Q ) = 1 — J — Z 0 ) 2 -j- &c-., we obtain 

<r — 5 =5 [a— l-t- (A — a) cos s Z 0 + ^|zi£^ sin* 2Z, -f- &}.] (343) 

294. To facilitate the computation of (342) and (343) a con- 
venient method of fading a and b is necessary. We. have for 
any indeterminate C> 


sin t 


“sin(C- 

<fC 


-r) 


~d! — dr 


___ sin(g-f r) 
sin z 
d (z r) 


cos r -f 


: I 


dr 

dz 


fcr 

tan^ 


^Adopting for the refraction the form (Vel. I. Arts. 10r and 


r=k tan z 
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m which 

we have, putting* cos r 


k = a ft A y* 

1 , 



b 


a = 1 -|~ k 

dk 

a = k tan 2 z -4 tan z 

dz 


These quantities may therefore "be found by the aid of Column 
A of Table II. Bn t, as the argument is there the apparent 
zenith distance, -while in micrometer observations it is generally 
the true zenith distance that is given, it is expedient to form a 
new table, hy which a quantity 3 t, depending upon the refraction, 
may be found with the argument £, such that 

b — ct = a tan 2 C 

In order to obtain the value of x for any state of the air, 
Bessel, gives it the same form as that already adopted for A, 
and assumes 

* = o" ft* y » ' 


in which the factors ft md'y, depending on the barometer and 
thermometer, have the same values as before. 

The quantities log a", A", A", which are given in Column C of 
Table 31., must he determined so as to satisfy the above defini- 
tion of k for all values of ft and 7 . We have 

, tan 2 z . dk tan z I r 'dk \tan * z 

v. = k =( k 4 cot z . 

tan 2 C dz tan 2 C \ dz ) tan 2 C 


Taking the Napierian logarithms, 

lx = h’ f + A"l{i + riy = l( k — — " cot 4+ 2 z(J2L*Y (344) 

\ dz / \ tan C / 


From the definition of h, we have 


" =t rA +I ,," + i r ?i 

dz La dz dz ' dz\ 
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Since ft and y differ but little from unity, l ft and ly are so small 
that ¥e may neglect their squares, so that the logarithm of the 
last factor of the above expression, under the form l (1 -f- x), may 
be put = x, and hence 

l[k +^c°tz)=Za z(l-f 

cot 2 (345J 


+ 


of + *•£ 


>+S 


ITow, let (z) denote tnat value of z which corresponds to the 
given £ when ft = 1, y = 1, a value which can he found from 
Column A of the table, as in Art. 119, Tol. I. Let the corre- 
sponding values of a, A, A, as found from that column, he denoted 
by (a), (A), (A), and the corresponding refraction by (r); then, 
a', A', A' being taken from Column B for the given £, we have, 
as in the article just referred to, 


(r) = (a) tan (z) = <f tan % 
z= (z) — a' tan C (A' 1(3 + A' If) 


The second member of (345) is a function of z, which may be 
transformed into a function of ( 2 ). The small terms multiplied 
by l ft and ly will not he sensibly affected by substituting (z) for 
z 7 (A) for A y &c. The other terms may be developed by the 
formula 


in which 


fz =/(*) + 


df(?) 

d(z) 


V + ••• • 


y = — o! tan C (A r 1(3 -f A' If) = — (o) tan (z) (A' 1(3 -f A' If) 
We find 

‘(*+1 «**)=«•> +W + 0* + i(l+ : ) 


(r) d ( 2 ) 

(a) <f(») 


^ tan (2) - 

d(2) U , 1+ _£^ 


+ 


Vfi'W , 7 V 
+ 


*<•) 




(»■)<* (0 J 
cot ( 2 ) 


M'w -1- 
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We have, also, 


tan z _ tan [(g) -f y\ __ tan ( 2 ) o' 

tan C tan C tan C cos 2 (2) 

= — [i (A' 1/9 + X'ly)] 

(o) L COS 2 (2) * T T1 J 


(A'i/9 + l'fy) 


2? 


(5^) = 2Zo' — 21(a) ^-(A'l/S+l'lr) 

\ tan C / cos 2 ( 2 ) ^ T 


Hence, substituting in (344), 

la." + A" 10 + X" ly = 2W — If a) + l( 1 + ) 

\ (r)d(z) ! 

2(a) 


-{-10 


+k 


(£> 


cos 2 (2) 

2(a) 


A ! — tan ( 2 ) A!- 

d(z) 


(r)d(z) 

glgsec^K+^cot^) 


1 + 


d(a) 


(r)d(z) 


, w sec2 f N ,, , £W cot /.{ 

('ll t' ^ tanf-t Y I ^ rf ( z ) 

W_ C08 2 “(i) A ”d(2) tanC " ) ' 1 + 


Since this must he satisfied for all values of {3 and y, the coefficients 
of 10 and ly in the two members must be equal, respectively. 
How, we have found, in Vol. I. Art. 119, 


f(2) 


Substituting these values in the above equations, and comparing 
similar terms, we find 

<*(«) \ 
(»■)«(*)/ 



1 = A'\ 

\ d(z)\ 

1 L 

u+m 

\ ^ d(z) 1 

•-'[ 


la" =2W -1(a) +1^ 

*(«) -)(A"— A') : 


1 + 


0 

( 2 +(^)^-"> 


(r)d( 2 ) y 


£M ■ d(A) 
cos 2 ( 2 ) d(«) 

1W 


cos 2 ( 2 ) <£( 2 ) 


cot ( 2 ) ^ (346) 

cot ( 2 ) 


by which la", A", X" are computed. The quantities a and a' 
in Columns A and B of the table, are expressed in seconds, but 
a" in Column 0 is in parts of the radius, so that we must add to 
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the value found by the first of the equations (346), the constant 
log sin 1" = 4.685575. In the second member of the other two 
equations we must also put (a) sin 1" for (a), and d (z) sin 1 " 
for d(z). 


295. With the table thus prepared, the computation of x is 
precisely like that of A: in finding the refraction. I 1 or example, 
to find log x for £ — 80°, Barom. 30.35 inches. Attached Therm. 
40° F., Ext. Therm. 35° F; we have 


A! r = 0.994 
log B = + 0.01092 
log T = — 0.00031 
log /3 = -f- 0.01061 


X" = 1.099 

log r = -+ 0.01185 


log »"= 6.3947 

A" log 13 — + 0.0105 
X" log r= J r 0-0130 
log 1 x = 6.4182 


296. Our fundamental equations (342) and (343) may now be 
reduced to a much more simple form. It is evident that on 

aceount of the small value of x we may omit the terms in ( b —a) 2 , 

, b — a 0 b — a _ 

kc. For the same reason, we may put — — - tor — — 5 from 

2 0 - {-a 

which it differs only "by terms involving x 2 . In (343) we may 
put a — 1 = y instead of its true value k, without sensible error ; 
for even at the zenith distance 85° the difference of x and k is 
only 0.00006, and consequently the error of substituting one for 
the other in this term will he less than .s X 0.00006, so that even 
if s were as great as 1000" the error would not amount to Q^.06. 
We therefore adopt as fundamental the following simplified, 
forms : 


c — s = sx (tan 2 C cos 2 l Q -f 1) 
A 0 — Z 0 =• — x tan 2 C 00 s Z 0 sin l - 



In these equations £ is the mean of the true zenith distances of 
the two stars, and x the corresponding quantity in the refraction 
table. The quantity l 0 is that which would be given directly by 
the observation. 

The mean zenith distance £ will he found, by a single com- 
putation, from the mean of the hour angles of the two, stars and 
the mean of their declinations. Denoting these by r 0 and <J 0 , and 
the latitude of the place of observation bvc, we have, by equa- 
tions (20),.VoL 1, ' i- 

tan Jf = cot <p cos r 0 


, „ . tan % sin N 

tan C fim q = 2 — 

sin (<$„-+- Jf) 

tan C cos j = cot 4 - JVT) 


(348) 


(A . - IV . . I 
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Tlie parallactic angle q which these formulae give at the same 
time with £ will he required in the subsequent problems. In 
the observatory the computation is facilitated by a table, com- 
puted for the given latitude, which gives the value of iV, and of 
log n = log (tan r 0 sin N ),- for every minute of the hour angle r. 
We then have only to compute the equations 


tan C sin q = n cosec (f Q 4- A) 
tan C cos q = cot (d Q -|- A) 



297. Correction for refraction of micrometric observations of the 
distance and position angle between two stars. — The observed position 
angle p is the position angle at the middle point of the arc joining 
the two stars (Art. 260). Let tz denote the true value of this 
angle, q the true parallactic angle found by (348); then we have 

— <1 

and if q r is the apparent parallactic angle, we have 

\ = P — <f 

From the differential formula (47) of Vol. I. we find that if £ 
varies by d£ = r, the angle q varies by the quantity 


q ' — q = r sin q tan d 0 

and if we take for r the form (Vol. I. Art. 119) 


we have 


r .== k' tan C 


q' = q tan C sin q tan d 0 

and, consequently, 


l 0 — p — q — // tan C sin q tan d 0 


This value of l 0 is to be substituted in (347); but in the terms 
already multiplied by sx we may take l 0 =p — q. Hence we 
have 

<t — s = sx [tan 2 C cos 2 Q? — q) + 1] 

tc — p ~ — . * tan 2 C cos (p — q ) sin (p — q) — Jd tan C sin q tan d Q • 


Since the position angle cannot be determined within a num- 
ber of seconds, the error of putting x for k f in the last term of 
the formula for tz — p will be of no practical importance ; and, 
moreover, since the terms of the series (342) have to be reduced 
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to seconds by multiplying by the radius in seconds (= cosec 1"), 
we have, finally, 

€ — s = <$x[tan 2 C cos 2 (jp — q) -f- 1] (349) 

7 t — p = — k eosec 1" [tan 2 £ cos (p — g) sin (p — q) -f- tan C* sin # tan <y 

Having obtained <r and n by adding these corrections to 5 and p 7 
the true difference of right ascension and declination of the stars 
may then be computed by Art. 264, employing <3 and z for 5 and 
p; that is, by the formulae 

sin i (a — a) = sin ^ sin k sec d Q 
sin } ($' — 8) — sin i <r cos i r sec i ( a — a) 

or by the approximate formulae 

a — a = <r sin 7z sec d 
5 ' — d = <r cos 7z 

298. If the apparent differences of right ascension and decli- 
nation have already been computed from 5 and p by Art. 264, 
and we wish to correct them for refraction, we have, by comparing 
the formulae (284) and (350*), and denoting the corrections which 
the apparent values of a' — a and 3 r — S require by the symbol a, 

A(a' — a) = (<rsin7T — $ sin jp) sec <5 0 
a(< 5' — tf) = (tcostt — seosp 
or, 

A(a — a) = [(<r — s) sin p -f * ( 8 i n 71 — sin J?))] sec <? 0 
&($' — S) = Or — s) co&p f- c (COS 7t — COS jp) 

or, again, with sufficient accuracy, 

A (a/ — a) = [(<r — s) sin p + s Qk — p) sin 1" cos p~\ sec 5 0 
a(#' — *3) — (<; — s) oo&p — s (?r — ^>) sin 1" sin g? 

and, substituting the values of a — s and n — p from (349), 

A (a — c)— s x [tan* C cos (p — q) sin q — tan C sin q tan <$ 0 cosp-J-sin^] sec 8 t 
k(3* — [tan* C cos(g) — q) cos g-f-kan C sin q tan S 0 sin cosjp] 

(351) 

These formulae are somewhat abridged by introducing an 
auxiliary m such that 

tan n = tan £ sin# tan 


L 


} (350) 
] (350*) 
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by which they become 

A (a/ — a) = sx [tan 2 C cos (p — q) sin q- f see u sin (p — w)] sec <5 0 
A(d ' — 3) =sx [tan 2 Ccos (p — ^)eos^-fsec^cos(^ — w)] 

Example. — In the example, Art. 264, we had the observed 
quantities s = 316". 993, p = 169° 57* SI. The latitude of the 
place of observation was <p = 38° 53'. 7, and the sidereal time 
was 0* 17 m 52*. The right ascension and declination of the 
middle point between the stars were, approximately, 

a 0 = 21* 51 m 52* 3 q = — 13° 28'.5 

The corrections for refraction being exceedingly small in the 
case of so small a value of s , the observer did not think it 
necessary to record the state of the atmosphere ; but, for the 
sake of illustration, I shall assume Barometer 30.29 inches, Att. 
Therm. 49°, Ext. Therm. 41° Fahr. 

We have, first, the hour angle of the middle point between the 
observed bodies, r 0 = 2 h 26 m = 36° 30', with which and the above 
values of <p and 8 0 we find, by (348), 

A = 44° 53'.9 C = 62° 28'.5 q = 31° 28'.2 

and by Column C of Table II., 

log x = 6.4555 

Then, by (349), we find 

* _ 5 + 0".2TT 7T — p = + 2' 1".7 

and hence 

<x = 317".270 to = 169° 59'.73 

From these, by (350*), the true difference of right ascension and 
declination are found to be 

(a' — a) = + 56". 68 (<$' — d) = — 5' 12".45 

But, supposing the apparent differences to have been already 
computed as in Art. 264, namely, 

a — a = 56".82 t'—d = — 5' 12".14 

we should compute the corrections of these quantities by (351*), 
which give 

A(a' — a) = — 0'M36 &(<r —$)=; — 



0".306 
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which added to a'— oc and 8' —8 give the same values -of 
{a' — a) and (8 r — 8) as above found. 

299. Correction for refraction of micrometer observations in which 
the difference of right ascension has been obtained from the difference of 
the times of transit of the stars over threads lying in the direction of 
circles of declination , and the difference of declination has been directly 
measured. (2d Method, Art. 266.) 

Let t and i r denote the observed sidereal times of transit of the 
two Stax'S over the same declination circle. A star upon the 
same parallel of declination as the second star, but having the 
right ascension of — (t f — 2), would have been observed simul- 
taneously with the first star, and would, therefore, have had the 
same apparent right ascension. The effect of refraction upon 
the time of transit of this supposed star is evidently the same as 
in the case of the real star ; and the effect upon the difference 
of declination is also the same : so that this case is reduced to 
the preceding by supposing the stars to have been observed with 
an apparent position angle p = 0, and apparent distance 5 = 
8 f — 8 . These substitutions in (351) give the required corrections 

A(a — a) = X (8' — 8) [tan 2 C COS q sin q — tan C sin q tan £ 0 ] sec d Q 

A(<$' — 8) = x (8' — 3) [tan 2 C cos 2 q + 1] 

These formulae are simplified by introducing the auxiliary N 
already used in the computation of £. Substituting the values of* 
tan £ sin q and tan £ cos q from (348) and (348*), they are readily 
reduced to the following : 

A rj *(*'—*) ncos(2a 0 +2T) 

A( a a* ) — ■ * — 

. em ! (<5 0 + N) cos 2 <$ g 

a(«' — a) = JtKizJL 
sin 2 (a„ + iV 7 ') 

Example.— I n the example, Art. 266, *we have the observed 
difference of right ascension and declination of Neptune and a 
known star, 

— a = -f~ l w 45®.30 . $' — 8 = — T 28".22 

and Hie place of the star, 

a = 21* 50* S*.99 S = 13° 28' 35".ll 
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The sidereal time of the star’s transit being 23* 26 m 43*.4, the 
common hour angle at which the objects were observed was 

r 0 = P S6 m 34®.4 = 24° 8'.6 

with which and <p = 38° 53'.7, d 0 = — 13° 27'.3, we find, by (348), 

a = 48° 31U log n = log (tan r 0 sin N) = 9.5261 
C = 57 0.1 

and assuming Barom. 30.29 inches, Att. Therm. 49°, Ext. Therm. 
41° Fahr., we find, by Column C of Table H, 

log x = 6.4577 

Hence, by (352), 

A(a'— a) = — 0".128 = — (K009 a(5' — 8 ) = — 0".389 

The differences corrected for refraction are, therefore, 

a! _ a = + \m 45*.29 d f —d = — 7 28".61 

and hence the apparent place of Neptune , affected now only by 
parallax, was 

d' ==. 21* 51 m 54'.28 d f = — 13° 31' 3".72 .. 

on November 29, 1846, at 23* 28** 28*. 7 sidereal time at Wash- 
ington. 

300. Correction for refraction of observations made with the ring 
micrometer . — At each transit of a star over the edge of the ring, 
its apparent distance from the centre, C, of the ring is equal to the 
radius r. If at the time t x of its first transit its true distance is 
<r v we shall have, by (349), putting r for s , 

<r x = r [1 -(- k -f- x tan 2 C cos 2 (jp — q)’] (353) 

in which p is the position angle of the star referred to C 1 
The zenith distance £ and the parallactic angle q belong to the 
middle point between the star and C; hut it is easily seen that 
it will produce no important error to assume them either for the 
point Cor for a mean point between the stars compared. We 
shall, therefore, here suppose £ and q to have the same values for 
all observations made in the same position of the ring. At the 
time i 2 of the star’s second transit, the position angle, reckoned 
in the same direction as for the first transit from the declination 
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circle through Q will be 360° — p: so that, if <r 2 is then the true 
distance of the star from <7, we have 

<r 3 = r [1 + x + x tan 2 1 cos 2 (p -f q)~\ (354) 

Now, let 

t 0 = the time of the star’s transit over the true declina- 
tion circle of 0, 

r v r 3 = the true hour angles of the star, reckoned from the 
declination circle of C, at the two observed transits, 
d, D = the declination of the star and of G; 

then we have 

= *i + r iJ === ^2 r a 

and in the two triangles formed by the pole, the point and the 
two true places of the stars at the two observations, we have 

cos <r x = sin JD sin <5 -j- cos D eos S cos t z 
cos <r a = sin D sin. d -f eos D cos 5 cos r a 

From the difference of these equations, namely, 

2 sin J (dj -J- <r 2 ) sin 1 (<r l — <r a ) = 2 cos D cos S sin $ (r x -f- r fl ) sin J C T i — T 0 

we derive, approximately, 


( *1— ^ 

1 [ g \ + ** ) 

k 2 secZ> sec £ 

\ 2 J 

H 2 1 

1 r i + 


To reduce this expression to a practical form, we have first, from 
(353) and (864), 


iOr, — <r 2 ) = r x tan 2 C sin p eos p sin 2 % 


in which we may use the approximate values of sinp and cos p 
given by (331), where p is the same as p; namely, 


sin p = 


(tg — £ x ) cos 8 
2 r 



where d is the approximate value of 3 — JD found by. neglecting , 

the refraction. 

for ifo 4 (Fj) we may here u&e r; for, being only a multiplier 
i ( tf i a® remaining terms would give only terms in n 1 
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in the product. For r x + r 2 we put t 2 — t v These substitutions 
being made in the value of £ (r x — r 2 ), we have 

7 } (j l — t 2 ) = dx tan 2 £ sin 2 g sec JD (355) 

which is the correction to he added to the mean of the observed 
times, in order to obtain the true time t 0 of the star’s transit over 
the declination circle of the centre of the ring ; for we have 

*0 = K *1 + *2) + Kh - TO 

To find the correction of d for refraction, we observe that if 
r x and r 2 were known, the true value of the difference 3 — D 
would be found by the formulae 

(3 — D) 2 = ^ — (t x cos sy 
(£ — J)y = — (r 2 cos d) 2 

In these formulae, indeed, the path of the star is supposed to be 
rectilinear; but the correction for curvature has already been 
investigated, and is given by (333). The mean of these values 
may be expressed as follows : 

(^ _ = ( fLJ±L ^2 J_,_ ^ J— ( Jcos» 3 — ( jcoe* ^ 

and, consequently, by neglecting terms in x 2 , 

'file difference d is found from the formula 

d?= r 2 — 

and therefore, observing that r a =t a — t v 

( fL±^ j_ r i 

= 2 r 2 x [1 + tan 2 £ (sin 2 q + cos *p cos 2 q)] 

Substituting d for r cos p , and then dividing both members by 
(3 — D) + d , (or by 2 ^, since this will involve only errors of the 
order x 2 ), we find 

( p — D) — d = — (tan 2 £ sin 2 q -f- 1) + d % tan 2 £ cos 2 q (356) 
which is the required correction to he added to d. 
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Tor a second star, we hare, in like manner, 

1 ( r / — T s r ) = d'*tan 2 £ sin 2 q sec D 

*V = i (fi ~r + i (*i r 2 ) 


| ( 357 ) 


(*' — D) — d' = (tan 2 f sin 2 q -f 1) -f d f % tan 2 C cos 2 q (358) 

d 


The difference of right ascension of the stars found by neglect- 
ingthe refraction is 

* = \ (*/ +- V) - i ft + *,) 

while the true value is : so that the correction for the 

refraction is 

A(a'~ *)=$ OY — r/) — H T 1 — 
or, by (355) and (357), 

A (a/ — a) = {d r — d) v. tan 2 Z sin 2 q sec 3 Q (359) 

In which we have put 8 0 = J (5 -f 8') instead of D . The correc- 
tion of the difference of the declinations of the stars for refrac- 
tion is, by (356) and (358), 

— 8) — (d' — d) x tan 2 C cos 2 q — * (tan 2 C sin 2 q + 1) 

, , (360) 

The values of ( and q to he used in these formulae will be 
found hy (348), employing 8 0 = £ (8 -f 3') and the hour angle r 0 
of the centre of the ring, which will be found from the transit 
of one of the stars by the formula 

T 0 = i + ti) Or 

Example. — T o correct the results in the example of Art. 285 
for refraction. — ¥e have there found 

d f = -f 17' 51*9 <p — -f £1° 12' 4 

*= + »».? I 0 = -f 24 3.3 

d' — d = + 4 17 .1 r 0 = 5* 13“ 58'. 

*' — »=— 1“ 49'.50 r = 1126".25 


We find, by (MB), 
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The indications of the barometer and thermometer are not given ; 
hut, assuming a mean state of the air, the refraction table gives 
for this zenith distance log x = 6.4382, with which we proceed 
to compute (359) and (360) as follows : 


log (d r — d) 2.4101 
log x 6.4382 
log tan 2 C 0.6398 
1.4881 
log cos 2 q 8.8658 
1st term of (360) = -f- 0".02 

log sin 2 ^ 9.6658 
log (tan 2 C sin 2 q -f- 1) 0.4802 
\Qg(d’ — d) x 8.8483 
log r 2 6.1032 
5.431T 
log dd' 5.9412 
2d term of (360) = + 0".31 
a(<5' — <J) = — 0".29 


log sec d 0 0.0395 

9.4881 

log sin 2 q 9.9988 
log a (a/ — a) 9.5264 

A(a' — a) = + 0".34 = •+ 0-.02 


The corrected values are then 
o! — a == — 1- 49*.48 
S = + 4' 16".81 


’ The corrections for refraction are in this instance less than the 
probable errors of observation. Indeed, with the ring micro- 
meter, it will seldom he worth while to consider the refraction 
unless the zenith distance is over 60° and the difference of 
declination over 10'. 


CORRECTION OF MICROMETRIC OBSERVATIONS FOR PRECESSION, 
NUTATION, AND ABERRATION. 

301. In most cases, micrometer observations of the difference 
of position of two celestial bodies have for their object the 
determination of the apparent place of one of these bodies from 
that of the other supposed to be given. The apparent place thus 
found is then usually to be reduced to the mean place for the 
beginning of the year, or any adopted epoch, by applying the 
corrections for precession, nutation, and aberration with reversed 
sign. Sometimes, also, it is desirable to reduce the data fur- 
nished by the micrometer on different dates to a common date. 
The only case of interest, however, is that in which the distance 
and position angle have been observed. I shall consider first 
the effect of aberration. 
vol. ir -30 
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302. To find the effect of aberration upon the angular distance of 
two stars.— Let us denote by JE the point of the ecliptic from 
which the earth is moving (as in Art. 387 of Vol. I.); by & v ?? 4 , 
the true angular distances of the stars from B; by df, the 
apparent distances from E affected by aberration ; by a and s, 
the true and apparent distances of the stars from each other ; by 
Tv y 2 , the angles formed by a with and <?, ; by yf, y/, the angles 
formed by s with the same ares. 'Then, since the aberration acts 
only in the great circle joining the star and the point B, the 
angle at B between the arcs and d 2 remains unchanged, and 
we have, precisely as in the investigation of the differential 
refraction in Art. 293, 


sin sin | (/-, -j- yf — sin sin } -|- yf) 

sin ia cos J (ft -f y 2 ) = sin is cos J +■ yf) 


sin j (fi -j- Sf) 
sin i (#,' + A/) 
sin £ (ff — & 2 ) 
sin £(V — >?/) 


If we write r 0 and j 0 ' for \ (ji + 7a) an<3 l (Ti + r/)> we mSL J put 
these equations under the form 

<t sin y^ = a s sin yf 

a COS y 0 = bs COS yf 

in which we have put 


a _ sil1 \ b = sinj(V- fl 3 ) 

sin sin £ — # a ') 

How, we lave (Art 385, VoL I.) 

’V — r \ = k sin * 0 

in which k = 20". 4451 ; and hence 
a— 1 — h cos # 0 

so that if we neglect W, as we may, we have a = b, and hence 
omi equations give, simply, 

ro=r 0 ' 

(f=as 

Hence it fellows, 1st, that the angle which <r makes with the arc 
*• is not sensibly changed by the aberration ; 2d, that the effect 
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of aberration upon the distance a is the same in whatever direc- 
tion the arc <x may lie, and depends only on the distance ($ 0 ) of 
its middle point from the point JE, or, in general, upon the right 
ascension and declination of this middle point. This latter 
principle suggests the most simple means of investigating a for- 
mula for computing the aberration in distance ; we have only to 
assume the distance a to coincide in direction with a declination 
circle, so that a may be treated as the difference of declination 
of the stars. Then the effect of aberration upon a vill be found 
by differentiating the expression Cc f + JDd', which expresses the 
correction for aberration (Art. 402, Yol. I.) ; thus, 


A(T : 


Tc.^ + jd"1 
L dd dd J 


Taking the values of a f and b r for the middle point of a, or 
for the right ascension a 0 and declination d 0 , we put 


r = <r- 


d = G- 


dd 

dd 

dff_ 

dd 


a (tan £ sin d 0 + sin a 0 cos d 0 ) 


(T • COS oi>0 COS $0 


and then for computing a<t we have the simple formula 

a<7 = + € r + Dd (861) 


for which C and D can be taken from the Ephemeris for the 
given date. The correction thus found is to be added to the 
true distance to obtain the apparent distance. 

The position angle p 0 at the middle point of a is composed of 
the angle y 0 and of the angle which the declination circle makes 
with the arc $ 0 : so that the change in p Q is the same as that in 
the latter angle, that is, it is the difference of directions of the 
declination circles drawn through the true and apparent places 
of the stars. This difference will be obtained at the same time 
with that produced by precession and nutation in the next article. 


303. To find the effect of precession , nutation , and aberration upon 
the position angle of two stars . — Let a 0 , d 0 , he the right ascension 
and declination of the middle point between the two stars. The 
change &p 0 in the position angle is simply the change of direction 
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of the declination 
have 


circle drawn through this point : so that we 


tan = Ap 0 — 


dotg COS Oq 

dd 0 


or, taking a 0 = (a 0 ) + Aa -f Bb + Cc + ZW as the expression of 
the apparent right ascension at any time, where (a 0 ) is its mean 
value at the beginning of the given year (Tol. I. Art. 402), we 
have 


Aj ? 0 = COS d Q 



— A.n sin a 0 


dfi 0 cI$q 

sec S Q -f B.cos a u sec <5 (> + C.eos a 0 tan 5 0 + Z).sin 


a 0 tan^ 


Hence, putting 

a ' = 71 sill a Q see / = COS a 0 tail d 0 

p* = eos g () sec ^ = sin a 0 tan d Q 

in which, for a given year 1800 -f t (V ol. I. p. 617j, 

n = 20".0607 — 0 ". 0000863 1 

we have 

= AaJ + JBf S' + 0/ + Dd r 

The annual increase of j>o i s 71 sh* a o sec d 0 . If we wish to reduce 
the mean value of _$> from one given year 1800 -f t to another 
1800 -f t\ we must, therefore, add the quantity (t 1 — t) n sin a 0 sec 
in which c^and <? 0 should he taken for the date 1800 -f J (t -f- ^)* 
The mean value of being thus reduced to the beginning of the 
year 1800 + £', its apparent value for the day of the year will 
then be found by adding the correction Ay 0 given by (363), A, 
JBj Cj and D being taken for the day from the annual Ephexneris 
or the Tabula Regiomont&na . 

The precession and nutation, evidently, do not affect the appa- 
rent angular distance of two stars. 


} (362) 


(3.63) 
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METHOD OF LEAST SQUARES.* 

1. A number of observations being taken for the purpose of 
determining one or more unknown quantities, and these obser- 
vations giving discordant results, it is an important problem to 
determine the most probable values of the unknown quantities. 
The method of least squares may be defined to be that method 
of treating this general problem which takes as its fundamental 
principle, that the most probable values are those which make the sum 
of the squares of the residual errors a minimum. But, to understand 
this definition, some degree of acquaintance with the method 
itself is necessary. 


* The first published application of the method is to be found in Legendre, Mouvelles 
mSthodes pour la determination dee orbites dee comltes, Paris, 1806. The development, 
however, from fundamental principles is due to Gauss, who declared that he had 
used the method as early as 1795. See his Theoria Motus Corporum Coelestium, 1809, 
Lib. II. Sec. III.; Disquisitio de dementis ellipticis JPalladis, 1811; Bestimmung der 
Genauigkeit der Beobachtungen (v. Lindenau und Bohnenberger’s Zeitschrift, 1816, 1. 
s. 185) ; Theoria combination is observationum erroribus minimis obnozise, 1823 ; Supple- 
mentum theorise combinations, &c., 1826 : all of which have been rendered quite access- 
ible through a French translation by J. Bertrand, MSthode des moindres carries. MS - 
moires sur la combinaison des observations, par Ch. Fr. Gauss, Paris, 1865. 

For a digest of the preceding, together with the results of the labors of Bessel 
and Hansen, see Encke, Ueber die Methode der kleinsten Quadrate , Berliner Astron. 
Jahrbuch for 1834, 1835, 1886 ; in connection with which must be mentioned espe- 
cially the practical work of Gerling, Die Ausgleichungsrechnungen der practischm 
Qeometrie, Hamburg, 1843. 

See also Laplace, ThSorie analytique des probability, Liv. II. Chap. IV. ; Poisson, 
Sur laprobabiliti des rSsultats moyens des observations, in the Connaissance des Temps for 
1827 ; Encke, in the Berlin Jahrbuch for 1853; Bessel, in Astron. Mach., Nos. $68, 
359, 399; Hansen, in Astron. Nach., Nos. 192, 202 et seq. ; Peirce, in the Astron 
Jourbal (Cambridge, Mass.), Vol II. No. 21; Liagre, Galcul des probability et thSorU 
des erreurs , Bruxelles, 1852. 
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ERRORS TO 'WHICH OBSERVATIONS ARE LIABLE. 

2. Every observation wMcl is a measure , however carefully it 
maybe made, is to be regarded as subject to error; for expe- 
rience teaches that repeated measures of the same quantity, when 
the greatest precision is sought * do not give uniformly the same 
result. Two kinds of errors are to be distinguished. 

Constant or regular errors are those which in all measures of the 
same quantity, made under the same circumstances, obtain the 
same magnitude; or whose magnitude is dependent upon the 
circumstances according to any determinate law. The causes of 
such errors must he the subject of careful preliminary search in 
all physical inquiries, so that their action may be altogether pre- 
vented or their effect removed by calculation. Tor example, 
among the constant errors maybe enumerated refraction, aber- 
ration, &c. ; the effect of the temperature of rods used in mea- 
suring a base line in a survey ; the error of division of a graduated 
instrument when the same division is used in all the measures; 
any peculiarity of an instrument which affects a particular mea- 
surement always hy the same amount, such as inequality of the 
pivots of a transit instrument, defective adjustment of the colli- 
mation, imperfections of lenses, defects of micrometer screws, &c., 
to which must be added constant peculiarities of the observer, 
who, for example, may always note the passage of a star over a 
thread of a transit instrument too soon, or too late, hy a constant 
quantity, or who, in attempting to bisect a star with a micrometer 
thread, constantly makes the upper or the lower portion the 
greater ; or who, in observing the contact of two images (in 
sextant measures, for instance), assumes for a contact a position 
in which the images are really at some constant small distance, 
or a position in which the images are really overlapped, &c. &c. 

Thus, we have three kinds of constant errors : 

1st Theoretical , such as refraction, aberration, &c., whose effects, 
when their causes are once thoroughly understood, may be cab 
ciliated a priori, and which thenceforth cease to exist as errors. 

* The qualification, “ when tie greatest precision is sought,” is important ; for if, 
*#*•* w© were to determine tie latitude of a place "by repeated measures of tine meri- 
altitude ei the same fixed star witi a sextant divided only to wiole degrees, all 

measures might give tie same degree. The accordance of observations is, there- 
to*®* foot to he taken as an infallible evidence of their accuracy. It is especially 
lAm ip® approach the limits of out measuring powers that vre become sensible of the 
discrepancies of observations. 
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The detection of a constant error in a certain class of observa- 
tions very commonly leads to investigations by which its cause 
is revealed, and thus our physical theories are improved. 

2d. Instrumental , which are discovered by an examination of 
our instruments, or from a discussion of the observations made 
with them. These may also be removed when their causes are 
fully understood, either by a proper mode of using the instru- 
ment,, or by subsequent computation. 

3d. Personal , which depend upon peculiarities of the observer, 
and in delicate inquiries become the subject of special investiga- 
tion under the name of “ personal equations.” 

We are to assume that, in any inquiry, all the sources of con- 
stant error have been carefully investigated, and their effects 
eliminated as far as practicable. When this has been done, 
however, we find by experience that there still remain discrepan- 
cies, which must be referred to the next following class. 

Irregular or accidental errors are those which have irregular 
causes, or whose effects upon individual observations are gov- 
erned by no fixed law connecting them with the circumstances 
of the observations, and, therefore, can never be subjected 
a priori to computation. Such, for example, are errors arising 
from tremors of a telescope produced by the wind ; errors in the 
refraction produced by anomalous changes of density of the 
strata of the atmosphere; from unavoidable changes in the 
several parts of an instrument produced by anomalous variations 
of temperature, or anomalous contraction and expansion of the 
parts of an instrument even at known temperatures ; but, more 
especially, errors arising from the imperfection of the senses, as 
the imperfection of the eye in measuring very small spaces, of 
the ear in estimating small intervals of time, of the touch in the 
delicate handling of an instrument, &c. 

This distinction between constant and irregular errors is, 
indeed, to a certain extent, rather relative than absolute, and 
depends upon the sense, more or less restricted, in which we 
consider observations to be of the same nature or made under the 
same circumstances . For example, the errors of division of an 
instrument may be regarded as constant errors when the same 
division comes into all measures of the same quantity, but as 
irregular when in every measure a different division is used, or 
when the same quantity is measured repeatedly with different 
instruments. 
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After a full investigation of the constant or regular errors, it 
is the next business of the observer to diminish as much as pos- 
sible the irregular errors by the greatest care in the observations ; 
and finally, when the observations are completed, there remains 
the important operation of combining them, so that the outstand- 
ing, unavoidable, irregular errors may have the least probable 
effect upon the results. For this combination we invoke the 
aid of the method of least squares, which may be said to have 
for its object the restriction of the effect of irregular errors within 
the narrowest limits according to the theory of probabilities, and, 
at the same time, to determine from the observations themselves 
the errors to which our results are probably liable. It is proper 
to observe here, however, to guard against fallacious applications, 
that the theory of the method is grounded upon the hypothesis 
that we have taken a large number of observations, or, at least, a 
number sufficiently large to determine the errors to which the 
observations are liable. 

CORRECTION OP THE OBSERVATIONS. 

8. When no more observations are taken than are sufficient 
to determine one value of each of the unknown quantities 
sought, we have no means of judging of the correctness of the 
results, and, in the absence of other information, are compelled 
to accept these results as true, or, at least, as the most probable. 
But when additional observations are taken, leading to different 
results, we can no longer unconditionally accept any one result 
as true, since each must be regarded as contradicting the others. 
The results cannot all be true, and are all probably, in a strict 
sense, false. The absolutely true value of the quantity sought by 
observation must, in general, he regarded as beyond our reach ; 
and instead of it we must accept a value which may or may not 
agree with any one of the observations, blit which is rendered 
mmt probable by the existence of these observations. 

The condition under which such a probable value is to be 
determined, is that all contradiction among the observations is to be 
This is a logical necessity, since we cannot accept: for 
fKttt that which is contradictory or leads to contradictory results. 

The contradiction is obviously to be removed by applying to 
the several observations (or conceiving to he applied) probable 
corrections, which shall make them agree with each other, and 
which we have reason to suppose to be equivalent in amount to 
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the accidental err.ors severally. But let us here remark that we 
do not in this statement by any means imply that an observer is 
to arbitrarily assume a system of corrections which will produce 
accordance : on the contrary, the method we are about to con- 
sider is designed to remove, as far as possible, every arbitrary 
consideration, and to furnish a set of principles which shall 
always guide us to the most probable results. The conscientious 
observer, having taken every care in his observation, will set it 
down, however discrepant it may appear to him, as a portion of 
the testimony collected, out of which the truth, or the nearest 
approximation to it, is to be sifted. 

Admitting, therefore, that the observations give us the best, 
as indeed the only, information we can obtain respecting the 
desired quantities, we must find a system of corrections which 
shall not only produce the desired accordance, but which shall 
also be the most probable corrections, and further be rendered most 
probable by these observations themselves . 

THE ARITHMETICAL MEAN - . 

4. In order to discover a principle which may serve as a basis 
for the investigation, let us examine first the case of direct ob- 
servations made for the purpose of determining a single unknown 
quantity. 

Let the quantity to be determined by direct observation be 
denoted by x. (Suppose, for example, to fix our ideas, that this 
quantity is the linear distance between two fixed terrestrial 
points.) If but one measure of x is taken and the result is a , 
we must accept as the only and, therefore, the most probable 
value, x = a. Let a second observation, taken under the same 
or precisely equivalent circumstances, and with the same degree 
of care, so that there is no reason for supposing it to be more in 
error than the first, give the value b. Then, since there is no 
reason for preferring one observation to the other, the value of 
x must be so taken that the differences x — a, x +- b shall be 
numerically equal ; and this gives 

x == £ (a + 5 ) 

This result must be regarded as the only one that can be inferred 
from the two observations consistently with our definition of 
accidental errors; for positive and negative accidental errors of 
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equal absolute magnitude are to be regarded as equal errors and 
as equally probable, since, from the care bestowed oil the obser- 
vations and tie supposed similarity of the circumstances under 
•which they are made, there is no reason a priori for assuming 
either a positive or a negative error to be the more probable. 

Now let a third observation be added, giving the value c. 
Since the three observations are of equal reliability, or, as we 
shall hereafter say, of equal weight, we must so combine a , b , and 
c that each shall have a like influence upon the result ; in other 
words, r must be a symmetrical function of a , 6, and c. If we 
first consider a and b alone, then a and <?, then b and e , we shah 
find the values 

*(* + &), *(* + «)> i0> + < 0 > 

with each of which the additional observation c, b, or a is to be 
combined. Each combination must result in the same sym- 
metrical function, which, whatever it may be, can be denoted by 
the functional symbol We must, therefore, have 

x = * [* {a -f I s ), q 

= *[*(* 4- «>, 

= *[*(& -f- c )> < 1 

Introducing the sum of A, and c, or putting 

S CL — J— A — }— c 

these become 

x == 4 [*0 — c), c] = 4 [s, c] 

= 4[i0-i), »]=4[>, 

= 4 [§ (s — a), a] ~ 4 [ 5 , a] 

But s is already a symmetrical function of a, b , and c, and there- 
fore these equations cannot all result in the same symmetrical 
function unless c, b, u, in the respective developments of the 
functions, disappear and leave only s. Hence we must have 

x = 4 (6) 

Now, to determine we observe that, as it must be genera], 
its nature may be learned from any special but known case. 
Such a ease is that in which the three observations give three 
equal values, or a = i = c; and in that case we have, as the 
value, a, or 
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and, consequently, the symbol ^ signifies here the division by 3. 
Hence, generally, 

o. -j— b ~ I - c 

x — ! — 

8 

In the same manner, if it had been previously shown that for 
m equally good observations the most probable value is 

x = # + ^ c + — H~ n 
m 

it would follow that for an additional observation p we must 
have 

m - (- 1 

for, putting s = a + b + c+ ... + n+p, we shall have 

X = * [m ( S — = * foi 3 ] = + 00, &c. 

But we have shown that the form is true for three observed 
values : hence, it is true for four ; and since it is true for four 
values it is true for five ; and thus generally for any number.* 

The principle here demonstrated, that the arithmetical mean 
of a number of equally good observations is the most probable 
value of the observed quantity, is that which has been universally 
adopted as the most simple and obvious, and might well be 
received as axiomatic. The above demonstration is chiefly 
valuable as exhibiting somewhat more clearly the nature of the 
assumption that underlies the principle, which is that, under 
strictly similar circumstances, positive and negative errors of the 
same absolute amount are equally probable. 

5. If now n', n n , n ,n are the m observe d values of a 

required quantity x, and if x 0 denotes their arithmetical mean, 
the assumption of x 0 as the most probable value of x gives 
n f — x Q , n u — x oy n ,n < — x 0 , &c., as the most probable system of cor- 
rections (subtractive from the observed values) which produce 
the required accordance. But the equation 

( 1 ) 


_ n' -f- n " + n ' n +*••• + 

X °~ m 

* Encke, Berliner Astron. J ahrfcuch for 1834, p. 262. 
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may also be put under the form 

( n' — r 0 ) -f (»" — r 0 ) -f (»"' — oc Q ) + O c *° — r«) = 0 


that is, the algebraic sum of the corrections is zero. 

This is, however, not the only characteristic of the system of 
corrections resulting from the use of the arithmetical mean. Let 
us examine the sum of the squares of the corrections. For 
brevity, let us denote the corrections, or, as they will be here- 
after called, the residuals , by the symbol v: so that 

tf = n r — v" = n" — r 0 , v' f/ == n"' — oc 0 , &c. 


and also denote the sums of quantities of the same kind by 
enclosing* the common symbol in rectangular brackets : so that 


0] = v’ + v" -f v r " -f Ac. 

[rr] = v'v f -j- v' f v" + v" ! v ,n -f* &c. 


a notation usually employed throughout the method of least 
squares. W e have 


and 


[»] = o 


(2) 


[»»] = (»' — x 6 )* + (»" — x„y + (n’"—x 0 y + 

= [**] — 2 [n] Xo -f- 

But since we have also 

this equation becomes 

[v®] = [mi] + 

m m 3 

= [an] — 

J m 

Let ^ be any assumed value of a:, giving the residuals 

v,= n' r — Xl — Xj) Ac. 

then, as above, 




: M 

m 

fwl 


( 3 ) 


Oi»J = [*»] — 2 [a] x 1 + mxj 

Substituting in this the value of [to] given by (3), we find 

(M3 = r»3 + — _ 2 fa] & _j_ ma: * \ 

m ‘ 1 J 

= E®»] •+ — $ij r ^ 

= I>]-+ mfa— Vl y ) 
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This equation determines the sum of the squares of the residuals 
for any assumed value of x. Since the last term is always posi- 
tive, we see that this sum for any value of x differing from the 
arithmetical mean r 0 is always greater than \vv]. Hence it is a 
second characteristic of the arithmetical mean, that it makes the 
sum of the squares of the residuals a minimum . 

6. Observations maybe not only direct, that is, made directly 
upon the quantity to be determined, but also indirect , that is, made 
upon some quantity which is a function of one or more quanti- 
ties to be determined- Indeed, the greater part of the observa- 
tions in astronomy, and in physical science generally, belong to 

the latter class. Thus, let x,y y z be the quantities to be 

determined, and M a function of them denoted by/, or 

M =j(x, y.z — ) (5) 

and let us suppose an observation to be made upon the value of 
M. We then have but a single equation between x, y, z. . . . and 
the observed quantity M> and the problem is as yet indetermi- 
nate. Yarious systems of values may be found to satisfy the 
equation, either exactly or approximately. Xet us, however, sup- 
pose that the most probable system (as yet unknown) is expressed 

by x = p, y — q y z = r , and let the value of the function, 

when these values are substituted in it, be denoted by Y, or put 

Y==/(Jb ff, r ... .) (6) 

then M— V is the residual error of the observation. In like 
manner, if a number of observations of the same kind be taken, 
in which the observed quantities if', M n , M ,n . . . are functions 
determined by the same elements p, q ) r,. . . . , and if V 7 , Y", 

V rn are the values of these functions when p, q 7 r are 

substituted in them, then M r — V f , M n — V f \ M fn — Y fn .. .. 
are the residual errors of the observations. If there are p 
unknown quantities and also p observations, and no more, there 
will be p equations between the known and unknown quantities, 
which will fully determine the values of these unknown quanti- 
ties: so that the probable values p y q , r.... are, in that case, 
those determinate values which exactly satisfy all the equations, 
and, consequently, reduce every one of the residuals M' — V\ 
M n — V n r &c. to zero. But, if there are more than p observations, 
the determinate values found from p equations alone will not 
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necessarily satisfy the remaining equations, in consequence of ‘ 
accidental errors in the observations. The problem, then, is to 
determine from all the observations y or from cell the equations^ the 
most probable system of values of the unknown quantities , or, which is 
the same thing, the most probable system of residual errors . In the 
case of direct observations, we have seen that the most probi tie 
value of the unknown quantity was that which made the a ge- 
braic sum of the residuals zero; but this principle followed £ om 
taking the arithmetical mean of the same quantity, and is ob- 
viously inapplicable in the present case. The second principle, 
that the most probable value is that which makes the sum of the 
squares of the residuals a minimum, is of a more general 
character, and might be assumed at once, as at least a plausible 
principle, to serve as the basis of the solution of our problem ; 
hut it will he more satisfactory to- justify its adoption by the 
calculus of probabilities. 

TEE PROBABILITY CUBVE. 

7. Although accidental errors would seem at first sight to he 
of a capricious and irregular nature which would exclude them 
from the domain of mathematics, yet, upon examination from 
theoretical considerations, confirmed, as will he shown, by expe- 
rience, we shall find that they are subject to remarkably precise 
laws. In the first place, we remark that they are subject to the 
following fundamental laws: 1st. Errors in excess and in defect 
— ie. positive and negative, but of equal absolute value — are 
equally probable, and in a large number of observations are 
equally frequent. 2d. In every species of observations, there is. 
a limit of error which, the greatest accidental errors do not 
exceed : thus, if l denotes the absolute magnitude of this l im it, 
all the positive errors are comprised between 0 and -f- /, and all 
the negative errors between 0 and — l y and, consequently, all the 
errors are distributed over the interval 21. 3d. The errors are 

not distributed uniformly over this interval 21 , but the smaller 
errors are more frequent than the larger ones. 

Thus the frequency of an error of a given magnitude may be 
regarded as a function of the error itself: so that, if we denote 
an error of a certain magnitude by J, and its relative frequency 
in a given large number of observations by <pA y this function 
should obtain its maximum value for J = 0, and become zero 
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when A = ± l. If, then, we denote the probability* of an error 
A by y, or put 

y = <pA ( 7 ) 

we may regard this as the equation of a curve, taking A as the 
abscissa and y as the ordinate. The nature of this curve will be 
accurately defined when we have discovered the form of the 
function <pA, but we can see in advance that a curve such as 
Fig. A is required to satisfy the conditions already imposed upon 



this function. For its maximum ordinate must correspond to 
A = 0 ; it must be symmetrical with reference to the axis of y, 
since equal errors with opposite signs have equal probabilities ; 
and it must approach very near to the axis of abscissae for values 
of A near the extreme limits, although the impossibility of as- 
signing such extreme limits of error with precision must prevent 
us from fixing the point at which the curve will finally meet the 


8. The number of possible errors in any class of observations 
is, strictly speaking, finite ; for. there is always a limit of accuracy 
to the observations, even when we employ the most refined 
instruments, in consequence of which there is a numerical suc- 
cession in our results. Thus, if 1" is the smallest measure in a 


* * That is, if the error A occurs n times in m_ observations, y = 0 A — H. 
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given ease, the passible errors, arranged in their order of magni- 
tude, can only differ by 1" or an integral number of seconds. 
Hence, our geometrical representation should strictly consist of 
a number of isolated points ; but, as these points will be more 
and more nearly represented by a continuous curve as we increase 
the accuracy of the observations, and thus diminish the intervals 
between the successive ordinates, we may, without hesitation, 
adopt such a continuous curve as expressing the law of error. 
We shall, therefore, regard A as a continuous variable, and tpd 
as a continuous function of it. 

Now, by the theory of probabilities, if <pA> <pd r 7 <pA /f 

are the respective probabilities of all the possible error’s i, A' t 
A " we have* 

<p A -f- -f- ip A* -j- = 1 

when the number of possible errors is finite. But the assumed 
continuity of our curve requires that we consider the difference 
between successive values of A as infinitesimal, and thus the 
number of values of tpA is infinite, and the probability of any 
one of these errors is an infinitesimal. To meet this difficulty, 
let us observe that if a finite series of errors J, d' 7 A " be ex- 
pressed in the smallest unit employed in the observations, these 
errors, arranged in the order of their magnitude, will be a series 
of consecutive integral numbers ; the probability of the error d 
may be regarded as the same as the probability that the error 
falls between A and d + 1; and the probability of an error be- 
tween A and d ■+ i will be the sum of the probabilities of the 
errors A 7 A -f- 1, A -f* 2, d -f [i — 1). If i is small, the pro- 

bability of each of the errors from d to A -f- i will be nearly the 
same as that of A : so that their sum will differ but little from 
if A, As the interval between the successive errors diminishes, 
this expression becomes more accurate ; and hence when we take 
dd^ the infinitesimal, instead of £, we have (pA . dd as the rigorous 
expression of the probability that an error falls between A and 
A -fi dd. Hence, it follows, in general, that the probability that 
m error Mis between any given limits a and b is the sum of all 

* Fopif » errors equal to A, n’ equal to A\ &c., and the whole nttmhei 

it Wm is w, the probabilities of the errors are respectively fA — 71 > f A' ~ n . 
and the sum of these + — » = — L 
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the elements of the form <pA.dA between these limits, or the 
integral 

X <p A . dA 

i 

and this integral, taken between the extreme limits of error, and 
thus embracing all the possible errors, will be 

r+i ^ 

\^cpA.dA= 1 

We have heretofore assumed that the function <pA is to be zero 
for A = ± 1 It must also be added that, since the probability 
of any error greater than ± l is also zero, we should have to 
determine this function in such a manner that it would be zero . 
for all values of A from + £ to 4* oo and from — Z to. — oo. Tho 
obvious impossibility of determining such a function leads us 
to extend the limits. ± l to ± oo, and to, take 



This will evidently be allowable if the ‘integral taken from 
± l to ±' oo is so small as to be practically insignificant. Besides, 
the extreme limits of error can never be fixed with precision, and 
it will suffice if the function <p A is such that it becomes very small 
for those errors which are regarded as very large. 

9. Returning now to the general case of indirect observations, 
Art. 6, in which we suppose a quantity M = to be 

observed, let J, A', A" .... be the errors of the several observed 

values of M , and <pA, (pA f , <pA u their respective probabilities; 

then, the probability that these errors occur at the same time in 
the given series being denoted by P, we have, by a theorem of 
the calculus of probabilities,* 

P = . "(9) 

The most probable system of values of the unknown quantities 

* If a single action of a cause can produce the effects a, a! \ a", . . . . with the re- 
spective probabilities p, p\ p " , .... the probability that two successive independent 
actions of the cause will produce the effects a and a r is pp r ; and similarly for any 
number of effects. Thus, if an urn contains 2 white balls, 8 red ones, and 6 black 
ones, the probability that in two successive drawings (the original number of balls 
being the same at each drawing) one ball will be white and the other red is Ar X Ar* 
Von II.— 31 
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r, 2 /, 2 . - . . will be that which makes the probability P a maxi- 
mum. Consequently, since x, y, z . . .. are here supposed to be 
independent,* the derivative of P relatively to each of these 
variables must be equal to zero ; or, since log P varies with P, 
the derivatives of log P must satisfy this condition, and we shall , 
have 


1-^=0, 

P dx 


1 dJP , s 

= 0,&c. 

P dy 


which, since 

log P = log <pA -f log (pA r -f- log <pA f -f-* 

give the equations 
dA 


<p'A 


V ■ 


dx 

dA 

dy 

dA 


dx dx 

..= 0 

) 

+ 9 'A'. < ?A +9 ’A". d A- + ... 

dy dy 

..= 0 

) ( 10 ) 


¥* - 5 = + 4 A’. ~ + 4 A"- 
dz dz dz 


&e. 

in which we ha /e p~il 
dy A 
^ Ad A 5 




<p f A : 


<p A 




<pA'dA' 


7i «*• 


(11 


The number of equations in (10) being the same as that of the 
unknown quantities, these equations will serve to determine the 
unknown quantities when we have discovered the value of the 
function <f A y as will be shown hereafter. 

Since the functions <p J and (p f A are supposed to he general, and , 
therefore applicable whatever the number of unknown quanti- . 
ties, we may determine them by an examination of the special T 
ease in which, there is bnt one unknown quantity, or that in 
which the observed values. M y W y M u . . . . belong to the same 
quantity. In that case, the hypothesis that x is the value of this 
quantity gives the errors 

J = Jf — A = IT — x, A r/ ==M" — x 


* 111^ Is* te no restrictions except that they shall satisfy the observations* 

Hie iqiallfttts. M =,/(25* y* s, * . #*). . Por th.e case of u conditioned” observations* ^ 
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whence 

dA ___ dA r _ a A" 

dx dx dx * ^ 

and the first equation of (10) becomes 


(M—x) + <p' (M> — x) + 9 ' (M"— ^ q_ 


= 0 ( 12 ) 


This being general for any number m of observations, and for 
any observed values M, M>, M ". . . let us suppose the special 
ease 

M'=M" = M-mN 


Since the arithmetical mean of the observed quantities is here 
the most probable value of x, we have 

X== \,( M + ) 

= jjj; IM + (rn — 1) (M— mi?)] 

= M—(m — 1)N 

whence 

M — x = (m — 1) N 

M'— x — M" — x = 2V 

and, consequently, (12) becomes 

/ [(OT _ 1) iVT] ( OT _ !) r , _ o 

or, 

y' [Q _ 1) = SQ-N) 

(m — 1)N —N 


That is, for all values of to, and therefore for all values of (to — l)iV, 
we have - equal to the same quantity — 

Hence we have generally ~ equal to a constant quantity, and. 
denoting this constant by k, we have 

<p f A = kA ! 

or, by (11), 

i4 = u.dj ■ 

<pA 

Integrating, 

log tp A = 1 kA 1 -f log k 

whence 

tfA = x 

in which c is the base of the Napierian system of logarithms; 
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Since pi must decrease as A increases, must be essentially 
negative : representing it, therefore, hy— h\ our function becomes 

<pd~y.e— hh * L 


To determine 
which gives 


the constant a, let this -value be substituted, in 



X 6 -h7i±Add = 1 


(8). 


Putting 

this integral becomes 



* 

h*J OD 


e 


- a dt — 


1 


(13) 


The known value of the definite integral in the first member is 
]/sr (seeYoL Lp. 153);, .whence 



and the complete expression of <p d becomes 

=±= e — ^ 



The constant s must depend, upon the nature of the observa- 
tions, and will be particularly examined hereafter. If we here 
take it as the unit of abscissae in the curve of probability, the 
equation (7) becomes 



by which the curve may be constructed. The values of y for a 

few values of J are as follows : 

%'■ '**•*»•;•*• •» * ■ ' , • • * 


A 


niff. 


A 

y 

DifF. j 

0.0 

01 

0.4 

0.6 

0.8 

I.O 

U 

1.4 

Hr) 

0.5642 

0.5421 

0.4808 

0J936 

1 0.2975 
' 0.2076 
0.1337 i 
; 0.0795 

9 0436 ! 

— .0221 

— .0613 

— .0872 

— ,0961 

— .0899 

— .0739 

— .0542 

— .0359 j 


1.6. 

IS 

2.0 

2.2 

2:4 

2.6 

2.8 

* GO 

0.0436 

0.0221 

0.0103 

0.0045 

0.0018 

0.0007 

0.0002 

0.0001 

o.ooeo 

/ "■' VI 

— .0215 

— .0118 

— .0058 

— .0027 

— .0011 

— .0005 

— .0001 

' l 
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The curve, Fig. A, in Art. 7, is constructed from this table ; but, 
to exhibit .its character more distinctly, the scale of the ordinates 
is four times that of the abscissae (which, indeed, corresponds to 
the case of h = 2). We see that the curve approaches very near 
to the axis for moderate values of J, and that the assumption of 
± oo instead of finite limits of A can involve no practical error. 
It is evident that the axis XJ[ is an asymptote to the- curve. 

The differences in the above table indicate that the curve 
approaches the axis most rapidly at a point whose abscissa is 
between 0.6 and 0.8. The exact position of this point, which 
is a point of inflexion, is found by putting the second differen- 
tial coefficient of y equal to zero, which gives 


d 2 y 

dA*'' 


whence 






4J4 

tA 


e-*±=: 0 


A = == 0.70T1 


The ordinate Mm is drawn at this point. We shall have occa- 
sion to refer to it again hereafter. 


THE MEASURE OF PRECISION. 

10. The constant h requires special consideration. Since the 
exponent of ein (14) must he an abstract number, - must be a 
concrete quantity of the same kind as A. In a class of observa- 
tions in which J u small for a given probability <pA y ~ will be 

small, and h will be large. Thus, h will be the greater the more 
precise the nature of the observations, and is, therefore, called by 
Gauss the measure of precision . If in one system of observa- 
tions the probability of an error A is expressed by 

-HA. g — hhik A 

■ • Yit' . . * - r 

and in another, more or less precise, by . . 


, : _ r Wi A 

y* ' ■ i 

. tie .probability that in one observation of the first system the 
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error committed will be comprised between the limits — 3 and 
.4- $ will be expressed by the integral 

/* 5 J) 

I 

J- i jA 

and, in like manner, the probability that the error of an. observa- 
tion in the second system will be comprised between. — 3' and 
-f 3' will be expressed by 


/» -f ^ 

( AL. e- h ' h '± A dd 
J—& y* 


These integrals are evidently equal when we have ho — h'8 If, 
for example, we have h' = 2 h, the integrals will he equal when 
d = 2d'; that is, the double error will be committed in. the first 
system with the same probability as the simple error in the 
second, or, in the usual mode of expression, the second system 
will be twice as precise as the first. We shall presently see how 
the value of A can be found for any given observations. 


THE METHOD OF LEAST SQTJAEES. 

11. The preceding discussion leads directly to important prac- 
tical results. We have seen (Art. 9) that to find the most probable 

values of x,y, z from the observed values of M ==f (x, y,z 7 . . . .) 

we are to render the probability P= (pd. (pd r . <pd u a maxi- 

mum, that is, by (14), 

P = h m * ■ - e ~ m (aa + a'a' + a"a"-h . . . .) (15) 

must be a maximum; and this requires that the quantity 

A A + A r A f -f A" A" + should be a minimum. Thus, the prim- ~ 

eiple that the most probable values of the unknown quantities are those 
whkh make the sum of the squares of the residual errors a minimum, is 
mot limited to the case of direct observations, but is entirely 
general. 

The principle is readily extended to observations of unequal 
precision. For if the degree of precision of the observations 
Jf, M\ M n . . . . he respectively A, A', A". . . and we compare 
these observed quantities with the values V 7 V ', V”. . . ., computed 
with the most probable values of x^y^z . . . whereby we obtain 
the residual errors M — V= d, M' — V r ~ d ’ . . . it is the same ■ 
thtog S8 if we had taken observations of equal precision (repre- 
seated by!) upon the quantities AJf, h!M\ A"Jf" and had 
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compared them with, the computed quantities h Y 7 h f W ^ h f/ V n , 

whereby we should have found the errors hM — hV.^=.hd, 
h J M f • — ft! V' = h'A f . . . ., in which case we should have to reduce 
to a nainimum the quantity 

h 2 J 2 + K m A m + -‘- 

that is, each error being multiplied by its measure of precision , and 
thereby reduced to the same degree of precision , the sum of the squares 
of the reduced errors must be a minimum . 

In what precedes is involved the whole theory of the method 
of least squares. I proceed to develop its practical features. 

THE PEOBABLE EEBOR. 

12. From the preceding articles it follows that the probability 
that the error of an observation falls between d and A -f* dA is 
expressed by 

_A_ q — hh&b dd 

Y n 

and the probability that it falls between the limits 0 and a is 
expressed hy 

7) /''A = a 

e-«kA Add 

]/tt J a — o 

and this integral expresses the number of errors that we should 
expect to find between the limits 0 and a when the whole num- 
ber of errors is put = 1 [equation (8)]. If we put t = AJ, the 
integral takes the form 

I ft — ah 

- 4 - e-*dt 
\/n+J t = 0 

The whole number of errors, both positive and negative, whose 
numerical magnitude falls between the given limits is twice this 
integral, or 


The value of this integral (which may be computed by tlie 
methods of Vol. I. Art. 113) is given in Table EK. The number 
: of errors between any two given limits will be found by taking 
the difference between the tabular numbers corresponding to 
these limits. Since the total number of errors is taken as unity 
in the table, the required number of errors in any particular case 
is to be found by multiplying the tabular numbers by the actual 


1/ 


u 

TtJt* 


ah 

e- u dt 
t = o 


(16) 
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number' of observations. Thus, if there are 1000 observation"* 
we find that 

between t — 0 and * = 0.5 there are 520 errors. 


u 


0.5 

tc 

* = 1.0 

it 

u 

322 

it 

a 


1.0 

it 

* = 1.5 

it 

ti 

123 

it 

it 


1.5 

tc 

* = 2.0 

a 

a 

29 

it 

it 

t — 

2.0 

ct 

< = 00 

a 

tc 

5 

it 


13. The degrees of precision of different series of observation* 1 
may be compared together either by comparing the values of h - 
or by comparing the errors which are committed with equn 
facility in the two systems. The errors to be compared mu** 
occupy in the two systems a like position in relation to the ex- 
treme errors, and we may select for this purpose in each systeji* 
the error which occupies the middle place in the series of errors arranged 
in the order of their magnitude , so that the number of errors which ar< 
less than this assumed error is the same as the number of errors whfch 
exceed it. The error which satisfies this condition is that for 
which the value of the integral (16) is 0.5. Denoting the cor- 
responding value of t by p, we find, by interpolation from Tab!** 
IX., 

P = 0.47694 

and we have 

If then we denote by r the error which, in any system of obser- 
vations whose degree of precision is h, corresponds to the vain© 
f = />, or put 

P = hr h = p - ( 18 ) 

there will be a probability of- J that the error of any single obser* 
ration in that system will be less than r, and the same proba- 
bility that it will be greater than r; which is sometimes expressed 
by saying that it is an even wager that the error will be less than n 
Hence r is called the probable error. * 1 

We may, therefore, compare different series of observations 
by comparing their probable errors, their degrees of precision 
being, by (13), inversely proportional to these errors. 

14* In order to. apply Table IX., in determining the number 
I of errors in a given class of observations, we must know the 



Mr uu^r wahm. 


4 H14 


m| |«rMriH}nn A, »*r thr j«rMliul»|r rrr«*r r: fhu«, if w»* 
w 'i‘h tin- number ..f err*.i> )<•** tlmn », we enter flic tnl.ie with 

I the Ht ■^’UIHeJlt < <»/., i.r I ' <t ' 

1 t-r* at.-r e.-nveniei,, .-, - im employ Table IX. A, whirl, 

K iV ‘ * the xitme fun« fiun w ith the iirgument , f»’,,r example, if 

there ;»(•«• 1 * ***** ■ <b*«-rv at ion* w hone jin ihuhle error in r *J", 
mu! Me u i <ih to kioov the IttlUihernf error* |e«t thill, U 1", vvit 

I !, "<IO Table IX. \, w ith the Jirtfilfliefit ’* 0.5, the limn her 

i M whirl, multiplied hy lotto give* 2t*l m the required 

flMJIlher. 

l*he follow iiij; example from the f'Hwiiimathi AMrwmmrt- of 
will *erve to »how lt«*w fur the preceding theory in ntiK- 
tniitetl hy experience, In #7*1 oh«erv*»fi<»lt* made hy lltunt.KV 
ttjtoii the right nneeimioti of Sirim and Affair, HmuKt, found the 
j.rohahle error of » single observation to he 



r if'.mn 

lienee, for the ft timber of errow lend than W A the argument it r 
T»hle I X.A Will he H ® ’ fJ7 l»,37»i£; am! for H.'% O' MI, &e„ the 
•tie*:,. wive multiple* of lUTtH TbtW, we flint front the table 

for o'M with itrg 0 3782 tlw ntotdwr 0.20JH7 


a 

o :* 

U 

0,75*4 

*8 

« 88102 

n 

0 ,8 

m 

U8?0 

1# 

0 5A7 1 0 

m 

0 .# 

« 

1 AlilM 

«« 

0881172 

ti 

0 ,5 

m 

1*900 

m 

0 78904 

n 

0 M 

u 

2,2752 

14 

0.8751 1 

m 

0 .7 

i$ 

20544 

*4 

0 82(811 

H 

a a 

»* 

8 0880 

*# 

0.85820 

m 

0 3 

w 

8.4 ISA 

44 

0.97000 

m 

1 M 

m 

8.7 m 

* « 

0.98940 




m 

it 

1.00000 


Subtracting each number from the following one, and multiply, 
iojl «h*» remainder hy 470, the tium W of observation*, there were 

found 
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No. of orrnrn ’ No. of rrror't hy 


Between 

by the theory. 


o 

o 

and O'M 

95 

•" i 

0 

.1 

it 

0 

_2 

89 

KH j 

0 

.2 

tc 

0 

.3 

78 

7K | 

0 

.3 

u 

0 

.4 

64 

:,h j 

0 

.4 

it 

0 

.5 

60 

m ; 

0 

.5 

a 

0 

.6 

86 

m 

0 

.6 

u 

0 

.7 

24 

, 

0 

.7 

u 

0 

.8 

15 

14 

0 

.8 

a 

0 

.9 

9 

10 

0 

.9 

a 

1 

.0 

5 

7 


over 

1 

.0 , 

5 

K 


The agreement between the theory and experience, though 
not absolute, is remarkably close. The number «»f large error* 
by experience exceeds that given bv tin* theory. tind this hint 
been found in other cases of a similar kind; which shows at least 
that the extension of the limits of error to * x Into not intro- 
duced any error. The discrepancy rather indicates n wmws of 
error of an abnormal character, and calls for some criterion by 
which such abnormal observations may be exclude*! from w»ir 
discussions and not permitted to vitiate our results, Hud* a 
criterion has been proposed by Prof. Pmrcr, and will be con- 
sidered hereafter. 

THE MEAN OF THK ERRORS, ANJ> TUB MEAN RRMoR. 

15. The selection of the probable error as the term of com- 
parison between different series of observations 3a arbitrary, 
although it seems to be naturally designated by its middle posi- 
tion in the series of errors. There are two other errors which 
have been used for the same purpose. 

The first is the mean of the errors, these being all taken with 
the positive sign. In order to find its relation to the probable 
error, let us first consider a finite series of error* 

d, J', J", 

with the respective probabilities 

2a M 2a" 
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so that in m observations there will be 2 a errors (numerically) 
equal to A, 2 a f equal to d r , &c., the probability of a positive error 

A being The mean of all these errors, each being repeated 
a number of times proportional to its probability, is 


2 a A 4 - 2 a" A" + 

~~ m 


= 2J.£ + 2J'.— + 2 J" • — -f .... 
m m m 


When the number of errors is infinite, the probability of an 
error A is to be understood as the probability that it falls 
between A and A -f dA, which is <p A . dA (Art. 8), and the above 
formula for the mean of the errors becomes the sum of an infi. 
nite number of terms of the form 2 A<pA . dA. Hence, putting 

we have 


or, by (18), 


Another error, very commonly employed in expressing the 
precision of observations, is that which has received the appella- 
tion of the mean error (der mittlere Feller of the Germans), which 
is not to he confounded with the above mean of the errors. Its 
definition is, the error the square of which is the mean of the squares of 
all the errors. Hence, putting 


( 21 ) 

| ( 22 ) 

When we put h = 1, we have e = Vh The mean error is, 
.therefore, the abscissa of the point of inflection of the curve of 
.probability (Art. 9). In the figure, p. 479, OM is the mean error, 


we have 


or, by (18), 


e = the mean error, 


: -1— = 1.4826 r 
PV 2 

r = 0.6745 e 


y = the mean of the errors, 


_ r M 2h 

*) 0 i|/7: 


Ae 


-hh A A 


dA 


1 . 


A|/7T 


32==— v = 1.1829 r 
PV* 

r = 0.845332 




(19) 


( 20 ) 
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OP the probable error, OE the mean of the errors, and Mm, Pp, 
JEe, their respective probabilities. 


THE PROBABLE ERROR OP THE ARITHMETICAL MEAN. 

16. The error above denoted by r is the probable error of any 
one of the observed values of the unknown quantity x. We are 
next to determine the relation between this and the probable 
error r 0 of the arithmetical mean of these values. 

If A, A', A" are the errors of the observed values, the 

most probable value of x is that which renders the probability 

P — k m X— i m e~ Wl(AA + A'A' + A"A" + ...) 


a maximum (Art. 11), and, consequently, the sum AA + A' A' 

+ a minimum. But this sum is rendered a minimum by 

the assumption of the arithmetical mean x g as the most probablo 
value (Art. 5), and hence the quantity P expresses the probability 

of the arithmetical mean if A, A', A" are the errors of the 

observations when compared with this mean. The probability 
of any other value of x, as x a + d, will be 

P'= h m 7r-*» 1 (*-«)* + (*'-«)* + • •• • | 

— Img — hh { [AA] — 2[A]4+misj 


Since [ A] = A A' + A" + = 0 (Art. 5), and [AA] = rum 

(Art. 15), this expression may be put under the form 

P' — h m x~ i m e~ +ss) 

and at the same time we have 


so that 


P = 


P:P' = l:e-*“« 

that is, the probability of the error zero in the arithmetical mean 
is to that of the error d as 1 : For a single observation, 

the probability of the error zero is to that of the error 9 as 
l : e~ hm . Hence the measure of precision (Art 10) of the 
single observation being h, that of the arithmetical mean of m 
such observations is h\/m; from which follows the important 
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theorem that the 'precision of the mean of a number, of observations 
increases as the square root of their number* 

If, then, r is the probable error of a single observation, and r 0 
that of the arithmetical mean of several observations, we must have 



(23)' 


and from the constant relation between the mean and the proba- 
ble error (22), 



(24) 


DETERMINATION OP THE MEAN AND PROBABLE ERRORS OP GIVEN 

OBSERVATIONS. 

IT. The principles now explained will enable us to determine 
the mean errors of any given series of directly observed quanti- 
ties. Let n, n', n" be the observed values; x 0 their arith- 
metical mean ; v, v', v" the residuals found by subtracting 

x 0 from each observed value : so that 


v = n — ■ x„, v' n' — x 0 , v" = n" — x 0 , &c. 

If x„ were certainly the true value of x, so that v, v’, v" . . . . were 
the actual or (as we may say) the true errors, and, consequently, 
identical with A, A', A" we should have, according to the 
above, mee = [A A] — [to], and hence 

-VPS 1 ) 

and this must always give a close approximation to the value of e. 
But the relation mee = [A A] was deduced from a consideration 
of an infinite series of errors which would reduce the mean 
error of x 0 to an infinitesimal, according to the principles assumed, 

and thus make v, v', v" identical with A y A', A" .. . A better 

approximation to the value of e, where the series is limited, is to 
be obtained by considering the mean error of x 0 itself, and conse- 
quently, also, the mean errors of the residuals v, v', v" If 

then we suppose the true value of x to be x 0 -f- S, we shall have 
the true errors 

A — v — 3, A' = v' — 8, A" = v" — 3, See. 


* See, in connection, Arts. 21 and_26. 
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whence, observing that [v] = 0, 

[JJ] = mee = [vr] — 2 £v] S -j- mo 2 
= [t?v] -|- wid 2 


Thus the approximate value mee — [t?*;] requires the correction 
m£ 2 , the value of which depends upon the value we may ascribe 
to d. As the best approximation, we may assume it to he the, 
mean error £ 0 : so that, by (24), 


which gives 
w T henee 


nS 2 = me 2 = 7n — = ee 
0 m 

mee = [ VV ] -f- ere 

_ [w] e _ 1/ [w] \ 
m — 1 \l\m — 1/ 


and consequently, also, by (22), 

r = W ( S ) «= # - W45 


(25) 


(26) 


Thus from the actual residuals the mean and the probable error 
of a single observed value are found. Hence, by (23) and (24), 
the mean and probable errors of the arithmetical mean will be 
found by the formulae 

Example. — -Let us take the following measures of the outer 
diameter of Saturn’s ring observed by Bessel at the Xonigsberg 
Observatory with the heliometer, in the years 1829-1831.* The 
measures, denoted by n, are all reduced to the mean distance of 3 
Saturn from the sun, and are here assumed to have the same 
degree of precision. 


* Astron, JSTach., VoL XII. p. 169. 
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n 

V 

vv 

38 ' 

.91 



0".40 

0.1600 

89 

.32 

4- 

0 

.01 

.0001 

38 

.93 


0 

.38 

.1444 

39 

.31 


0 

.00 

.0000 

39 

.17 

— 

0 

.14 

.0196 

39 

.04 

— 

0 

.27 

.0729 

39 

.57 

4- 

0 

.26 

.0676 

39 

.46 

+ 

0 

.15 

.0225 

39 

.30 


0 

.01 

.0001 

39 

.03 

— 

0 

.28 

.0784 

39 

.35 

“f- 

0 

.04 

.0016 

39 

.25 


0 

.06 

.0036 

39 

.14 

— 

0 

.17 

.0289 

39 

.47 

+ 

0 

.16 

.0256 

39 

.29 


0 

.02 

.0004 

39 

.32 

+ 

0 

.01 

.0001 

39 

.40 

+ 

0 

.09 

.0081 

39 

.33 

+ 

0 

.02 

.0004 

39 

.28 

0 

.03 

.0009 

39 

.62 

4 - 

0 

.31 

.0961 




V 

vv 

39".41 

4* 

O' 

M 0 

0.0100 

39 

.40 

+ 

0 

.09 

.0081 

39 

.36 

+ 

0 

.05 

.0025 

39 

.20 


0 

.11 

.0121 

39 

.42 

+ 

0 

.11 

.0121 

39 

.30 


0 

.01 

.0001 

39 

.41 

4- 

0 

.10 

.0100 

39 

.43 

4 - 

0 

.12 

.0144 

39 

.43 

4- 

0 

.12 

.0144 

39 

.36 

4- 

0 

.05 

.0025 

39 

.02 

— 

0 

.29 

.0841 

39 

.01 

1 — 

0 

.30 

.0900 

38 

.86 

— 

0 

.45 

.2025 

39 

.51 

4- 

0 

.20 

.0400 

39 

.21 


0 

.10 

.0100 i 

39 

.17 

— 

0 

.14 

.0196 | 

39 

.60 

4 - 

0 

.29 

.0841 ! 

39 

.54 ! 

+ 

0 

.23 

.0529 f 

39 

.45 

+ 

0 

.14 

.0196 | 

39 

.72 

4- 

0 

.41 

.1681 1 


r 0 = 39 .308 [ to ] = 1.5884 


Hence, since m = 40, we have, hy (25) and (26), 

r = 0".202 X 0 . 6745 = 0".136 


and consequently, "by (23) and (24), or (27), 


0".2Q2 

1 1 /( 40 ) 


0 ". 032 , 


n — ■ 


0".136 

vm 


= 0^.022 


That is, the probable error of a single observation was 0".I36, 
and that of the final result x Q — 39".308 was only <K / .022. 


18. The preeeding method of finding the probable error from 
the squares of the residuals is that which is most commonly 
employed ; but when the number of observations is very great, 
it is desirable to abridge the labor, if possible. A sufficient 
approximation can be obtained by the use of the first powers of 
the residuals as follows. 

The number of observations being very great, we shall pro* 
bahly have as many positive as negative residuals. If v' 7 
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v fn . . . are the positive and v v v 2 , v 3 . . . the negative residuals, 
and if the true value of x is x 0 -f 8 , the true errors will be 

— ^nd — v 1 — § J — v 2 — d i —v 3 — d, 

If they are all taken with the positive sign only , the errors are, there- 
fore, 

v' _ v ” __ 8 y v” r — d, and v x <J, v 2 + 8, v a -f 8, 

the mean of which, upon the hypothesis of an equal number of 
positive and negative residuals, is the same as that of the series 

v', V ", v m .... v v V v v z 

Hence, denoting the sum of the numerical values of the residuals 
by [r], and the mean of the actual errors by rp as in Art 15, we 
have 



and hence, by (20), 

r = 0.8453 — (28) 

m K J 

and consequently, also, by (22), 

e = 1.2538 — (29) 

m v J 

In the example of. the preceding article we find the mean of the 
residuals taken with the positive sign to be 0 7/ .1555, which by 
{28) gives r = 0". 1555 X 0.8453 — 0 ,7 .131, .which is perhapf a. 
sufficient approximation to the value found above. In this 
example, however, we have 22 positive residuals, 17 negative 
ones, and 1 zero: so that the hypothesis upon which the formula 
(28) was founded is not strictly applicable. In a larger number 
of observations we should expect a closer agreement with the 
hypothesis, and more accordant results. 

We may, however, employ the first powers of the residuals 
more strictly according to the theory of probabilities. In a 
limited series each residual is to be regarded as liable to a pro- 
bable error r\ and their mean is to be regarded as the mean of 
the errors of the residuals themselves, rather than as ti^e mean 
of the errors of the observations. Hence the formula 
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gives the probable error of a residual. The relation between 
r' and r (— the probable error of an observed quantity n) may be 
found as follows. Each observed n may be supposed to be the 
result of observing the mean quantity x Q increased by an ob- 
served error v. The probable error of n = x 0 •+ v is, therefore 
(by a principle hereafter to be proved), 


whence 


or 


T = VCo 3 + r' J ) = 


r = r f 


V m 
mTTl 


r 


0.8453 ^ 

j/[m (m — 1)] 


(30) 


which agrees with the formula given by C. A. F. Peters.* Ac- 
cording to this formula, we find in the above example r = CKM33. 


DETERMINATION OE THE MEAN AND PROBABLE ERRORS OF FUNCTIONS 
OF INDEPENDENT OBSERVED QUANTITIES. 

19. Suppose, first, the most simple function of two independ- 
ent observed quantities x and x v namely, their sum or difference 

X — x ± x 1 

and let the given mean errors of x and x x he e and e r Although 
the number of observations by which x and x x have been found 
may not be given, we may assume it to have been any large 
number m, and the same for each of the quantities ; the degrees 
of precision of the two series being inversely proportional to e 
and s r The true errors of the assumed observations may be 
assumed to be — 

for a:, A, J', A" 

for x v A v J/, 4" 

and the errors of JT, consequently, 

A ±A ly A' ± A/, A"± J/',..... 

Denoting the mean error of JTby J57, we have, by the definition, 

mB 2 = (A ± 4) a + Of ± 47 + (> ± 4i f y + . .... 

= [4J] ± 2 [JJJ + [44] 


Vol. H. — 32 


* Astron. tfach., ToL XLIV. p. 32. 
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In a great number of observations there must be as many posi- 
tive as negative products of the form AA V and such that we shall 
probably have [AAJ = 0 ; and since we also have mi = [AA], 
ms 1 2 = [4 l JJ, this equation gives 


If we have 


E 1 = £ 2 + 

X — x ± x x ± x 2 


( 31 ) 


and the mean errors of x, x v x 2 are e, s v s 2 , we have by the pre- 
ceding equation the mean error of x ± x l — \/{i + £f), and by 
a second application of the same equation, considering x ± x l as 
a single quantity, the mean error of X will be found by the 
formula 

B* = e 2 + £l 2 4- *,* (31*) 

and the same principle may he thus extended to the algebraic 
sum of any number of observed quantities. 

; In consequence of the constant relation (22), if r, r v r 2 . . . . 

are the 'probable errors of x, x v x 2 and R the probable error 

of X = x ± x x ± x 2 , we shall have 

JR* = r s + ri + r? -f . . . . (32) 

Example 1. — The zenith distance of a star observed in the 
meridian is 


C = 21° 17' 20".3 with the mean error e = 2".3 

and the declination of the star is given 

d = 19° 30' 14". 8 with the mean error e, = 0".8 

Required the mean error E of the latitude of the place of obser- 
vation, found by the formula <p = £ -f 3. We have, by (31), 

E = j/[(2.8) J + (0.8) s ] = 2".44 

Hence 

<p = 40° 47' 35". 1 with the mean error E = 2".44 


Example 2. — The latitude of a place has been found with the 
mean error e = 0".25, and the meridian zenith distance of stars 
observed at that place with a certain instrument has been found 
to be subject to the mean error 6!.= 0". 62: what is the mean 
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error E of the declinations of the stars deduced by the formula 
S = (p — r ? We have 

E = -|/[(0.25) 2 + (0.62) 2 ] = 0".67 

20. Let us next consider the function 

X — ax 

and suppose x has been observed with the mean error e, and a is 
a given constant. Every observation of x with the error ± A 
gives X with the error ±aA: so that the mean error of X must be 

E = as 

In general, by combining this with the preceding principle, if 
we have 

X — (XX -j~ (X\X\ ~ j— (xpx<i — j- .... 

and if the mean errors of x, x v x 2 are e, e v e 2 , , and E 

that of X, we shall have 

E 1 = aV + a^ep + a 2 2 £ 2 2 + .... = [a 2 e 2 ] (33) 

and the same form may be used for probable errors. 

Example. — A s an example illustrating the application of both 
the preceding principles, suppose that in order to find the rate 
of a chronometer we find at the time t its correction + 12”* 13*.2 
with the mean error 0'.3, and at the time t' the correction 
+ 12™21'.4 with the same mean error 0*.3, and the interval V — t 
— 10 days. The rate in the whole interval is 

12”* 21-.4 — 12” 13*. 2 = + 8*.2 

with the mean error, according to Art. 19, 

l/[(0.3) 2 + (0.3) 2 ] = 0*.42 

The mean daily rate is then 

Qa O 

+ — = + 0*.82 
^ 10 T 


with the mean error, according to Art. 20, 


0*.42 

10 


0'.042 
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21. If z, x v x 0 are the several observed values of the 

same quantity, their arithmetical mean being 

x Q = — (a* -)- + x-2 + • • •) 

m 

and if r is the probable error of each observation, what is the 
probable error r 0 of r y ? By Art. 19, the probable error of the 
sum x + x 1 + x 2 + . . . . is 

j/(r 2 + r 2 + r 2 + . . .) = \/(rnf 2 ) = r j/m 
and the probable error of — th of the sum is, by Art. 20, 


r 0 = — X ry/m = 
0 m 


r 

]/m 


as has been otherwise proved in Art. 16. 

22. Let us now take the general case in which X is any func« 
tion whatever of the observed quantities x , x v x 2 , . . . . expressed 

by 

A" = f (x, Xd x 2} * • • •) 


Let the variables be expressed in the form 


x = a -f- x', Xi == a x + %i, x 2 = a 2 -f- x 2 , .... 


a, a v a 2 . . . being arbitrarily assumed very nearly equal to 

x , rq, x 2 . . . respectively, and such that x ', a:/, a:/ may 

be so small that their squares will be insensible. The given 
mean errors e, e v e 2 . . . may then be regarded as the mean 

errors of x\ x x \ x 2 f The function X developed by Taylor's 

theorem is 


« f N , dX , dX . dX . 

,f(a,a v a 1 ....) + — a f + —x l + + .... 


and the mean error of X will be that of the quantity 


dX 


dX 


dX 


— Jf + 

dx t * 


or, by (33), 


Ml?)' 






(34) 
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if r ? r 2 . . . are the probable errors of x, x v x 2 . . and H 
that of XT y ' ~ 



J l x I b formula is, indeed, but approximative, since we have 
x ic*^r] e etocl the terms involving the higher powers in the develop- 
1 uont oi 'C / but the mean errors of these small terms will be in- 

iBil)le if we suppose that the errors e, e v e 2 . . . are so small 
tlxut the differences between the observed values x, x v x 2 ..> 
un<l the true values are of the same order as the quantities 
Jrir * :r i\ which will always be the case where proper care 

iitUB been taken to reduce the accidental errors of observation to 
tix<Mr smallest amount. If the given function is implicit, as 


0 = / ( JT, x, x v x 2 . . .) 

wc£ should, still by differentiation obtain the differential eoeffi- 
**icmt8, and then find the mean error of X by (84). 


UtlXAMPUK- — The local apparent time at a place in latitude 
38 ° 58' 53" was found (Vol. I. Art. 145) from the sun’s 
^4*txith distance £ = 73° 12' 25", when the declination was 
S* sss= — 22 ° 50' 27", to be t = 2 h 47 m 39'.4. What is the probable 
«***ror of this result, supposing the probable errors of the data 
t*r> be — 

Probable error of <p = r = 0".5 
“ “ 5 = r x = 0 .6 

“ “ C = r 2 = 3 .5 

HPliL-<e formula 

O ~ — cos C + sin (p sin d -f cos <p cos d cos t 


>r eases t as an implicit function of <p, <5, and £. We find 
(Vol. 1 Art. 85) 


dt 

1 

dtp 

cos <p tan A 

dt _ 

1 

id ~ 

cos d tan q 

dt 

1 

~dZ~- 

cos <p sin A 
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where A is the azimuth and q the parallactic angle. Ve find 
from the data A = + 40° 1/, q = 82° 51', whence 

— = — 1.532, — = 1.680, — = + 2.001 

d<p dd dZ 

and the probable error of t is, by (34*) 

R — -|/[(0.5 X 1.582) 2 + (0.6 X 1-680) 2 + (8.5 X 2.001) 3 ] = T".12 
or, in seconds of time, 

R = 0.47 

23. To complete this branch of our subject, it is to be observed 
that the preceding demonstrations apply only to the case where 
the quantities entering into combination are independent ; but 
when they are merely different functions of the same observed 
quantities, the above formulae are incomplete. Let us suppose 
that we have X and X ', different functions of the same observed 
quantities x, x v x 2 , , or 


X =f (x, x v x 2 , ) 

X=f(x, x v x 2 , ) 


the mean errors of x , x v x 2 . . . being s, e v e 2 ; and that we 

wish to find the mean error JE of the function, 

7 = FQX f X) 

If any single observation of x, x v x 2 is affected by an error 

8, 8 V 8 2 , respectively, the corresponding errors in X and X f 

will be — 


Error in X, A — ad - f- a x d x + a 2 d 2 + 

“ X , A'=a'd + a'd x + a 2 f d 2 + .... 

in which a, a x , a 2 . . . . are the differential coefficients of X, and 

a', a/, a 2 ' the differential coefficients of JT', with reference 

to x , x v x 2 , .... The corresponding error in Y will be 

A" =AA + A! A* 

in which A and A f are the differential coefficients of Y with re- 
ference to X and X f . The square of the mean error E will be 
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the mean of the squares of all the values of A n which result 

from all the possible values of d , d v S 2 

Substituting the values of A and J', we have 

A " = (Aa + A' at) 8 + (Aa 1 + A!a[) \ -f . . . . 

which we may briefly express as follows : 

A"=ad + l38 1 + r d 2 +.... 

If the number of values of A n is denoted by m, the mean of all 
the values of A n2 will be 


m m m ~ r r m 


+ ... 


+2.„m + 2. r m + . 

1 m 1 ' m 1 


In consequence of the various signs of §d v §S 2 , &c., the mean 
value of each of these quantities will be zero ; and the mean 
values of d 2 , d 2 , &c. are e 2 , &c. Hence the formula becomes 

simply 

E 2 = (Aa + A' ay e 2 + (Aa x + A! a . /)* ^ + . . . . 
or 

& = ^ (aV + a^ 2 + ....) + ^ (flV + < V + ■•••) 1 r35l 
+ 2 AL' (aaV + a.a/e, 2 + > 


To illustrate by a very simple example, let 
At— 2 x At' — Bx 

and suppose e — 0.1 ; then, to find the mean error E of 

Y=X+X' 

we cannot take E = -j/[(0.2) 2 + (0.3) 2 ] as we should if X and X f 
were independent, but by the above formula we must take 

E = -j/[(0.2) 2 + (0.3) 2 + 2 X 2 X 3 X (0.1) 2 ] = 0.5 

as in fact we find directly, in this simple case, by first substi- 
tuting in F the values of X and 27. 
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WEIGHT OP OBSERVATIONS. 

24. Observations of the same kind are said to have the same 
or different weight according as they have the same or different 
mean (or probable) errors. We assume a priori that observations 
will have the same weight when they are made under precisely 
the same circumstances, including under this designation every 
thing that can affect the observations; but whether this condi- 
tion has in any case been realized can only be learned, a pos- 
teriori, from the mean errors revealed by the observations them- 
selves. 

In order to obtain a numerical expression of the weight, let 
ns suppose all our observations to be compared with a standard 
fictitious observation the mean error of which is any assumed 
quantity s r Let the actual observations be subject to the mean 
error e. Let it require a number p of standard observations to 
be combined in order to reduce the mean error of tlieir arith- 
metical mean to that of an actual observation, that is, to e ; or, 
according to (24), let 

£== Vp or ** = '? ( 36 ) 

then one of our actual observations is as good, that is, has the 
same weight, as p standard observations, and the number p may 
be used to denote that weight. If, in like manner, other obser- 
vations of the same kind are subject to the mean errors', and 
we have 

p’s ' 1 = q 2 

one of these observations has the weight of p' standard observa- 
tions, and the weights of the observations of the two actual 
series may be compared by means of the numbers p and p r . 
The weight of the fictitious observation is here the unit of 
weight ; but this unit is altogether arbitrary, since it is only the 
relatine weights of actual determinations that are to be con- 
sidered. 

It follows immediately, since we have 

q 2 = pe 2 = jfl* 

03* 
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that the toeigkis of two observations are reciprocally proportional to the 
squares of their mean errors. 

The measure of precision (Art, 10) and the weight are to he 
distinguished from each other : the former varies inversely as 
the mean error, the latter inversely as the square of this error. 

25. To find the most probable mean of a number of observations of 

different weights . — let n\ n r \ n n ' he the given observed 

values; p', p", p ,n .... their respective weights. By the pre- 
ceding definition of the weight, the quantity n! may be considered 
as the mean of p f observations of the weight unity, n" as the 
mean of p n observations of the weight unity, fee. We may, 
therefore, conceive the given series of observed quantities re- 
solved into a series of standard observations, all of equal weight, 
and then apply to the latter series the principle of the arithme- 
tical mean. The whole number of equivalent standard observa- 
tions will be p f -f p" + ; the sum of the p f standard 

observations will he p'n! ; the sum of the p" standard observa- 
tions will be p' r n ,r , &c. : hence the desired mean x 0 will be 

j p V -f~ p"n ,r -j- j/'W" -f- . 

or, more briefly, 

_ . _ w 

0 M 

This formula shows that although the above demonstration 

implies that p', p", p tn are whole numbers, yet any numbers, 

whole or fractional, may be used which are in the same propor- 
tion ; for / being any arbitrary factor, whole or fractional, we 
may write for (38) the following: 

fp’n! + fff'n ” + Jp ,rf n ,,r -f- . . . . 

and then fp' } fp , \fip ,n • - • • may be regarded as the weights. 

The value of x Q is here an arithmetical mean only in the con- 
ventional sense implied in the substitution of fictitious observa- 
tions with uniform weights for the given observations. It may 
be called the general mean y the probable mean or the mean by weights . 

The weight of this general mean, referred to the unit of p\ 
p ,r y .... is = p r -f p tr -f p n ' + * • • * 




(38) 

( 88 *) 
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The mean error of the general mean will he expressed by 

€ — 3l — — .i— 

0 !/(/ + /' + /"+•••) i/M 

where e x is the mean error corresponding to the unit of weight. 

If is not given, we shall have to find it from the observations 
themselves. Taking the difference between x 0 and each of the 
given quantities, we have the residuals 

v' = n’ — x 07 v" = n" — cc 0 , v m = n r,f — x 0 , . . . 

If e', e", e'" ... are respectively the mean errors of ri, n n , % ,n , .... 
we shall have, as in Art. 17, 

e ' 2 = v'v f -f £ ft 2 

whence 

j? V 2 = e* = p'v'v’ jp f e 0 * 

and* in like manner, 

e/ = jfW' -{- /'e 0 2 
^ = /V'V" 4- /"e 0 2 
&c. 

The number of given values n', n" .. . being = m 7 the sum of 
these equations is 

— LP VV ] + [?] £ o 2 

which combined with the above value of e 0 gives 

*.=« 

and consequently, also, 

e - Jf J \ 

Example. — L et us suppose that the observations of Saturn's 
ring in Art. 17 had been, given as in the following table, where 
the mean of the first seven observations of Art. 17 is given 
= 39".179 with the weight = 7, the mean of the next following 
four = 39".285 with the weight = 1, &c. 


. .. 


(3S) 

(40) 
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p 

71 

V 

vv 

pvv 

7 

39".179 

— 0" 129 

.016641 

.1165 

4 

.285 

— 0 .023 

529 

21 

5 

.294 

— 0 .014 

196 

10 

4 

.407 

+ 0 .099 

9801 

392 

1 

.410 

+ 0 .102 

10404 

104 

3 

.320 

+ 0 .012 

144 

4 

3 

.377 

+ 0 .069 

4761 

143 

4 

.310 

+ 0 .002 

4 

0 

3 

.127 

’ — 0 .181 

32761 

983 

II 

§ 

.448 

x 0 = 39 .308 

+ 0 .140 

19600 

1176 

[jprr] = .3998 


Here the general mean. x Q found bj (38) of course agrees with 
that found, "before. For the mean error corresponding to the 
unit of weight (which in this case is that of an observation as 
given in Art 17), we have, by (39), since m = 10, 


and for the mean error of x 0 , by (40), 

1/ .3998 \ 
£ “~ \ \9 X40/ - 


0".211 


= 0".03S 


which agree sufficiently well with the former values. A perfect 
agreement in the mean errors is not to be expected, since our 
formulae are based upon the supposition that we have taken a 
sufficient number of observations to exhibit the several errors 
to which they are subject in the proportion of their respective 
probabilities; and this would require a very large number of 
observations. 

26. In the application of the preceding formulae, it must be 
observed that when the weights of different determinations of 
the same quantity are inferred from their mean errors, we must 
he-eeatain that there are no constant errors (that is, constant 
during the observations which compose a single determination) 
before we can combine them together according to these weights, 
unless the constant errors are known to affect all the determina- 
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tions equally and with the same sign. For example, if ten 
measures of the zenith distance of a star are made at one cul- 
mination, giving a mean error of 0 /v .4, and five measures at 
another, giving a mean error of 0 7/ .8, the weights according to 
these errors would he as 4 to 1. But if it is known that the 
errors peculiar to a cubnination (and affecting equally all the indi- 
vidual observations at that culmination) exceed 1", it would he 
better to regard the observations as of the same weight, since 
there would he a greater probability of eliminating such peculiar 
errors by taking the simple arithmetical mean. If, however, the 
observer, from considerations independent of the observations, 
can estimate the weight of determinations made under different 
circumstances, then it is evident that these weights will serve 
for the combination, if the mean accidental errors of the several 
determinations are sensibly equal. 

But if from the different circumstances we have deduced 
weights for the several determinations, and at the same time the 
mean errors (deduced from a discussion of the discrepancies of 
the observations composing each determination) are widely dif- 
ferent, it is not easy to assign any general rule for reducing the 
weights which shall not he subject to some exceptions. In such 
cases, practical observers and computers have resorted to em- 
pirical formulae, involving some arbitrary considerations, more or 
less plausible. 

In many cases we can proceed satisfactorily as follows. Let 

e = the mean accidental error of a single observation, 

7} = the mean error peculiar to a determination which rests 
upon m such observations, 
e — the total mean error of such a determination, 

then, e and y being supposed to be independent, we shall have 

= - + (41) 

m 

If then 7] can be obtained from independent considerations, this 
formula will give the value of e, and, consequently, the weight 
for each determination, and the combination may then be made 
by (38). For an example of a discussion according to these 
principles, see Vol. I. Art 236* 
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INDIRECT OBSERVATIONS. 

37. I proceed now to the application of the method of least 
squares to the solution of the general problem of determining 
the most probable values of any number of unknown quantities 
of which the observed quantities are functions. The observa- 
tions are then said to be indirect The particular case of direct 
observations, already considered, is, however, included in this 
general problem ; being the case in which the number of un- 
known quantities is reduced to one, and this one is directly 
observed. 

The . general problem embraces two classes of problems, which 
must be distinguished from each other. In the first class, the 
unknown quantities are independent , in the sense that they are 
subject to no conditions except those established by the observa- 
tions : so that, before taking the observations , any assumed system 
of values of these quantities has the same probability as any 
other system. In the second class, there are assigned, a priori \ 
certain conditions which the unknown quantities must satisfy at the 
same time that they satisfy (as nearly as possible) the conditions 
established by the observations. Thus, for example, if the three 
angles of a plane triangle are to be determined from observations 
of any kind, we have, a priori, the condition that the sum of 
these angles must be equal to two right angles, and all the 
systems of values which do not satisfy this condition are excluded 
at the outset. This class will be briefly considered hereafter, 
under the head of “ conditioned observations but our attention 
will be chiefly directed to the first class, which includes most of 
the problems occurring in astronomical inquiries. 

-Again, the equations which the observations are to satisfy may 
be linear or non-linear; the observed quantities may be explicit or 
implicit functions of the required quantities ; but, for simplicity, 
we consider first the case of linear equations, to which all the 
others may always be reduced. 

.EQUATIONS OF CONDITION FROM LINEAR FUNCTIONS. 

28. Let ns suppose the equations between the known and 
unknown quantities are of the form 

1 ax -f- by + cz -f + l =V 
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in which a , i, c, l are known quantities given by theory foi 

each observation, V is tlie quantity observed, and x, y, z - ... are 
the quantities to be determined. -For each observation, we have 
a similar equation, and thus a system such as the following: 

a'x + Vy + <fz 4 + V =V r 

a”x + b"y + d’z 4 + V = F 7 ' 

d"x+ b w y + <f n z 4 + V" = V rn 

&c. &c. 

the number of these equations being greater than that of the 
unknown quantities (Art. 6). If our observations were perfect, 
all these equations would be satisfied by the same system of 

values of x, y 7 z . .. ; but, being imperfect, let M f , M’ r , M nr 

denote the values obtained by observation for V', V ", V ,n 

When these values are substituted in the second members of (42), 
there will, in general, he no system of values of x, y, z . . . . which 
satisfies all the equations at the same time, and we can only 
determine that system which is rendered most probable by the 

observations. Let ns therefore denote by N r y N n , N n/ the 

values which the first members of our equations obtain when 

any hypothetical or assumed system of values of x, y, z is 

substituted in them ; and put 

if = IF — M\ v” = JST" — if", v m = N rn — M ,r 'j .... 

then v r , v n , v ,n are the errors of the observations according 

to this hypothesis. Finally, let us put 

n r — V — AT, 72" = l”—M n y n! ,f = V n —M w ,. . . 

then our equations may be thus expressed : 

a'x -f“ b'y 4 e'z + 4 ^ = v* 

a ft x 4- b ,r y 4 c " z + • • * . 4 %n — v " 

a r,f x + V"y 4 <f"z + 4 n"' = v" r 

&e. <&c. 

If our observations were perfect, we should be able U) find 

values of x 7 y, z which would reduce all the quantities */, v", 

v ,n to zero. It is usual, therefore, to write zero in the second 

members : 

Vx 4 Vy + dz + -}- n r = 0 

a”x 4 V'y 4 -d'z 4 .... 4- n" — 0 
a! ,r x 4 V"y 4- d"z 4 ... . 4-71'"= 0 
&e. &c. 
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and these are called the equations of condition , since they express 
the conditions which the unknown quantities are required to 
satisfy as nearly as possible. "We may, however, with more rigor 
regard (43) as our equations of condition, and treat them as 
expressing the general condition that the unknown quantities 
shall be such as to give the most probable system of errors 
t?', v'\ v ,n .... 

Now, according to Art. 11, the most probable system of values 

of x, y, z (and, consequently, the most probable system of 

errors) is that which makes the sum of the squares of the errors 
a minimum : thus, we are to reduce to a minimum the function. 

[ru] = rV -|- v"v" -f- v" r v" r -|- 

Regarding [rr] as a function of the variables x,y, z ... (which we 
must remember are here independent), the condition of minimum 
requires that its derivatives taken with reference to each variable 
shall each be zero ; that is, 


or 


d[vv} _ Q d[yv] = Q d[vvj = Q 
dx 1 dy ’ dz 


,dv' „ dv" dv nt 

v b v" b v [-•••• 

dx dx dx 

v M f- v m h 

dy dy dy 

f dv' „ dv" dv m 

xr b v" - b v'" b 

dz dz dz 



(which we might have obtained directly from (10) by substituting 
cp F A = kJ — kv , and dividing by the constant k ). But, by differ- 
entiating the equations (43) with reference to x, y, z . . . . succes- 
sively, we have 


dv r . 

— =d. 

dv r 

= ¥, 

dx 

dy 


dv" „ 

dv" 

= b ,r , 

==za". 


dx 

dy 


&c. 


&c. 



so that (44) are the same as the following : 
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flV- f- a"v" -f a'"d" f .... = 0 
&V -f fc'V' + b'"v"’ + ....= 0 
cV H- c"u" + <f"v"' +.... = 0 
&c. 


(44*) 


The number of these equations is the same as that of the un- 
known quantities; and. if we now substitute in them the values 
of v", v'" . . . from (43), we have the final or, as we shall call 
them, the normal equations, which determine the most probable 
values of z,y,z. ... 


NORMAL EQUATIONS. 

29. We see by (44*) that to form the first normal equation we 
multiply each of the equations of condition (43) or (43*) by the 
coefficient of x in that equation, and then form the sum of all 
the equations thus multiplied. The resulting equation is called 
the normal equation in x* The sum of the equations of condi- 
tion severally multiplied by the coefficients of y is the normal 
equation in y, &e. To abbreviate the expression of these sums, 
we put 

[aa] = <tV -f- a" a" -f a"' a'" 

[«6] = a'b’ H- a"b" -f a!"b”’ +-.... 

[ad] = a'd + a"d' -f- a!"d" 

<&c. &c. 

then the normal equations are 

[tzoQ x — |— [c^] y — J- [tzej z — f- .... -f— [uta) zzz 0 \ 

[«£] x -f- [ bb ] y -4- [Jcl z - f -)- [bn] =0 / 

[ac] x + [te] y -f [cc] z -f -f- [cn] = 0 | 

&c. &c. ) 

. 30. The formation of such normal equations is one of the 
most laborious parts of the computations involved in the method 
of least squares, especially when the number of equations is very 
great. f It is important to have a means of verification, or 
“ control,” to insure their accuracy, before proceeding with the 
next important process of elimination. A very simple and 
effective control is the following. 

* The “normal equation iar” is so called because it is the equation 'which deter- 
Haines the mast pTohable value of x wlien the other variables are reduced, to zero, oi 
when x is the only unknown quantity; and so of the others. * , ; 

t This labor may he abridged by the use of Dr, Chelxe’s JRechentqfeln, Berlin, 

1 
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Form the sums of the coefficients of the unknown quantities 
in the several equations, namely, 


a! -j- y d -)- = s f 

a" -f 6" + c" + . . . . = s" 
a m + b" f + c'" + .... = 5 '" 
&c. 


| (46) 


If we multiply each of these by its % and add the products, we 
have 


[ an ] -f [bn] -f [. cn ] -f = [sn] (47) 


Also, multiplying each of (46) by its a, and adding, then each 
by its 6, and adding, and so on, we have 

[aa] -f- [a&] + [ac] + = [us] 

lab] + [bb] + [bc] + .... = [bs] 

[ac] + [be] + [cc] + ....= [cs] 

&G. 

The equations (47) must be satisfied when the absolute terms of 
the normal equations are correct, and (48) when the coefficients 
of the unknown quantities are correct. 



81. The normal equations will give determinate values of 

x, y, z , provided they are really independent. If, however, 

any two of them become identical by the multiplication of either 
of them by a constant, the number of independent equations is, 
in fact, one less than that of the unknown quantities, and the 
problem becomes indeterminate. This difficulty does not arise 
from the method by which the normal equations are formed, but 
from the nature of the given equations of condition. In any 
such case, additional observations are necessary, for which the 
coefficients have such varied values as to lead to independent 
equations. Even when two equations cannot be reduced pre- 
cisely to a single one by the introduction of a constant factor, if 
they can be made very nearly identical, the problem is still prac- 
tically indeterminate. The indetermination will become evident 
in the actual elimination in practice when any one of the un- 
known quantities comes out with so small a coefficient that small 
errors in the observations would greatly change this coefficient* 
(See Art. 52.) 

Vo*. IL — 33 
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32. By whatever method the elimination is performed, we 

Bha 1 ! necessarily arrive at the same final values of the unknown 
quantities; but, when the number of equations is considerable, 
the method of substitution, with Gauss’s convenient notation, is 
universally followed; but, for the present, leaving the reader to 
choose his method, I proceed to explain the principles by which 
the mean errors of the values of z, y, z are determined. 

MEAN EEBORS AND WEIGHTS OF THE UNKNOWN QUANTITIES. 

33. Since we have put n , = V — M r , ft" = V r — •iff", &c. (Art. 28), 

the mean error of n',ft",ft"' — is also that of — ; 

that is, the mean error of ft', ?i",ft'" — is to he regarded as the 
mean error of an observation. If the elimination of the normal 
equations were fully carried out, each unknown quantity would 
be finally expressed as a linear function of ft', ft", ft"', — , and the 
mean errors of the latter being given, those of the unknown 
quantities would follow by the principle of Art. 20. It results, 
however, from the symmetry of the normal equations that several 
forms may be obtained for computing directly the weights of the 
unknown quantities, and from these weights the mean errors 
can afterwards be found. 

34. First method of computing the weights of the unknown quantities . 
■—Bor simplicity, let us first suppose all the observations to "be 
of equal weight, or the mean errors of ft', ft", ft'" to be equal, 
Let 

e = the mean error of an observation, 

= the mean error of the value of x found from the normal 
equations, 

2> m = the weight of the value of x, the weight of an observa- 
tion being unity ; 

then (Art. 24) 


!Nbw, let us suppose the elimination to be performed by the 
method of indeterminate coefficients. Let the first equation of 
(45) be multiplied by Q , the second by <2', the third by Q", &c., 
and the products added. Then let the factors Q , 

(whose number is the same as that of the unknown quantities) 
be supposed to be determined so that in this final equation the 
coefficients of all the unknown quantities shall be zero, except 
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that of x, which shall he unity. The conditions for determining 
these factors are, therefore, 

l.aa\ Q + [ab] <? + [ad] Q” +....= 1 \ 

W Q 4 [M] Q f 4 [ be] QT + ....= 0 
l*c]Q + lbc]Q+lcc]Q'+....= 0 ( 49 ) 

&c. &c. J 

and the final equation in x is 

x + [an] Q 4 [bn] Q’ + [cn] Q" + = 0 (50) 

Comparing (45) and (49), we see that the coefficients of 

Q, Q r , Q" are the same as those of x,y,z , hut that the 

absolute terms are — 1 in (49) instead of [an] in (45), and zero 
instead of [bn], [cri], &c. Hence, if the elimination of (45) were 

carried out, and the values of x,y,.z determined in terms of 

ft', ft", ft'" — , the values of Q, §', Q " — would be found from 
these by merely putting [an] = — 1 , and [bn] = [cri], &c. = 0 . 
This is also evident from (50). I shall now show that Q is the 
reciprocal of the required weight of r. 

The final value of x being a linear function of ft', ft", ft'" , 

the equation (50) may be supposed to be developed in the form 

x + «V + a "n" + a"V" + ....== 0 (51) 

in which a', a", a'", are functions of a\ V , — , ft", 5", , &c. ; 

and these functions are immediately found by developing [an], 
[foi], &c., in (50) ; for we then have, by comparing the coefficients 
of (50) and (51), 

a! — a! q -j- v q r 4 <f q" - (-•••• 

»» = t/ t q + v' q+<r 
a //, = a m q 4 v»q 4 <f n q’ + .... 

&c. &c. 

Multiplying each of these equations by its ft, and adding all the 
products, we obtain, by (49), 

a! a! + aV' 4 a"V" 4 . . . . = 1 

Multiplying each of (52) by its 5, and adding, we obtain, by (49), 
VJ 4 b n al r 4 Vat” 4 = 0 

and so on for as many equations as there are unknown quantities. 
These relations are briefly expressed thus : 

[da] = 1 [^a] == 0 [Ca] = 0, &C. (53) 
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If, then,, each of (52) is multiplied by its a, and the results are 
added, we find, by (53), 


W = a ' 2 4- a " 2 + a "' 2 +-...= e (54) 

Bat, "by Art. 20, when, e is the mean error of each of the quan- 
tities n', n" y n ,N , , the mean error of x found by (51) is 


Hence 


e s ~ £ |/[oct] 

£* 1 _ 1 
H ~ Q 


(55) 


as was to he proved. 

Hence we have a first method of finding the weights. In the 
first normal equation, write — 1 /or ike absolute term [an], and in the 
other equations zero for each of the absolute terms [6/], [cri], &c. ; the 
value of x then found from these equations will be the reciprocal of the 
weight of the value of x found by the general elimination. 

This rule is to he applied to each of the unknown quantities 
in succession, so that the reciprocal of the weight of y is that 
value of y which will he found by putting [bn] = — 1, and 
[an] = [m] = &c. = 0; the reciprocal of the weight of z is that 
value of z which will be found by putting [cn] = — 1, and 
[an] = [bn], &c. = 0; &c. 

It is evident, moreover, that although we have deduced the 
rale by the use of indeterminate multipliers, it must hold good 
whatever method of elimination is adopted. 


35. Second method of computing the weights of the unknown quan- 
tities. — If we write the normal equations thus, 

[ [aa ] x -f [ab] y -f [ad] z +•.... 4* [an] = A 

[ab] x 4- [bb] y 4- [be] z 4- 4- [bn] — B 

[ac] x 4- [fo] y 4- [cc] z -fi- — 4- [cn] = G 

&c. &c. 

&nd perform the elimination, we shall obtain x y y,z in terms 

of [aa], [ab], &e., and of A, JB, C y &c.; and if in the general values 
thus found we make A = B — C y &c. = 0, these values will be 
reduced to those which would he found by carrying out the 
elimination with zero in the second members of the normal 
equations. If we suppose the elimination performed by means 
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of the indeterminate factors Q , Q', Q " — already employed, the 
final equation for determining x will be 

* + [an] Q + [bn] q + [cn] Q"+ .... =QA +QB+q>C+.... 

where the coefficient of A is the reciprocal of the required weight 
of x. But, whatever method of elimination is employed, the 
coefficient of A in this general value of x will necessarily be the 
same; and hence we derive the second method of determining 
the weights : Write A, jB, (7, &c., instead of 0, in the second members 
of the normal equations , and carry out the elimination (by any method 

at pleasure); then the final values of x, y, z are those terms in the 

general values which are independent of A, JB, C ; the weight of x 

is the reciprocal of the coefficient of A in the general value of x; the 
weight of y is the reciprocal of the coefficient of B in the general value 
of y; &c. 

36. Third method of computing the weights of the unknown quantities . 
—-Let us suppose the elimination to be performed by the method 
of substitution, still retaining A, B y C. . . . in the second members, 
as in the preceding article. The final equation in x y according 
to this method, is found by substituting in the first normal equa- 
tion the values of y,z — given by the other equations. These 
substitutions do not affect the coefficient of A, which remains 
unity, so long as no reduction is made after the substitutions. 
Thus, the final equation in x is of the form 

JRx = T -(- A -p terms in B y . . . . 

in which T is the sum of all the absolute quantities resulting 
from the substitution, and is a function of [aa], [a6], — [an]. 
Hence the value of x is 


T A 

re = — -1 — — — f- terms in B, C, 

JR M 


T 

in which is the final value of x which results when A = B 

= C = 0, and — is necessarily the quantity denoted by Q in 

the preceding articles. Therefore R is the weight of x y and 
hence we have a third method of finding the weights : Let the first 
normal equation (the equation in x, Art.. 29) be taken as the final 
equation for determining x, dnd substUute in it the values ofy y z in 
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terms of x as found from the remaining equations; then , before freeing 
ike equation of fractions or introducing any reduction factor , the coefji - 
'dent of x in this equation is the weight of the value of x. In the sane 
manner, substitute in the second normal equation (the equation- in y) 
ike values of x, z.... in terms of y as found from the other equa- 
tions; the coefficient of y is then the weight of the value of y ; and so 
proceed for each unknown quantity . 

According to this method we determine each unknown quan- 
tity, together with its weight, by a separate elimination carried 
through all the equations, in each case changing the order of 
elimination, until every unknown quantity has been made to 
come out the last The algorithm of this process, with Gauss’s 
convenient system of notation, will be given hereafter (Art. 45). 


37. To find the mean error of observation. — The weight of x being 
found, we have the ratio of e x to e, but we have yet to determine 
e, which, in general, cannot he assigned a priori y hut mast be 
deduced a posteriori , that is, from the observations, and conse- 
quently from the equations of condition. The residuals v',v fr ,v' 
in (48), are those which result when the most probable values of 

x,y, z (namely, those resulting from the normal equations) 

are substituted in the first members. The actual or true errors 
(Art 17) of observation are, however, those values of the first 
members of (43) which result when the true values of x y y, z ,. .. . 
are substituted. 

Let x 4“ y "f~ Ay, 2 + A2T, . . • . be the true values which, sub- 
stituted in the equations of condition, give the true residuals 
w', u"j u rn ; so that we have 

a! {x -f- A 3 ?) 4 V (y -f + d (z 4 az) 4 - n f =u' \ 

ct! r (x -j— A3?) -j- b rf (y — J- Ay) — |— d r (2 — j- az) 4 - .... n ,r = I 

a ,,f (x 4- A3?) -f b"'(y 4- Ay) 4- d'\z 4- a z) 4 n ,N = u'"( 

&C. &C. J 

If these equations be multiplied by a', a", a'". ..., respectively, 
the sum of the products is 


[aa] x 4 lab] y 4 [ac] 2 4 .... 4 [an] j _ 
4 [aa] Aa? 4 [ah] a y 4 [ac] a z 4 . . . . j ~~ 

which by the first of (45) is reduced to 

: \aa] ax -f- [a&] a y 4- [ac] as 4 — [an] == 0 
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In the same manner, multiplying each of the equations (56) by 

its b , e, &c., successively, we form the other equations of the 

following group : 

[ ad ] ax -f- [ab~\ a y + [ ac ] a z -f- — [au] = 0 

[ab] ax -j- [66 ] a y -f- [6c] az + — [bu] = 0 

[ac] ax + [6c] a y -f [cc] A 2 -f- — [cu] = 0 

&c. &c. 

These being of the same form as the normal equations (45), we 
see that the value of ax resulting from them will he of the same 
form as that of x resulting from (45), with only the substitution 
of — u for n : hence, by (51), 



AX — a U — a'U" 


..= 0 


(58] 


Again, multiplying (56) by v ", v '" — , respectively, the sum 

of the products is, by (44*), reduced to 


[vn] = [vu] 

and in the same manner, from (43), 


whence 


[vn] = [vv] 


[ yu ] = [vv] = [vn] (59) 

The sum of the products obtained by multiplying the equations 
(43) respectively by u' 7 u ", u nr is 


[< au ] x + [bu] y [ cu ] z + + [ftw] = [vu] = [w] 

and from (56), in the same manner, 


[rtM] x [bu] y + [cu] z + ....+ [««]) . , 

-f [au] ax -f [bu] Ay -f- [cu] az -f- J . J 

which two equations give 

[uu] = [vv] + [au] ax -f- [6w] a y -f- [cu] az + • • • • (60) 

Now, [uu] being the sum of the squares of the true errors of the 
observations, its value is, as in Art. 17, = mee, if we put 

m = the number of observations, 

= the number of equations of condition. 
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Consequently, if we could assume a x, a\j — to vanish, we should 
have 

[vv] 

££ = - - 

m 

and this will usually give a close approximation to the value of 
g, but it will give the true value only in the exceedingly impro- 
bable case in which the values of x, y> z — are absolutely true, 
whereas they are to he regarded only as the most probable ones 
furnished hy the observations. This formula, then, must always 
give too small a value of e, since it ascribes too high a degree of 
precision to the observations. We must, therefore, add to [w] 
the quantities [cat] ax , [_bii] a y, &c., as in (60); but, as we cannot 
assign any other than approximate values of these .quantities, let 
us assume for them their mean values as found by the theory of 
mean errors. The mean value of [au] ax will he found by mul- 
tiplying together 

[ au ] = a’v! -f a! V' -f- a"'u ,n -f- — 
and as; = oV + a' V' + a "V" -f . . . . 

observing that the errors u f , w", u ,n , when we consider only 

their mean values, are to be regarded as having the double sign 
±; so that the mean value of the product will contain only the 
terms a'a r u'u r , a ff a ff v!'u f &c. Hence we take' 

[au] ax = a r o!u!u r -f- a"a! VV' + a'V'V'V" + * • • • 

and substituting in this the mean value of u'u', u f/ u", &c., which 
in each case is e$, we have 

[a%] ao; = (a! a! + a" a" -f a"'*" +....) ee 

or, finally, by (53), 

[au] AX = ee 

In. the same manner, it must follow that es is the mean, value of 
each of the terms [bu] Ay, [cii] az, &c. If then we put 

pt==the number of unknown quantities, 

the equation (60) becomes 


mee = [ru] -j- jise 
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whence 

e£ = _lE!l , = JS (61) 

m — it \m — p. v } 

It is to be observed that when there is but one unknown 
quantity, or {i = 1, this general form is reduced to the simple 
one (25), already given for direct observations. 

Finally, p y , p gy — denoting the weights of z, y, z. .. found 
by any of the preceding methods, we have 


✓A 



(62) 


38. Examfle. — Let ns suppose the following very simple equa- 
tions of condition to be given :* 


oc — • y +-2z — 3 = 0 
3 x 2y — 5z — 5 = 0 
Ax- f- y-\-Az — 21 = 0 
— x -j— 3 y — f— 3z — 1*4 = 0 

If but the first three of these equations had been given, the 
problem would have been determinate. We should find from 
18 23 13 

them 2 : = y,y = y ,2 = y, and we shonld have to accept these 

values as final ones, with no means of judging of their accuracy, 
or of that of the observations upon which the equations are sup- 
posed to depend. A fourth observation having given us our 
fourth equation, we find that the values of x,y, z derived from 
the first three will not satisfy it, for when they are substituted in 

it the first member becomes — instead of zero. If we deter- 
mine the values of z, y, and z from any three of the equations, • 
and substitute these values in the fourth, we shall find a residual. 
Each one of the four systems of values of the unknown quantities 
thus found satisfies three equations exactly, and the fourth 
approximately; but, all the observations being subject to error, 
the most probable system of values can seldom satisfy any one 
of the equations exactly. Hence the necessity of a principle of 
computation which shall lead as directly as possible to sueh a 
probable system of values ; and this principle is furnished by the 
method of least squares. 


* GrArss, Theoria Maim, Art. 184. 
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We are, then, by Art. 29, to deduce from these four equations 
three normal equations, and the values of x, y y z which exactly 
satisfy these are to he regarded as the most probable values. 

To form the first normal equation, we multiply the first of the 
above equations of condition by 1 (— a'), the second by 3(=a ri ), 
the third by 4 (=a fn ), and the fourth by — 1 (— & iv ), and add the 
products. ¥e thus find [aa] = 27, [ab] = 6, [ [ac ] = 0, and 
[cm'] = — 88. 

To form the second normal equation, we multiply the first 
equation of condition by — 1 (= b f ) y the second by 2 (= b"), the 
third hy 1 (= 6 ;// ), and the fourth by 3 (= 6 1T ), and add the pro- 
ducts. We thus find [ab] = 6, [( bb ] = 15, [be] = 1, [bn] = — 70. 

• The third normal equation is formed by multiplying the first 
equation of condition by 2 (= <?'), the second by — 5 (= c"), the 
third by 4 (= <? 7// ), and the fourth by 3 (= e iv ), and adding the 
products. We find [ac] = 0, [be] = 1, [cc] = 54, [pi] = — 107. 

Hence our normal equations are 

27x + 6y — 88 = 0 

6a* -f 15y -f 2 — 70 = 0 
y -f 54 z — 107 = 0 

the solution of which gives, as the most probable values, 


49154 

19899 

2617 

737 

12707 

6633 


= 2.470 


= 3.551 


= 1.916 


In order to determine the mean, and hence also the probable, 
errors of these values, let us first determine their weights accord- 
ing to the preceding methods. 

First By the method of Art. 34, we first write — 1, 0, 0 , for 
the absolute terms of the three normal equations, and we have 
the three equations for determining the weight of a:, 

27a/ + 6/ — 1 = 0 

6a/ 4-15/4- £ = 0 

/ 4- 54^ = 0 

in whichL..accents .are employed to distinguish the particular 
values from the above general ones. These give 
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od 


809 

19899 


which is the reciprocal of the required weight. Hence, 


__ 19899 
809 


24.597 


In a similar manner, to find the weight of y, we take the 
equations 

27a;" 4 6 f =0 

6 a;" -+ 15y"4 2 " — 1 = 0 

y" 4 54*" = 0 


and find 


V 


n 


54 

737 


whence 



= 13.648 * 


And to find the weight of 2 , the equations 


which give 
and 


27a;'" 4 6 y"' =0 

6 af" 4 15y'" + 2"' = 0 

y"' 4 54/" — 1=0 




41 

2211 


_2211 = 5a ; m 
41 


Secondly . By the method of Art. 35, we write our normal 
equations thus : 

27a: 4 6y — 88 = J. 

6a? + 15y 4 s — 70 = B 
y 4 54 g — 107 = (7 

and, carrying out the elimination as if A, J?, and C were known, 
quantities, we find 


19899a: = 49154 4 (809) J. —324 B 4 ft (7 
737y = 2617 — 12 A 4(54) A — O 

6633 2 = 12707 4 2A— 9 B 4 (123) O 
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and, therefore, 
x 

y 

z 

tke same as by the first method. 

Thirdly . By the method of Art. 36, to find x and its weight 
we eliminate y and £ from the equation in x (the first normal 
equation) by means of the other equations, employing successive 
substitutions. The last normal equation gives 

1 , 107 

* = -77 y+TT 


49154 . . ^ , . 19899 

with the weight p x = 


19899 

2617 

737 

12707 

6633 


P,= 


809 

737 

54 

6633 

123 


which being substituted in the second gives 


* , 809 3673 

Ox -\ y 

^ 54 * 54 


0 


The value of y from this, namely, 

324 ' , 3673 

y — X H 

y 809 ^ 809 


being substituted in the first normal equation, and no reduction 
being made, gives 

19899 49154 . 


where the coefficient of x is the weight, and the value of x is the 
same as before found. 

To find y and its weight, we make the second the final equa- 
tion. Jfrom the first and third we find 


x = - 


z = . 


6 , 88 
27 V + 27 

i _L 107 

54 y ~ I "I¥ 


which substituted in the second give 




where the coefficient of y is its weight. 
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Finally, to find z with its weight, we make the third normal 
equation the filial one. From the first two we find 

_ _ _ 9 __ 454 

y ~ 123 2 123 

which substituted in the third gives 

6683 12707 A 

2 = 0 

123 123 

where the coeffiLcient of 2 is its weight, and its value is the same 
as was before found. 

By a little attention, it will be perceived that the three methods 
involve essentially the same numerical operations. 

We are next to find the mean errors of x, y, and z; for which 
purpose we must first find the mean error of an observation, 
assuming here, for the sake of illustration, that the absolute terms 
of the given equations of condition are the observed quantities, 
and that they are subject to the same mean error. Substituting 
in these equations the above found values of x, y , and 2 , we 
obtain the residuals as follows : 


Xo. 

V 

vv 

1 

— 0.249 

0.0620 

2 

— 0.068 

.0046 

3 

-1- 0.095 

.0090 

4 

— 0.060 

.0048 


m=;4,/i=3, [rr] = 0.0804 


-CHI = 0.0804 

771 JLL 

Hence, by (61), 

e = i/0.0804 = 0.284 


which is the mean error of an observation, so far as this error 
can be inferred from so small a number of observations. (See 
the next article.) Consequently, the mean errors of r, y, and z 
are as follows: 


e 

a 



-A- =0.057 

Vp* 

4~ = 0.077 
V>, 

-1— — 0.039 

VP* 
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Multiplying these errors hy the constant 0.6745, we shall have 
(Art. 15) the probable errors as follows : 

Probable error of an observation = 0.192 
“ “ x = 0.038 

u u y — 0.052 

“ lc z — 0.026 

39. It has already been remarked in the foregoing pages, and 
the remark is especially important in the present connection, 
that the method of least squares supposes in general a great 
number of observations to have been taken, or a number suffi- 
ciently great to determine approximately the errors to which the 
observations are liable. Theoretically, the greater the number 
of observations the more nearly will the series of residuals ex- 
press the series of actual errors, and, consequently, the more 
correct will be the value of e inferred from these residuals. In 
practice, therefore, no dependence should be placed upon the 
mean or probable errors deduced from so small a number of 
observations as we have employed, for the sake of brevity and 
clearness, in the preceding example. Nevertheless, the method 
is, even in this case, the best adapted for determining the most 
probable values of the unknown quantities deducible from the 
given observations, and also their relative degree of precision. 
Thus, in this example, the degrees of precision (denoted by A, 
Art. 10) of r, y, and z, being inversely proportional to the mean 
errors, or directly proportional to the square roots of the weights, 
are nearly as the numbers 5, 3.7, and 7.3, so that from the four 
given observations z is about twice as accurately found as y, 
while the precision of x falls between that of y and z. But we 
can place hut little dependence upon the result which assigns 
0.284 as the mean error of observation, and 0.057, 0.077, 0.039 
as the mean errors of x, y , and e, because this result is derived 
from too small a number of observations. 


EQUATION'S Or CONDITION FROM NON-LINEAR FUNCTIONS. 


40. Let the relation between the observed quantities Y 7 , V n f 
V ff/ and the unknown quantities A, Y ) Z. . . .be, for the ob- 

servations severally, 


f (V'j jr,Y.z, — ) = o 

/"(F", X f Yj = 0 

f’\V r \X 7 Yy Z, ) = 0 


j cm 
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Let the values of V\ V'\ V ,/f . . . ., found by observation, he 

M\ M ", M nr These values being substituted, we shall 

have the equations 

f (JT, X, Y, Z , .. ..) = 0 

r (X", JT,Y,Z,....) = 0 

0 

<&e. 

from which the values of X, Y, Z.. . . are to be found. But, as 
we cannot effect the direct solution of these equations according 
to the method of least squares so long as they are not linear, we 
resort to the following indirect process, by which linear equations* 
of condition are formed. Let approximate, values of X, F, Z. . . . be 
found, either by some independent method or from a sufficient 
number of the equations (64) treated by any suitable process, and 

denote these approximate values by X 0 , Y 0 , Let the most 

probable values be 

X — X 0 -f- r, Y =Y 0 i/j Z — Z Q z, 

then x, y, z axe the corrections required to reduce our ap- 

proximate valaes to the most probable values ; in other words, 

x, y, z are the most probable corrections of the approximate- 

values, and the method of least squares is now to he applied in 
finding these corrections. 

Substitute the approximate valaes X 0 , F 0 , Z 0 ... in (63), and 
find, by resolving the equations, the corresponding valaes of 
F', Y " .... which denote by Lo', V 0 f/ .... These will be func- 
tions which may be thus generally expressed : 

V 0 r = F' (X 0 ,F 0 ,^ 0 ..:.) 

Y"= 2?"(X 0 ,F 0 ,2 0 ....) 

&c. 

ITow, the values of V / , V r/ .... which resalt when the most pro- 
bable values X 0 +- x, Y 0 -\- y, Z* + 2 are substituted, and which 
are yet unknown, being denoted by JY f } N ,r .... we have 

X' = f? f (X 0 -f- x y Y 0 . y, Z 0 -f- z ' * * • 

X" == F tr (X 0 x f Y 0 -\- y ) Z Q + 2 , . - ) 

4c. 

and by Tatlor’s 'Theorem, when we neglect the higher powers 
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of x, y, z . ... which are supposed to "be very small quantities, we 
have 


N' =F 0 ' + 
JV" = Y" + 


d_T[ 
dJC, o 
dJV 

<UT 0 

&c. 


« + 

dY' 

y + 

<LVI 

dT 0 

iz. 2+ "' 

® + 

dY a " 

y + 

dVd' 

dY a 

dZ Q 



&c. 



, dr 0 dV" . dT 0 ' av” . - _ . x , 

where — &c., to. are simply the values of the 

(LjCq cLJLq w -to & xq 

derivatives of F', F" . . . . found by differentiating (63) with 
reference to each of the variables, and afterwards substituting 


JT 0) Y 0 , &c. for JT,r, . ...&c. 

If now we denote the derivatives of V\ V " .... with reference 
to 2Tby a', a' 7 ; their derivatives with reference to Yby b\ 


b ,r . . . . &c. : so that 


2T' =F 0 ' + + yy + * + . ... 

JT = F 0 " + a"x + V'y + <f'z+ .... 

<fcc. <fec. 

and then also put 

vf = JST' - M', v" = N ,r — Jf ", fee. 
ri = VI - M', n" = Vq — M", fee. 

our equations become 

a!x -f b'y -f- dz -f - ... -f ?i' = V 
a! r x -f V'y +• d'z + . . . + a" = v" 
a!"x -f V"y -b d"z + . . . -f n" r = v ' " 

<fec. &c. 

in which d, V . . . a", b n . . . ra', n" . . . are all known quantities ; 
and r', r A/ . . . . are the residual errors of observation. These 
equations of condition are precisely like those already treated, 
and, being solved by the same method, give the most probable 

values of x, y, z , and hence, also, the most probable values 

’ of 

This process rests upon the assumption that the approximate 
values JT 0 , Y 0 ,Z 0 ... are already so nearly correct that the squares 
of x y y, z ... may be neglected. But should the values found 
for x,y r z . . . show that this assumption was not admissible, the 
computation is to he repeated, starting with the last found values 
Jlq + Xy T q -f y ) Zq + z . . . as the approximate values ; and then 
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the corrections which these last require will generally he so small 
that their higher powers may be neglected without sensible error. 
However, should this still not be the case, successive approxima- 
tions, commencing always with the last found values, will at 
length lead to values which require only corrections suitably 
small. 

Even when the given function is already linear, it is mostly 
expedient to follow the general method just given: namely, to 
substitute approximate values and form equations of condition 
to determine their corrections. This reduces z, y, z ... to small 
quantities, greatly simplifies the computations, and diminishes 
the chance of error. 


TREATMENT OE EQUATIONS OE CONDITION WHEN THE OBSERVATIONS 
HAVE DIEFERENT WEIGHTS. 

41. The process above explained assumes that all the observa 
tions are subject to the same mean error, and lienee are all of 
the same weight. The more general case, in which the obser- 
vations are of different weights, is easily reduced to this simple 
case. For, let 

a'z + b\ y -)- c f z -f- -f n' = tf 


be an equation of condition of the weight p r ; that is, one formed 
for an observation of the weight^'. The mean error of an ob- 
servation of the weight unity being e 15 the mean error of the 


actual observation, and, therefore, also of n', is e' = — ?— ■ ■ Henpe 

1 /> 

the mean error of n' \Zp' is, by A_rt. 29, equal to sy/, that is, 
equal to e r If, therefore, we multiply the equation by yp so 
that we have 


a! |/y . x -f VySp’. y -f (fyp z + . - . *+ n'yp' = v f yp' 

it becomes an equation in which the mean error of the absolute 
term is the mean error of an observation of the weight unity. 
Hence we have only to multiply each equation of condition by 
the, square root of its weight in order to reduce them all to the 
same unit of weight ; after which the normal equations will be 
found as in other cases. 

The mean error of observation, found by (51) from the equa- 
tions of condition thus transformed, will be that of an observe 
You U. — 34 
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tion of the weight unity, and the weights of the unknown quam 
tities will come out with reference to the same unit. 

ELIMINATION OF THE UNKNOWN QUANTITIES FROM THE NORMAL 
EQUATIONS BY THE METHOD OF SUBSTITUTION, ACCORDING TO 
GAUSS. 

42. By means of a peculiar notation proposed by G-auss, the 
elimination by substitution is carried on so as to preserve 
throughout the symmetry which exists in the normal equations. 
In order to explain this method, it will be expedient to suppose 
a limited number of unknown quantities. I shall take but four, 
but shall give the process in so general a form that it may readily 
be extended to any number. 

The unknown quantities will he denoted by 

x, y, z, y>, 

and their coefficients in the equations of condition by 

CL) by Cy dy 

respectively, with sub-numerals denoting the number of the 
equation or observation upon which it depends, and by 

n v n ay n 3 yk c. 

the absolute terms of the 1st, 2d, 3d, &c. equations respectively : 
bo that the m equations of condition (here supposed to be 
reduced to the same weight by Art. 41) will be 

ap + b x y + c x z + d x v) + n x = 0 V 

ajc + b^y + cjt + d 2 w + n fl = 0 I 

a& + b# +cjt +d 3 w +n a = 0 [ ( 65 ) 

a m x + b J/ + c m z + d m w + n m = 0 

and the four normal equations formed from these are 

[ [aa ] x -f [aft] y -f [ac] z + [ad] w + [an] = 0 
[aft] x -f [ftft] y + [te]^-f [ftd] w + [ftn] = 0 
[aa] x + [ftc] y + \cc \z -j- [ad] p -f [an] = 0 

[ad] x -f [ftd] y + [cd] z + [dd] w + [dn] = 0 
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The Talue of x from the first equation is 

T _ W \P£S Z lad] w _ [gn] 

[uu] [ckl\ \aa] [act] 

tf this is substituted in the other three equations, we shall pre- 
serve the symmetry of the result by the following notation: 


[»] [«6]=[66.1] 

[id] - [ad] = [bd.l] 


[«: - 


M — 


[ac] 
[act ] 

[g£] 

[a&] 


[ae] = [^.1] 
[ad] = [cd .1] 


[ ^~M Cad] = [A *- 1] 

[6ft] — [an] = [6n . 1^ 

\cn] — — l [an] = [cn . 1] 
[na] 

[dn]-^[ah] = [dn. 1] 


The three equations thus become 


[66.1] y + [6c.l]z + [bd.l]vi + [6a.l] = 0 -] 

[6c. 1] y -f [cc .1] z [cd. l]t» -f [cn . 1] = 0 l (67) 
[6d.l]y + \cd.T\z -{■ [dd. \]w + [dn. 1] | = 0 J 


The presence of the numeral 1 is all that distinguishes these 
from original normal equations in ]/■ z, and to. The elimination 
of y will, therefore, be effected in the same manner as that of x. 
Thus, from the first, we have 

[6c. 1] [M.l] Dm.l] 

y "~ [ 66 . 1 ] [ 66 . 1 ] [ 66 . 1 ] 

the substitution of which in the other two equations loads to the 
following notation : 

[cc.l] — p^ijC 60 - 1 ] = [ cc - 2 3 [cn. 1J — ^ [6ft. 1] = [cn • 2] 

[cd. i] _ gilU^.l] = [cd. 2] [drt.l] - P*.l] =[<*».*} 

[bo . 1 j L ao * L J 

[bb.lj 
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and the resulting equations are 


[cc . 2] z + [ctf . 2] » + [ai . 2] = 0 
[ed.2)z + [dd . 2] u? -f [dn . 2] = 0 


(68) 


.From the first of these we have 

[ cd.2 ] 


w — 


[cn . 2] 


[cc.2] [cc. 2] 
which, substituted in the second, leads to the following notation : 


[dd . 2] 


[cd . 2] 


[cd.2] = [dd.3] 


[cc.2] 

and the resulting equation is 


[dn . 2] ■ 


[cd . 2] 
[ cc ■ 2] 


[cn . 2] = [an . 3] 


[dd . 3] w + [dn . 3] = 0 (69) 

whence 

[dn . 3] 

W — i A 

[dd . 3] 

Having thus found to, we substitute its value in the first of (68), 
and deduce z. Then the values of z and w being substituted in 
the first of (67), we deduce y ; and finally, substituting the values 
y, z, and w in the first of (66), we deduce x. These latter substi- 
tutions are made in the numerical computation, but it is not 
necessary to write out here the formulae which result from the 
literal substitutions, as it would not facilitate the computation. 

It may be observed that all the auxiliaries [_bb . 1], [be . 1], [cc. 2], 
&c., may be expressed by the general formula 


[fr-/*] — [*r • A 1 ] = [fr-O* + 1)] 

L<x<& • 


d, y denoting any three letters, and /i any numeral. 

For the convenience of reference, the final equations employed 
in the actual computation are brought together as follows, the 
coefficient of that unknown quantity which is found from each 
after the substitution of the values of the others being reduced 
to unity: 
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x -f 


[aa] 


y + 


y + 


[ac] 

[aa] 

l>-lj 

[ 66 . 1 ] 


^ + 
2 + 


* + 


[ad] 

[bd . 1] 
[ 66 . 1 ] 
\cd . 2 ] 
[ec . 2] 


w -j- 
10 -|- 
w -f- 


w -f- 


[an] 

pi] 

[6w . 1] 
[ 66 . 1 ] 
[cn . 2 J 

j>^2] 

[dn. 3] 
[dd. 3] 


= 0 
= 0 
= 0 
= 0 


(TO) 


As the number of unknown quantities increases, the number ot 
auxiliaries to be found increases very rapidly. If we include the 
coefficients and absolute terms of the normal equations, the 
whole number of auxiliaries is shown in the following scheme:* 


No. of unknown quantities 

i 

2 

3 

4 

5 

6 

7 

8 

No. of auxiliaries 

2 

7 

16 

30 

50 

77 

112 

156 


43. Tor the purpose of verification, it is expedient to repeat 
the elimination in inverse order, commencing with the last 
normal equation and ending with the first, which will bring out x. 
It will not be necessary to write out the formulae for this inverse 
elimination, since when the form for computation has been once 
prepared, it suffices to place in it the coefficients of the normal 
equations in inverse order, and then to proceed with the numeri- 
cal operations precisely as in the first elimination. The unknown 
quantities coming out in the first elimination in the order w , z , 
y , x , they will in the second come out in the order x , y, 2 , w. 

This inversion has also the advantage of giving the weights of 
all the unknown quantities with the greatest facility, as will 
hereafter be shown. 

44. A very complete final verification, or “ control,” is obtained 
as follows. Substitute the values of x , y, z, v> in the equations of 
condition, and thus find the residuals v l9 v 27 v 3 . . . . v m9 or the 
values which the first members assume. Form the sum 

[vv] = v x v x + + v 3 v 3 + v m v m 

* The number of auxiliaries will be, in general* 

*(* ~t~ f) ft £) 

2. a 

where i denotes the number of unknown quantities. 
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which, is also required in finding the mean error of observation 
by (61). Also form the following new auxiliaries : 

[nn] n 1 n 1 + n 2 n 2 -f n a n a + n m n m 

= (nn. 1 ] _ [crlf = c “ 81 

= [ ”“ 8 ]_ tlrff =c “' 41 

then, if the whole computation, both of the normal equations 
themselves and of the subsequent elimination, is correct, we 
must have 

[vv] = [nn . 4] (71) 

To demonstrate this, we observe first that we have already, by (59), 

[w] = [vn] 

If now we go back to the equations of condition, and multiply 
each by its n, the sum of the products is 

[an] x 4 - [bn] y + [cn] z -f [dn] w + [nn] = [vn] = [vv] 

If this equation he annexed as a fifth normal equation to the 
group (66), and the successive substitutions are made in it as in 
the others, beginning with x , it evidently becomes, successively, 

[bn A] y + [cnA] z 4 * [dn. 1] w + [nn .1] = [vv] 
a [cn. 2 ] z -{- [dn. 2] w 4 - [nn. 2 ] == [vv] 

[dn . 2] w 4 - [ nri • 3] = [w] 

[nn. 4] — [vv] 

which last is the same as (71). 

DETERMINATION 0E THE WEIGJ-HTS OP TEE UNKNOWN" QUANTITIES 
WHEN TEE ELIMINATION HAS BEEN EFFECTED BY THE METHOD OF 
SUBSTITUTION. 

45. By the general method explained in Art. 36, the elimina- 
tion would have to be performed as many times as there are 
unknown quantities. It is desirable to have more direct methods. 
"When there are but four unknown quantities, we can find their 
weights from the auxiliaries occurring in two successive elimina- 
tions in inverse order. In the first elimination, according to the 
order a, b, c, d, we find w by substitution in the last normal 
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equation, and, the coefficient of w being then [dd. 3], it follows, 
by Art. 36, that the weight of the value of w is 


p w = ldd. 3] 

In the inverse elimination, in the order d, c, 5, a , the coefficient 
of x in the final equation, which would be denoted by [aa . 3], 
will be the weight of x , or 

p x = [aa. 3] 

Now, if a third elimination were carried out in the order x , y, w , z, 
or a , 5, d , c (the third normal equation now taking the last place), 
we should have the same auxiliaries as in the first elimination, 
so far as those denoted by the numerals 1 and 2 ; and the equa- 
tions (68) would still he the same, but in the following order: 

[dd . 2] w -j- [cd . 2] z [dn . 2] = 0 
[cd . 2] w + [cc . 2] z -f [cyi . 2] = 0 

The value of w given by the first of these is 

w= EgjLglU iff 1 - 2 ] 

[dd. 2] [rfd.2] 

which, substituted in the second, gives for the coefficient of z y 

M M x jlnfj 


Therefore we have 


Vn— C^- 2 ] 


[di.3] 
[dd. 2] 


In the fourth supposed elimination, in the order rf, c, u r 6, th*> 
auxiliaries denoted by 1 and 2 would be the same as in our 
actually performed second elimination; but in the final equation 
in y we should have for the coefficient of y the quantity 


[ »- 3 > = CaS - 2] = [ “' 3] x ^ 
and, therefore, 




[aa . 8] 
[aa . 2] 


Thus, when the elimination has been once inverted, we have 
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found the weights of two of the unknown quantities directly, 
and the weights of the other two in terms of the auxiliaries pre- 
viously used, and in a form adapted for logarithmic computation. 

46. In order to give the above method greater generality, so 
that the reader may be enabled to extend it to a greater number 
of unknown quantities, we remark that the product of the form 

P = [aa] [bb . 1] [cc . 2] [dd . 3] 

has the same value whatever order may be followed in the elimi- 
nation. This is the same as saying that it is a symmetrical func- 
tion of a, b, c, d . . . which is, consequently, not affected in value 
by the permutation of these letters.* Suppose, then, four orders 
of elimination, in which each unknown quantity in turn becomes 
the last, while the order of the remaining three quantities 
remains the same ; and, to distinguish the auxiliaries which occur 
in each elimination, let the letter which occurs in the last auxiliary 
be annexed to each of the others ; the above constant product 
may thus be expressed in the following four forms : 

P = [aa] d [bb.l\ [cc.2] d [dd.3] 

= [aa\ [6i.ll [dd.2\ [cc . 3] 

= [aa\ [cc.l] t [dd.2\ [56.3] 

= 1 m [cc.\\[dd.2\[aa.3] 

.Now, it is evident that each time a new unknown quantity is 
made the last, we do not change all the auxiliaries, but only 
those which involve the letter which has become the last in the 
new order. It is readily seen, therefore, that if we annex a letter 
to those auxiliaries only which have a different value from that 
which is denoted by the same symbol in the first elimination, we 
shall have, simply, 

P = [aa] [66 . 1] [cc . 2] [dd . 3] 

= [ aa ] [66 .1] [dd. 2] [cc . 3] 

= [an] [cc. 1] [dd. 2], [66 . 3] 

— [66 ] [cc ■ l] a [dd . 2] o [aa . 3] 


* The quantity p is, in fact, nothing more than the common denominator of the 
values of x , y, a, w, when these values are reduced to functions of the known quan- 
tities and in the form of simple fractions ; and this common denominator must evi- 
dently have the same value whatever order of elimination is followed 
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from which we deduce 

K 

V, 

V, 

K 

If this method is applied in the case of six unknown quantities, 
we shall in each of two eliminations have the weights of three 
of the unknown quantities by computing each time but one new 
auxiliary, and, therefore, the weights of all six when the second 
elimination is the inverse of the first. In the case of but four 
unknown quantities, by inverting the elimination we can find 
the weights of z and y twice, and thus verify our work. 

47. If we have hut three unknown quantities, the weights are 
determined at the same time with x, y, and z themselves, by a 
single elimination in the order a, 6, c, in which z comes out first 
with the weight 

P,= Lee. 2] 

and then y and z, with the weights 
P,= U>b. 2] 
p x = [aa.2] 

in which 

. [<*- 1]„ 

INDEPENDENT DETERMINATION OF EACH UNKNOWN QUANTITY AND 
ITS WEIGHT, ACCORDING TO GAUSS. 

48. Let the four equations (70) be multiplied respectively 
by 1, A', A", A and let these factors be determined by the 
condition that in the sum of the products the coefficients of y, 
z, and w shall be zero. Also, let the last three equations of (70) 
be multiplied respectively by 1, -B", B 1 ", and let these factors 


[ 66 . 1 ] 


= [aa] 


[gg • 2 ] 

[cc.l] 

[66.1] [cc.2] 
[ 66 ] '[«.!]. 


= [<*) 


M 

[ 66 ] 




= [dd.3] 

= [cc .3] == [cc.2] 
= [66 .3] = [66.1] 
= [aa . 3] = [aa] ■ 


[dd . 3] 

Ldd. 2 ] 

[cc.2] [c66.3] 

[cc.l] '[dd. 2], 

[66.1] [cc.2] [dd . 3] 
[66] ' [cc. l] a [dd . 2] o 


(72) 
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be determined by the condition that in the sum of the products 
the coefficients of z and w shall be zero. Finally, let the last 
two equations of (70) he multiplied respectively by 1, C'", and 
let C'" be determined by the condition that in the sum of the 
products the coefficient of w shall he zero. The conditions 
which determine these factors are then 


o = E^2 
[aa] 

0 _ Cggjj 

[aa] 

0 _ l ad l 

\aa\ 

0= [fc-i] 
c».i] 

0 _[M.l] 

[ 66 . 1 ] 

0 [pd- 2 ] 

[cc. 2] 


+ A’ 

+ A' + A" 

[»-l] 

jbd.Y] [c^2] A „ 

' [66 . 1] [cc . 2] ^ 


+ 


B" 


+ 


[**•2] B „ , j 
[<*• 2] 


+ C"" 



and the final values of a:, y, z, w, in terms of these factors, are 
given as follows : 


x — 


w -- 


[an] [6n,l] [cw.2] [dn. 3] 

[aa] [66 . 1] _r [cc . 2] ~ t ~ [cM . 3] 

O- 1 ] , [o»-2] . [<fa . 3] „ 

[66.1] " 1 ~ [cc. 2] ~ r [<6<6 . 3] 

O- 2 ] , Qm 

[cc.2] [<ta.3] 

[<frt . 3] 


(74) 


\dd. 3] 


49. As the equations (73) are above arranged, all the factors 
A are determined from the first system of three equations ; the 
factors B from the second system of two equations, &e. ; in each 
case, by successive substitution. This method then enables us 
to find each unknown quantity independently of the others. 

Another form may be given to the computation of the auxiliary 
factors. Since in the formation of the equations (74) we have 
regarded [an], [bn], [cn], &c. as independent, we must still so 
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regard them when we invert the process and recompose the 
equations (TO) from (74). If, then, we multiply the equations (74) 

respectively hv 1, and add the products in order 


to recompose the first of (70), the coefficient of [an'] will he 


[ad\ 


but the coefficients of [bn . 1], [cm . 2], &c. must severally be equal 
to zero. The same principle will apply when we recompose the 
second equation of (70) from the last three of (74), &c. Hence 
we have 


0: 


[ aa :] 

: A" + B" 

: A'" + pJ S' 
[aa] 


4 


[ac] 

[aa] 

oc, 


i I L -1 /~tm i DO 

' r [aa] " r [aa] 


Q=B" + 


0 = B'" + 


: C'" + 


pe-1] 

[W.l] 

[M-l] 

[ctf-g] 

[ao.2] 


(75> 


C'"4 


[id. 1] 
[»• 1 ] 


According to this scheme, we first find A', B", C" from the 
equations in which they occur singly; then, with these factors, 
we find the values of A ", B ,n , from the equations involving two 
factors, &c. 


50. Again, let us write the 3d, 5th, and 6th equations of (75) 
in the following order : 




W B m , 
[aa] ~ r 




Qtn i DU 

[a a] [aa] 

[k.l] [bd . 1] 

[M-l] [66.1] 


= 0 
= 0 


C"' + 


[cd . 2] 

[«- U 


= 0 


Comparing these with the first three of (70), we at once infer 
that A" r , B!'\ C"" are those values of x, y, z, respectively, which 
we should obtain, from our first three normal equations by putting 
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to ==• 1 and omitting the terms in n ; or, going "back to (t>6), that 
A! r \ j B //r , C ,n may be determined by the following conditions: 

[act] A"' + [ah’] B’" 4 - [oc] <7"' + [ad] =0 
[ab] A" r -f [bb ] B"' + [Ac] (7'" + W = 0 

[ae] A'" + [bo-]B nr -+ [cc] V" 4- ted] = 0 

If now we multiply the normal equations (66) by A /r/ , B u \ C" 
and 1, respectively, and add the products, the conditions just 
given will cause r, ?/, and £ to disappear, and the resulting equa- 
tion in id must be identical* with (69) : so that A ,/f , JB /f/ , O'" 

must also satisfy the following condition : 

[t zri] A'" + £bn] S'" + [cn] O'" -L- [dn] = [dn . 3] (76) 


The second and fourth equations of (75) being written as follows, 


A" 


[eta] 


B" 4 - 


B" + 


l**l 

£cca] 

C till 

[M.l] 


= 0 
= 0 


and compared with the first two of (70), we infer that A ", B n 
are those values of x and y which we obtain from the first two 
normal equations by putting z = 1 , w = 0, and omitting the 
terms in n; that is, A n and B f/ must satisfy the conditions 

[cut] A " + [ab] 3 " 4- [ad] — 0 
[ab] A " 4- [bb-] 3 " 4- [be] =0 

Therefore, if we multiply the first three normal equations (66) by 
A", B'\ 1, respectively, and add the products, x and y will dis- 
appear, and, the resulting equation being identical with the first 
of (68), we must also have 

tan] A f 4- [bn] B " + [c%] = [cm . 2] (77) 

Lastly, it is evident that A' must also satisfy the condition 

[an] A! 4- £ln} = [bn . 1] (78) 

From these relations we readily infer general formulae for the 
weights of the unknown quantities. 

* The equation (69) is the last normal equation, unchanged except by the substitu- 

tion of equivalents for a:, y, and z ; and in the present article we eliminate as, t/, and # 
by the use of factors, but do not change the last normal equation, since we multiply 
it by unity . 
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According to Art. 34, the reciprocal of the weight of x is that 
value which we obtain for x if we put [an] = — 1 and [bn] = [m\ 
= [dri] = 0. But, under these conditions, the equations (76), 
m (78) give 


[dn . 3] = — A'", [< cn . 2] = — A", [bn . 1] = — A 9 

In order, therefore, that the value of x given by the first equa- 
tion of (74) may become — we have only to substitute — A'", 

— A", — A\ — 1, respectively, for [dn . 3], [on .2], [bn. 1], [<m]. 
In the same manner, the weight of y being found by putting 
[bn] = — 1 and [an] = [cn] = [dn] = 0, we have to put 


[dn . 3] = — B"\ [cn . 2] = — B\ [bn . 1] 


1 


in the second equation of (74), in order that we may put — fory 

Bjf 

For the weight of z we have to put 


[dn . 3] = — <7", [cn. 2] = — 1 
iu the third equation of (74), and ~~ for 2 . 

y » 

For the weight of w, we have to put 

[dn. 8] = — 1 

in the last equation of (74), and change w to -™ 
The final formulae for the weights are, therefore. 


1 1 A'A! A" A" A’" A"’ 

p x ~ [aa] + [pb . 1] + [cc. 2] + [id . B] 
1 1 B ir B" B’"B" 

p, ~~ [bb .1] + [cc . 2] + [dd . 3] 

1 1 C'C" 

p,~ [cc.2] + [dd. B] 

1 1 

p u ~{M. 3] 



WRAN BRROB OP A LINEAR EtTlT CTION OP TEE QUANTITIES Z, y, Z, W. 

50. To find, the mem error of the junction. 

X=fx -f- gy -f Az-f-m -j- l (80) 

when z, y, z, w are, dependent upon, the same observations. 
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The quantities x, y , 2 , id not being directly observed, their 
mean, errors cannot be treated as independent, as was done in 
the case of directly observed quantities in Art. 22. Ve might 
proceed by the method of Art. 28; but, as we here suppose 
x , y, z, w to have been determined from the normal equations 
(66), we can obtain a more convenient method by the aid of the 
auxiliaries which have been introduced in the general elimina- 
tion. The quantities x, y, 2 , w being functions of the directly 
observed quantities h r , n", n"\ . . . the mean error of X can be 
readily obtained by the principles of Art. 22, if we first reduce 
X to a function of these observed quantities. For this purpose, 
if the values of x, y, z, w deduced from (70) be substituted in X \ 
we shall have an expression of the form 

X=Jc 0 [an] + k x [bn . 1] + k 2 [eft . 2] + k z [dn . 3] + l (81) 

in which the coefficients Jc 0 , k v k 2 , k 3 are functions of [aa\ [ab], 
&c. In order to determine these coefficients, let us substitute in 
this expression the values of [an], [bn. 1], &c. given by (70). We 
find 

X = — [ad] k Q x — [ab] — [ac] k 0 z — - [ad] k 0 w + l 

— [bb. 1] hy — [be . 1] kz — [bd . 1] kw 

— [cc .2 ]k^ — [cd . 2] k 2 iv 
— [dd . 8] k s w 

which becomes identical with (80) by assuming 
[ad] k 0 = — / 

[ac] k 0 •+ [be . 1] \ + [cc . 2] k u = — h 

[ad] k 0 + [bd. 1] \ + [cd . 2] k a + [dd. 3] k s = — i 

These equations fully determine the coefficients. We find 
directly from the first, and then k v k 2 , k v by successive substitu- 
tions in the others. 

ISTow, to find the mean error of X under the form (81), let the 

mean error of each of the observed quantities n', n nr be 

denoted by e (these observed quantities being supposed of equal 
weight, or, rather, the equations of condition being supposed to 
have been reduced to the same weight), and let the correspond* 
ing mean errors of 

[an] } [bn. 1], [cn. 2], [dn . 3], X, * 
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be denoted by 

K A, A, A, (*X). 

Since we have 

[an] — a'n' -f- a"n" a'"n" r -f 


we have, by Art. 22, 

A-gain, we have 

[ bn . 1] = [6n] — 
and hence 



A = [aa] ^ 

gJw-2[(* 

-MaV 

[aa] I 



= e*^[ 66 ] - 

■ =e*^[ 66 ] - 

= [66.1]e* 


2 [o 6 ] 


[aa] 

M 

[aa] 


[a6] 


[«*]) 


[ab] 
[ aa ] 



In a similar manner, we have, also, 


^ fl 2 = [cc . 2 ] £ 2 , ^ 3 2 = [dd . 3] e* 

The quantities x , 3 /, z, w, being determined from the equations 
(70), their mean errors involve those of the quantities [an], [bn. 1 ], 
[cn. 2 ], [dn. 3], precisely as if the latter had been independently 
observed quantities affected by the mean errors j ust determined. 
Hence also in (81) we regard [an], [bn . 1 ], &c. as independent ; 
and it then follows directly from the principles of Art 22 that 

(eX) 2 = V A 2 + K A 2 + K A 2 + K 2 A 2 

or 

OX)* = (V [aa] + V [bb . 1] + i,' [cc . 2] + * 3 * [dd . 3]) e* (83) 

51. Prom the preceding article we may easily find the for- 
mulae (74) and (79). The function X becomes x when we assume 
f=l, g = h = i=l = 0; and then (81) gives x while (83) gives 

e x 2 , and hence the weight = — . This hypothesis gives in (82) 

[aa] k 0 = — 1 ; and the remaining equations of (82) are identical 
with the first three of (73) if we put [66 . 1] & t = — A', [cc . 2] k % 
— — A", [dd . 3] Aj = — A'"; an d then (81) becomes identical with 
the first of (74), and (83) with the first of (79). In a similar 
manner we may deduce the remaining equations of (74) and (7.9) 
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Example. — I n order to exhibit the numerical operations which 
the preceding method requires, in their proper order and within 
the limits of the page, I select an example involving but three 
unknown quantities. The following equations of condition were 
proposed by G-auss ( Theoria Motus Corp . GoeL , Art. 184) to illus- 
trate his method : 

(1) y + 2 2=3 

(2) 3ar-|~2y — 5 z= 5 

(3) 4a? + V = 21 

(4) — 2ao-f- 6y + 6^ = 28 

of which the first three are supposed to have the weight unity, 
while the last has the weight J. Multiplying the last by y £- = \ 
(Art. 41), the equations of condition, reduced to the same weight, 
are — 

(1^) x — y-\-2z — 3 = 0 

(2) 3 a; +2 y — 5 z — 5 = 0 

(3) 4a; + y +-4- — 21 = 0 

(4) — x -f %y 4- Sz — 14 = 0 

The next step is to form the coefficients [<m], [< ab ' ], &c., of the 
normal equations. In the present example this can be done very 
easily without the aid of logarithms ; but, in order to exhibit the 
work usually required in practice, I shall give the forms for 
logarithmic computation. The sums of the coefficients of the 
unknown quantities will be employed as checks, according to 
Art. 30. Their logarithms, together with those of a, 6, c, ti, are 
given in the following table : 



log a 

log b 

log c 

log s 

log 71 

(1) 

0.00000 

nO.OOOOO 

0.80103 

0.30103 

n0.47712 

(2) 

0.47712 

0.80103 

710.69897 

00 

nO .69897 

(3) 

0.60206 

0.00000 

0.60205 

0.95424 

nl.32222 

(4) 

nO.OOOOO 

0.47712 

0.47712 

0.69897 

. nl 14613 


It is important, where many operations are to be performed, to 
write down no more figures than are necessary for the clear prose- 
cution of the work. Hence, in combining the preceding 
logarithms it will he found expedient to proceed as follows. 
'Write each log a upon the lower edge of a slip of paper; then, 
placing this slip so that log a shall stand over log a, log b, log c } 
&c., of the same horizontal line, in succession, add together the 
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two logarithms mentally , and, with the sum in the head, take from 
the logarithmic table the corresponding natural number ( aa , ab , 
ac, < 25 , or an), which place in a column appropriated for the pur- 
pose. Then write log b in the same manner, and form bb , be, bs , 
in, and so proceed to form all the coefficients of the normal 
equations, as in the following table : 



[aa] 

[ab] 


[as] 

[an] j 

m 

[be] | 


+ 

+ 

— 

+ 

— 

+ 

— 

-f 

— 

+ 

+ 

— 

fl) 

1.0 


1.0 

2.0 


2.0 



3.0 

1.0 


2.0 

2 ) 

9.0 

6.0 



15.0 


0.0 


15.0 

4.0 


10.0 

[3) 

16.0 

4.0 


16.0 


36.0 



84.0 

1.0 

4.0 


U) 

1.0 


3.0 


3.0 


5.0 

14.0 


9.0 

9.0 




10.0 

4.0 

18.0 

18.0 

38.0 

5-0 

14.0 

102.0 


13.0 

12.0 


+ 27.0, 

+ 6.0 

0 

.0 

+ 33.0 

— 1 

38.0 

+ 15.0 

+ 

1.0 


CN 

p»] 

M 


[cn] 

pnj 

[nn] 

+ 

— 

+ 

~ 

+ 

+ 

— 

"f 

— 

+ 

— 

+ 


2.0 

3.0 


4.0 

4.0 



6.C 


6.0 

9.0 

0.0 



10.0 

25.0 


0.0 

25.0 


0.0 


25.0 

9.0 



21.0 

16.0 

36.0 



84.0 


189.0 

441.0 

15.0 



42.0 

9.0 

15.0 



42.0 


70.0 

196.0 

24.0 

2.0 

3.0 

73.0 


55.0 

0.0 

25.0 

132.0 

0.0 

265.0 


1 + 22.0 

— ' 

'0.0 

+ 54.0 


>5.0 

- 107.0 

— 265.0 

+ 671.0 


Having ascertained that the results satisfy the test equations 
(48), we can write out the normal equations as follows: 

21 x + 6y — 88 = 0 

6rr + 15 1 / + z — 70 = 0 
y + 54 * _ 107 = 0 

We proceed to determine the values of x, y, z , according to 
our general formulae, still carrying out the work with logarithms 
for the sake of illustration. Here, again, system and concise- 
ness are indispensable. The whole computation is given below 
nearly in the form proposed by Encke. This form corresponds 
to the group of equations (70). It is divided into three principal 
compartments, corresponding, respectively, to the first three equa- 
tions of (70), each beginning one column farther to the right In 
the first compartment the first line of numbers contains the values 
of [aa\, [ab], &c., the second line their logarithms, and the third 
line the logarithms of the coefficients of the first equation. The 
logarithms in this third line are formed by subtracting the first 
iog. m the second line from each of the subsequent ones, for this 
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purpose writing the first logarithm upon the lower edge of a slip 
of paper. 

In the second compartment, the first line contains the values 
of [66], [6c], &c. ; the second line, the quantities subtractive from 
these, according to the formulae in Art. 42 . To form these sub- 
tractive quantities, write the logarithm of (which is here 

9 . 34679 ) upon the lower edge of a slip of paper, and hold it suc- 
cessively over log [ ab ] and each of the subsequent logarithms in 
the same line; add the two logarithms mentally in each case, take 
the corresponding natural number from the logarithmic table, 
and write it in its place below. Subtracting these numbers, we 
have the values of [66.1], [be. 1], &e. The fourth line contains 
the logarithms of these quantities ; the fifth, the logarithms of the 
coefficients of our second equation, formed by subtracting the 
first logarithm of the preceding line from each of the subsequent 
ones in that line. 

In the third compartment we have — first, the values of [cc], &e. ; 
secondly, the values of the subtractive quantities formed from 
the last line of the first compartment as before ; thirdly, the 
remainders which are the. values of [cc. 1 ], &c. The fourth line 
contains the values of the quantities which are subtractive from 
the preceding and are formed from the last line of the second 
compartment by adding the first logarithm of that line to the 
logarithm immediately above it and to each of the subsequent 
logarithms in the same line ; the fifth line contains the remain- 
ders which are the values of [cc. 2], &c. ; the sixth line, the loga- 
rithms of these; and the last line, the logarithms of the coeffi- 
cients of our third equation. 

For control, we carry through the operations upon [as ] 7 [65], 
&c., precisely as upon the other quantities; and then, according 
to the arrangement of the scheme, we should have, if we have 
computed correctly, each sum containing s equal to the sum of 
the quantities on its left in the same line, together with those of 
the same order in a vertical column over the first number in this 
line. Thus, we must have, in the present case, 


[65.I] = [66.1] + [be. 1] [sn. 1] = [6n.l] -f [cn. 1] 

[cs. 1] = [cc.l] + [be. 1] [5tt.2] = [cn. 2] 

[cs . 2] = [cc . 2] 

relations easily proved by means of the formulae of Art. 42 com- 
bined with ( 48 ). 
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Tlie columns [$?f] and \jirT\ arc added to the third compart- 
ment in order to form the quantity [tin. 3], from which the mean 
error of observation is to be deduced, as will be shown hereafter* 


[m] 

-f 27.000 
1.48136 

+ 6.000 
0.77815 
0.34079 

TO 

0.000 

— oc 

— oo 

[m] 

+ 33.000 
1.51851 
0.08715 

[an] 

— 88.000 
nl. 94448 
nO.51312 



— 88.000 

TO 

[be] 

TO 

TO 



0.000 

-+ 15.000 

-j- 1.000 

-j- 22.000 

— 70.000 



-f 21.305 

4 1.333 

0.000 

4- 7.333 

— 19.556 



— 66.(595 

-f 18.667 

-f- 1.000 

4- 14.667 

— 50.444 



*1.82409 

1.13566 

0.00000 

1.16633 

tzI.70281 



x = 0.39273 


8.86434 

O.OBU67 

*0.56715 





[cc] 

TO 

TO 

TO 

TO 


— 50.444 

4- 54.000 

4- 55.000 

— 107.000 

— 265.000 4- 671.000 


-j- 1.916 

0.000 

0.000 

0.000 

— 107.555|-f 286.813 


— 48.528 

+- 54.000 

4- 55.000 

— 107.000 

— 157.445 

4- 384.187 


#1.68699 

+- 0.073 

4- 1.073 

— 3.691 

— 54.135 

-f 186.191 

logy =0.55033 

+- 53.927 

4- 53.927 

— 103.309 

— 103.310 

4- 197.996 



1.73181 


*2.01414 


4- 197.909 




log (— z ) - 

= *0.28233 [#n.S] = 

4- 0.087 


After z has been found, its value is substituted in the second 
equation of (70), and y is deduced. Then, the values of y and z 
being substituted in the first equation, we find x. The numerical 
computations are given above in the margin. 

Then, for the weights, by Art. 47, we have first to find the 
additional auxiliary 

[«.!].= M — pij m 


and by the formulae of that article we have — 


m 

4 15.000 

1 1.17609 

P*3 

+ 1.000 
0.00000 

8.823S1 

log [56.1] 1.13566 
log [ 66 ] 1.17609 

log [cc . 2 ] 1.73181 

log [cc. 1] 1.73239 

log [_cc. l]a 1.73185 


[<*]. 

1.43136 

1.13566 

1.73181 


4 54.000 

9.05957 

9.99942 

log A 


4 0.067 

9.99906 

1.13508 


[cc, 1 = 

= 4 53.933 

1.39089 

log P, 




lo SP, 




548 


APPENDIX. 


The final result is then 

x — -f- 2.4702 with the weight 24.597 
y — + 3.5508 “ « 13.648 

2 = + 1.9157 “ “ 53.927 

It only remains to substitute the values of x, y, and z in the 
original equations of condition, to form the residuals v, and from 
these to determine the mean error of observation. Since here 
there are but three unknown quantities, we have, by (71), 

[vv] — [nn . 3] 

and hence the mean error of an observation of the weight unity 
is, by (61), m being the number of equations of condition. 



The direct computation of the residuals is, therefore, not necessary 
for determining e: nevertheless, it is desirable in most cases to 
resort to the direct substitution also, not only for a final verifica- 
tion, but in order to examine the several observations, and to 
obtain the data for rejecting any doubtful one by the use of 
Peirce's Criterion, to be given hereafter. This direct substitu- 
tion has already been carried out for this example on p. 525, 
where we have found [vv] = 0.0804, which agrees with the above 
value of [nn. 3] as nearly as can be expected with the use of five- 
decimal logarithms. 

52. It not unfrequently happens that one of the unknown 
quantities is such that the given observations cannot determine 
it with accuracy. For example, in the reduction of a number 
of observations of an eclipse, one of the unknown quantities is a 
correction of the moon’s parallax ; but, unless the places of ob- 
servation be remote from each other, the correction will be very 
uncertain, and this uncertainty will affect all the other quantities 
which enter into the equations of condition. In such a case, this 
unknown quantity will come out with a small coefficient, which 
of itself will reveal the existence of the uncertainty when it is 
not otherwise anticipated. In order that this uncertainty may 
not affect those quantities which are well defined by the obser- 
vations, it is expedient to determine all the latter as functions of 
the uncertain quantity, which for that purpose must be made the 
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last in the elimination. Thus, with four unknown quantities 
x, y, z, to, we proceed only as far as the auxiliaries denoted by 
the numeral 2; then, having found the factors A f , A ", JL'", £*'. 
JB n \ C nr , by (73) or (75), if we put 


— x* 


~y’ 


— z r 


[an] 
— [au] 
_[6n.l] 

__ [cn . 2] 

-[^2] 


4 

4 


[bn. 1] 

[».l] 

[m. 2] 


^'4 

B" 


i>- 2 ] jUi 

I>- 2 3 


(84) 


these will give the values of the unknown quantities which we 
should obtain from the first three normal equations if the last 
unknown quantity were disregarded or put = 0. Then, by (74), 
the final values of sc, y, z , as functions of the uncertain quantity 
iv, will be 

x = a/ +- A" r w 'i 

y = y' V (85) 

2 T =sf +-C'"W ) 


The values of x r , y', z', will thus he well determined, and a sub- 
sequent independent determination of w will enable us to find 
the final values of x , y, 2 .* 

Having found the weights of x', y 2 ' (which is done as if they 
were the only quantities under consideration), and their mean 
errors tj, e s/, then, when the quantity w is afterwards found, 
the mean errors of the final values will be 


«*.=«:* 4 wxr 

^=< 2 4 

m we find from the equations (79), or by Art 20. 


} 


( 86 ) 


CONDITIONED OBSERVATION’S. 

53. In all that precedes, we have supposed that the severa* 
quantities to be found by observation, either directly or indirectly, 
were independent of each other. Although they were required 
to satisfy certain equations of condition as nearly as possible, yet 
they were so far independent that no contradiction was involved 
in supposing the values of one or more of them to be varied without 


* For a,n example in which three unknown quantities ere thus* determined as 
functions of mo uncertain quantities, see VoL I. p. S40. 
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varying the others. By such variations we should obtain sys- 
tems of values more or less probable, but all possible . 

There is a second class of problems, in whieli, besides the 
equations of condition which the unknown quantities are to 
satisfy approximately, there are also equations of condition which 
they must satisfy exactly: so that of all the systems of values 
which may he selected as approximately satisfying the first kind 
of equations, only those can be admitted as possible which satisfy 
exactly the equations of the second kind. The number of these 
rigorous equations of condition must be less than the number of 
unknown quantities ; otherwise they would determine these 
quantities independently of all observations. These rigorous 
equations, then, may be satisfied by various possible systems of 
values, and we can therefore express the problem here to be con- 
sidered as follows : Of all the possible systems of values which exactly 
satisfy the rigorous equations of condition , to find the most probable , or 
that system which best satisfies the approximate equations of condition* 

The following are simple examples of conditioned observations. 
The sum of the three angles of a plane triangle must be 180°: so 
that if we observe each angle directly, and the sum of the observed 
values differs from 180°, these values must he corrected so as to 
satisfy this condition. The sum of the angles of a spherical 
triangle must be 180° + spherical excess. The sum of all the 
angles around a point, or the sum of all the differences of azimuth 
observed at a station upon a round of objects in the horizon, must 
be 360°. 

The approximate conditions in these cases are expressed by 
the observations themselves; for the final values adopted must 
correspond as nearly as possible to the observed values. The 
corrections to be applied to the observed values are to be re- 
garded as residual errors with their signs changed ; and the solu- 
tion of our problem is involved in the following statement: < Of 
all the systems of corrections which satisfy the rigorous equations , that 
system is to be received as the most probable in which the sum of the 
squares of the residmls in the approximate equations is a minimum . 

- 54 The general problem as above stated may be reduced to 

that of unconditioned observations, already considered. Bor let 
ns suppose there are m f rigorous equations of condition, and m 
unknown quantities. From these m f equations let the values of 
m r unknown quantities be obtained in terms of the remaining 
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tfi 77 i r quantities, and let these values be substituted in all the 
approximate equations of condition ; then there will be left in the 
latter 011I7 m — m' quantities, which may be treated as independ- 
ent, so that, the approximate equations being now solved by the 
method of least squares, we have the values of the m — m r quan- 
tities, with which we then find the values of the first m r quan- 
tities. This is a general solution of the problem ; but it is not 
always the simplest in practice. I shall illustrate it by a simple 
example, before giving a method applicable to more complicated 
eases. 

Example. — At Pine Mount, a station of the U . S. Coast Survey, 
the angles between the surrounding stations 1, 2, 8, 4 were 
observed as follows: 


weight 


1 .2 

J oscelyne — D eep water 

.... 65° 

ID 52". 500 

3 

2 .3 

Deepwater — Deakyne 

.... 66 

24 15 .553 

3 

3 .4 

Deakyne — Burden 

.... 87 

2 24 .703 

3 

4.1 

Barden — J oscelyne 

.... 141 

21 21 .757 

1 


There are here four unknown, quantities subjected to the single 
rigorous condition that tlieir sum must be 360 a . But, instead of 
taking the angles themselves as the unknown quantities, we shall 
assume approximate values of them, and regard the corrections 
which they require as the unknown quantities. 

Ve assume 

1.2 Joscelynre — Deepwater, €5° 11' 52"-5 w 

2 . 3 Deepwater — Deakyne, 66 24 15 -5 -{- x 

3 . 4 Deakyne — Barden 2 87 2 24 .7 -f- y 

4.1 Barden — Xoscelyne, 141 21 21 .8 -f * 

the sum of which must satisfy the condition 

359° 59' 54" .5 -f w + x + y + z = 360° 
or 

w -f- x y -f- z — 5" 5 == € 

The difference between the assumed value and the observed 
value in each case gives us a residual; and the approximate 
equations of condition are, therefore, 

to — 0 =0 

a _ 0.053 = 0 
y — 0.008 = 0 
2 + 0.043 = 0 
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We have here "but one rigorous condition („r m' = 1), and to 
eliminate this we have only to find from it the value of one un- 
known quantity in terms of the others, and substitute it in the 
approximate equations of condition : thus, substituting the value 


w — — x — y — z + 5".5 


our equations of condition, containing now three independent 
unknown quantities, are 


— x — y — z - f 5". 5 = 0 

x — 0 .058 = 0 

y — 0 .008 = 0 
z ~0 .048 = 0 


weight. 

3 

8 

8 

1 


The normal equations, applying, the weights, are then 


6 r 3y -f 8 * — 16.659 = 0 
3 # 4. ty 4. — 16.509 = 0 

_j_ 3y + — 16.457 == 0 


which, being solved, give 

x = + 0".9675 
y = + 0 .9175 
2 = -f- 2 .7005 

whence also 

vo = 4 0.9145 


and the corrected values of the angles are 


Joscelyne — Deepwater 65° 11' 53".4145 

Deepwater — Deakyne 66 24 16 .4675 

Deakyne — Burden 87 2 25 .6175 

Burden — Joscelyne 141 21 24 .5005 

860 0 0 M00 

55. When the number of unknown quantities is great, or when 
there are several rigorous conditions to be satisfied, the preceding 
method would lead to very tedious computations, since we are 
required to perform two eliminations, the first from our m! 
rigorous equations to find the first m! quantities in terms of the 
others, and the second from our normal equations involving all 
the remaining quantities* In order to obtain the general form 


1.2 

2.3 

8.4 
4.1 
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for a more condensed process, let the most probable values of a 
number (m) of directly observed quantities be 

V r 3 F", 7'", Ac .... 7<~ 

Let the observed values be 


M ', if", if'", Ac. ... Jf<*> 


Let these observations have the weights 
p', p", p'", Ac. ... 

Let the equations which the most probable values are required 
to satisfy rigorously be expressed by 


and let 


?' =/' ( 7', 7", 7"', . . .) = 0 
9 " =/" ( 7', 7", V”‘ ..) =0 

p'"==/'"(7',7",F"', ...) =0 
Ac. 

m'= the number of these conditions. 



Let the most probable corrections of the observed values be 


so that 


v\ u", v ” f , Ac. . . . v {m) 


V'= if ' 4 v' y 7" = if" 4 v", V m = if'" 4 if", Ac. 

Let the values of cp r , <p /f y <p nr . . - when, the observed values are 
actually substituted be n', ti 7 ', n rn ... or 

f (if', if", if'" ...) = *' 

(if', if", if'", . . 0 = ri" C " 

&c. 

Let the differential coefficients ^ 7 * & e *> ® c * ^ 

formed; substitute in them the values Jf r , M n , M ,n — for T 7 , 
V ,f y V nr , and denote the resulting values by a\ a ", Ac., 6 ', 6 ", 
Ac. ; that is, put 


dp' _ 

= a', 


= a"> 

d / 

= <a'", Ac. 

dV' ~ 


<ZF" 


dV'” ” 


d<p" _ 

= K 


= 1", 

d?" 

J8 

s; 

II 

<LV ” 

dV" 


£F'" ~ 




dp"’ 


d©'" _ 

= c"', Ac. 

< 2 F'~ 

- r , 

dV” 

— c , 

dY’"~ 
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These values of the differential coefficients will generally be suf- 
ficiently exact ; but if M r , M ", ... are found very greatly in 

error, a repetition of the computation might be necessary, in 
which the more exact values found by the first computation 
would be used. 

The values of M\ If", M tn . . . being assumed to be so nearly 
correct that the second and higher powers of the corrections v f , 
v ", may be neglected, we have at once, by Taylor’s 

Theorem, as in the similar case of Art. 40, 

/ = n r + <xV- f a, n v" a" T v" f - 1 - — -|~ a <m) v (m) = 0 

<f"= n" -f b'v' + b"v" + ft"V" 4 - .... 4 - = 0 

/"= n"' 4 - cV 4 - V' 4 - c"V" 4- .... 4 - <? Cw V ra) = 0 

tc. &c. 

which m' equations must be rigorously satisfied by the values of 
v*, v /f y v (n .... 

The equations 

F' — M'= 0, V" — M" = 0 , T ur — M" r = 0, &c. 

are the approximate equations of condition ; or, more strictly, 

T f — M’ = v\ V" — M" = v”, V"' — M'" = i?'", &c. 

are the equations of condition which are to be satisfied by the 
most probable system of residuals v' y % u y v ,n . . . . These, reduced 
to the unit of weight by Art. 41, become 

(F' — JP) j/j/ == vyp’, ( F' — M") x/f = V y/, *c. (90) 

and the most probable residuals Fj/p', v r, \/ t p N are those the sum 
of whose squares is a minimum, or we must have 

p'v' 2 4 - pV ' 2 4 - p m v ,rfi + <Sbc. = a minimum. 

Putting, then, the differential of this quantily equal to zero, we 
have 

f'xldxf 4 - p'VW' 4 - p' V'W" 4 - &c. = 0 (91) 

If v' y 0 ", v”' . . .were independent of each other, each coeffi- 
cient of this equation would necessarily be zero (as in Art. 28), 
and then the most probable values of F', F", V nt . . . would be 
the directly observed values IF, M n y M nt . . . But this minimum 
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is here conditioned by the equations (89). If, then, we differon 
tiate (89), the equations 


a'dv' + d'dv" - j- a" r dv'" -f = 0 

l/dv ' -f- b"dv" -f b” r dv tn -f- = 0 

c’dv’ + c ,r dv ,r -+ c'"dv'" + .... = 0 

&c. 

must coexist with (91). 

The number of the equations (92) is m', while the number of 
differentials is m; and since, by the nature of the case, we must 
have m > ml, we can, by elimination, find from (92) the values 
of m! differentials in terms of the remaining m—m r differentials. 
Let ns suppose this elimination to be performed, and that the 
values of the first m' differentials, found in terms of the others, 
are then substituted in (91); we shall thus have an equation in 
which the remaining m — m! unknown quantities can he regarded 
as independent, and the coefficients of theses — m' quantities 
in this final equation will then severalty be equal to zero. Wq 
can arrive directly at the result of such an elimination and sub- 
stitution as follows. Multiply the first equation of (92) by J.,the 
second by _B, the third by (7, &c., and also the equation (91) by 
— 1 , and form the sum of all these products. Then, if A , B , 

C. are determined so that m' differentials shall disappear 

from the sum (and they can be so determined, since it only 
requires m f conditions to determine m! quantities), the final 
equation obtained will contain only the m — m! remaining differ- 
entials. But, the latter being independent, their coefficients must 
also be severally equal to zero: and hence we have, in all, the 
following m conditional equations : 

a' A +b'B +c'C + — pV =0 \ 

a" A -+ b''B + c"C -f- .. . . — pV = 0 

a'" A 4 V" B 4 <f"G 4 .... — p"V" = 0 | 

4&C. &C. J 

o! od r 

If we multiply the first of these by -7 the second by &c., and 

P P 

add the products, we have, by comparison with the first equation 
of (89), 



[ F ] jt + [ i ? + [ fi c+ -- + ”' = ' 0 
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in which, the usual notation for sums is followed. In this way 
we can form ml normal equations containing m r quantities, 
namely. 


[fP + B 

rp + [y]«+- 

... + W =0 

] 

[fP+B 

fp+[y] c +- 

. . . + n" = 0 

J 

> (9*) 

i ! — i 

+ 

lb 


! 

....4 71 !"= 0 

\ 


<&c. 


If the observations are of equal weight, we have only to put 
p— 1, or, in other words, omit p. 

The factors J., 1?, C . . . are called by Gauss the correlatives of 
the equations of condition. 

The equations (94) being resolved by the usual method of 
elimination (Art. 42), the values of the correlatives found are 
then to he substituted in (93), whence we obtain directly the 
required corrections, 

r/ = jr (a' A +VB +JC + ....) 

tf=^Ca"A +b"B +c"(7 + 

V" = y, (a"’ A + V"£ + d"0 + . . . .) 

&c. &e. 

and hence, finally, the most probable values of the observed 
quantities, V'=M' 4 v', V" = M" -f- v", &c. 

The comparative simplicity of this process will best be shown 
by applying it to the example of the preceding article. We 
there have given, by observation, 

JT = 65° 11' 52". 500, / = 3 

Jf" = 66 24 15 .553, /' = 3 . 

M m = 87 2 24 .733, f =3 

M 1 ’ = 141 21 21 .757, f = 1 

with the condition. 

V 4 - V” -f r m + P — 360°. = 0 



We have, first. 
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a' — a" = a'" = a w = 1 

and 'when M r y M ", &c. are put for V', V", &c., we lave (88) 

n! = — 5". 487 

As we have but one condition, we have also but one correlative 
A ; the equation of condition is, by (89), 

— 5".487 + v 9 -|- v" + v r " + v lr = 0 


and the single normal equation may be constructed according to 
the following form : 


p 

a 

aa 

P 

8 

7 

i 

8 

i 

i 

3 

i 

i 

1 

i 

1 


[fH 


and hence, by (95), 

if = + 0.9145 
if' = + 0.9145 
if"= + 0.9145 
tf T = + 2.7435 


2A — 5" 487 = 0 
A = + 2".7435 


Corrected yalues. 

F' = 65° 11' 53" .4145 

F" = 66 24 16 .4675 

V n = 87 2 25 .6175 

F iT = 141 21 24 .5005 

360 9 0 


agreeing with the result found by the much longer process of 
the preceding article. 


56. The farther prosecution of this branch of the subject 
belongs more especially to works on Geodesy. For more ex- 
tended examples, see the special report of Mr. C. A. Schott in 
the Report of the Superintendent of the U. S. Coast Survey for 
1854, from which the above example has been drawn. Consult 
also Bessel’s Gra&messung in Ostpreussen in 1838 ; Rosexberger, 
in the Astronomische JVachriehten, Ros. 121 and 122; Bessel, ibid 
ifo. 438 ; T. Galloway, Application of the Method to a Portion 


t if ilio Survev of Ku if laud. in tin* Jlfm^trs oj the Royal Astronomi- 
s<o4^/. VoL XV.; J..1. H.r.vr.u - nmssu tty ; Fischer’s 

fr o>/<r.or ; Gee ling's Ansjriehmigs A\ chnunyt n ; I Hen gee's Ams- 
dvr R uhh-lUfuy.f U* c : Liagkk, O ifrtd tks Probability ; 

anil t.i A 1 SS, S-fpph Vmi*t*iu* fNi'fiil. ri'Hfhi/tflfiOlit*, &C. 

CRITERION FOE THE REJECTION OF DoERTFUL OBSERVATIONS. 

57. It lias Wen already remarked {\k 490) that the number of 
large errors occurring in practice usually exceeds that given by 
fheorv, and that this discrepancy, instead of invalidating the 
theory of purely “accidental" errors, rather indicates a source 
or sources of error of an abnormal character, and calls for a 
criterion by which such abnormal observations maybe excluded. 
The criterion proposed by Prof. Peirce* will be given here with 
the investigation nearly in the words of its author, and with only 
mine slight changes of notation. 


58 . u Io almost every true series of observations, some are 
found which differ so much from the others as to indicate some 
abnormal source of error not contemplated in the theoretical 
discussions, and the introduction of which into the investigations 
can only serve, in the present state of science, to perplex and 
mislead the inquirer. Geometers have, therefore, been in the 
habit of rejecting those observations which appeared to them 
liable to unusual defects, although no exact criterion has been 
proposed to test and authorize such a procedure, and this delicate 
subject has been left to the arbitrary discretion of individual 
computers. The object of the present investigation is to produce 
an exact rule for the rejection of observations, which shall be 
legitimately derived from the principles of the Calculus of Pro- 
babilities. 

“ It is proposed to determine in a series of m observations the limit of 
error, beyond which all observations invoking so great an error mag be 
rejected, provided there art as many as n such observations. 

u The principle upon which it is proposed to solve this problem 
is, that the proposed observations should be rejected when the probability 
of the system of errors obtained by retaking them is less than that of 
the system of 'errors obtained by their rejection multiplied by the proba- 
bility of making so many, and no more , abnormal observations. 

* Attrmmmma Jmrml ^Cambridge, Mass.), VoL II. p. 161. 
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u In determining the probability of these two systems of errors, 
it must be carefully observed that, because observations are 
rejected in the second system, the corresponding observations of 
the first system must be regarded, not as being limited to their 
actual values, but only as surpassing the limit of rejection." 

Let 

fi = the number of unknown quantities, 
m = the whole number of observations, 
n = the number of observations proposed 
to be rejected, 

ri = m — », the number to be retained, 
d, A', J ff , ... J in ' = the system of errors when no observa- 
tion is rejected, 

J p d A", . . . J 1 (af) — the system of errors when n observa- 
tions are rejected, 

£, £, = the mean errors of the first and second 
system, respectively, 

y = the probability, supposed 'unknown, 
of such an abnormal observation that 
it is rejected on account of its magni- 
tude, 

y' = 1 — y = the probability that an ob- 
servation is not of the abnormal cha- 
racter which involves its rejection, 

% = the ratio of the required limit of error 
for the rejection of n observations to 
the mean error c, so that m is the 
limiting error. 

The probability of an error J in the first system will be, by (14) 
and (21), 

. 1 _AL 

fJ = =S=: e 2 c* 

e|/2* 

and the same form will be need for the second system. 

The probability of an error which exceeds the limit » will be 
expressed by the integral (Arts. 3 and 12) 

2 

«/ A-«* 


or, denoting this by if*. 
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which, by putting ! = --7/ becomes 

.» /•* 

4* = — <-** 

>2 

and this may he found directly from Table IX. by subtracting 

** K • 

the tabular number corresponding to t — — j from unity. 

The probability of the first system of errors, embodying the 
condition that n observations exceed the limit xe, is 


JP zzz. 



1 2A«— 

t" , (2 ir)^ 


(+*)* 


in which JJ* = d* + J' s + (#*>)’; and by (61) we have 

IJ‘ ~ (m — y)* 2 , whence 

p = — 5 — i ( _* +a+B ^ ( )n 
*■'{2*)*"' ' 


The probability of the second system of errors is 

vV n ' 2A,a 

p « = • • • = e_ 2..* 

_ _yYl_ e i(-»'+s) 

To authorize the proposed rejection of n observations, we 

must have 

P<P, 

which gives at once 

The value of y must be determined by the condition that P l 

it a maximum, and therefore j/V*’ = y* (1 — y) 1 *' is a maximum. 
Taking the logarithm of this quantity, and putting its differential 
equal to zero, we obtain for the maximum 

y _ / _ 1-y 

7“? JT - 
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whence 


Putting then 


t* = sry'*' = — w 
Jt =«*o^-i)( +3 ,) 



the limiting 1 value of x, according to the above inequality, must 
be that which satisfies the equation 


(i)V=-r- 

which gives the required criterion. 

The relation, of s x to e most depend on the nature of the equa- 
tions which correspond to the rejected observations ; but it will 
give a sufficient approximation to assume that the excess of 2 A 2 
over 2 A* is only equal to the sum of the squares of the errors of 
the rejected observations, which gives the equation 

(m — /i) £ 2 — nxV = (m — p — ri) e* 

whence 

( \ 2 m — fi — rex* 

\ £ ! m — p. — n 

which combined with the above equation gives 

rrt — fx — nx 2 / T\J^_ 

m — p. — n '~\Rr n 

Putting, for brevity, 

/ T \ 

'“(a)™ 

we find 

** ~ 1 = ~ ~~n * 0 — (98) 

Table X.A gives the logarithms of Tand JR, computed by (96) 
with the aid of Table IX. We can, therefore, by successive 
approximations, find the value of jc which satisfies the equations 
(97) and (98). Since JR involves x r we must first assume an ap- 
proximate value of k (which the observed residuals will suggest), 
with which I s will be computed by (97), and hence x by (981 

V#l» 1EL-—- 3® 
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With this first approximate value of x, a new value of log JR will 
he taken from the table, with which a second approximation to 
x will be found. Two or three approximations will usually be 
found sufficient. 

In the application of this criterion, it is to be remembered 
that it must not be used to reject n observations unless it has 
previously rejected n — 1 observations. Hence we must first de- 
termine the limiting value of x for the hypothesis of one doubtful 
observation, or n == 1, and if this rejects one or more observa- 
tions, we can pass to the next hypothesis, n — 2, or n = 3, &c. ; 
and so on until we arrive at the limit which excludes no more 
observations. 

The above arrangement of the tables is nearty the same as 
that given by Hr. B. A. Gould,* who was the first to prepare 
such tables and thus render the criterion available to practical 
computers. The only difference is in my table of Log. I, which 
I have found in practice to be more convenient than the corre- 
sponding one of Dr. Gould. 


Example. — “To determine the limit of rejection of one or 
two observations in the case of fifteen observations of the vertical 
semidiameters of Venus , made by Lieut. Herndon, with the 
meridian circle at Washington, in the year 1846.” In the reduc- 
tion of these observations, Prof. Peirce assumed two unknown 
quantities, and found the following residuals (v) : 


— 0".30 — 0".24 

— 0 .44 + 0 .06 

+ 1 .01 +0 .63 

+ 0 .48 — 0 .13 


— 1".40 + 0".18 

— 0 .22 +0 .39 

— 0 .05 -f 0 .10 

+ 0 .20 


We have here m = 15, // = 2, \yv\ = 4.2545, whence 
4 2545 

e 3 = = 0.3273, t = 0".572 

13 

We first try the hypothesis of one doubtful observation, or 
n = 1. Assuming x — 2, the successive approximations may 
be made as follows : 


* Report of the Superintendent of the IT. S. Coast Survey for 1854, Appendix, p 
131*; also Aatron. Journal , Vol. IV. p. 81. 
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1st Approx. 

2d Approx. 


Table X.A 

• log T 

8.404 

8.4044 


u u 

log R 

9.309 

9.3062 



i T 
'° S R 

9.095 

9.0982 

2 n 1 

m — n 7 


log X s 

9.871 

9.8712 


log 

(1-^) 

9.410 

9.4093 

m — fj. — n 

n 

12 

log 12 

1.079 

1.0792 

log(x 2 -l) 

0.489 

0.4885 



log X 2 

0.610 

0.6106 



X 

2.02 

2.020 


Hence xe = which excludes the residual 1".40. 

We may now try the hypothesis n = 2. Commencing again 
with the assumption x = 2, we have — 


log T 

1st 

Approx. 

8.7210 

2d 

Approx. 

8.7210 

3d 

Approx. 

8.7210 

4th 

Approx. 

8.7210 

logiJ 

9.809 

9.3622 

9.3544 

9.3553 

log — 

& R 

9.412 

9.3588 

9.3666 

9.3657 

log l 2 

9.819 

9.8027 

9.8051 

9.8048 

log (1 - X*) 

9.531 

9.5624 

9.5582 

9.5587 

11 , 11 

2 2 

0.740 

0.7404 

! 

0.7404 

0.7404 

log (x 2 — 1) 

0.271 

0.3028 

0.2986 1 

0.2991 

log X 2 

0.457 

0.4783 

0.4755 

0.4758 

X 

I 1.69 

1.T34 | 

1.729 

1.7295 


Hence xe = 0".989 r which excludes the residuals 1".40 and 1".01. 

If we now try the hypothesis n = 3, we shall find, in the same 
manner, xs = 0 A/ .887, which does not exclude the residual Q".63 : 
so that the residuals l/'.40 and l/'.Ol are in this case the only 
abnormal ones. Rejecting these residuals, we shall now find 
e l = 0".339.* 


59. In order to facilitate the application of Peirce’s Criterion 


* For another example, in which there were four unknown quantities, and in 
wide! the criterion w 's very useful, see p. 207 of this volume. 
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in the cases most commonly occurring in practice, Table X. (first 
given by Dr. Gould) has been computed by the aid of the log T 
and log R, according to the preceding method. 

The first page of this table is to be used when there is but 
one unknown quantity (ji — 1), or for direct observations. It 
gives, by simple inspection, the value of x 2 for any number of 
observations from 3 to 60, and for any number of doubtful obser* 
vations from 1 to 9. 

The second page is used in the same manner when there are 
two unknown quantities (jjl = 2). 

Example. — Same as in the preceding article. — Having found, 
as above, r— 0.3278, we first take from Table X. for ji = 2 the 
value of x 2 corresponding to m = 15 and n = 1, and find 

x 2 = 4.080, whence x 2 s 2 = 1.3354, xs = 1".16 

which rejects the residual 1".40. 

Then, with m = 15, n = 2, we find, from the same page, 

x 2 == 2.991, # 2 £ 2 = 0.9790, *£ = 0".989 

which rejects the two residuals 1".40 and 1 /7 .01. 

Passing, then, to the hypothesis n = 3, we find 

X 2 = 2.403, x 2 e 2 = 0.7865, xe = 0".887 

which does not exclude any more residuals. 

60. The above investigation of the criterion involves some 
principles, derived from the theory of probabilities, which may 
seem obscure to those not familiar with that branch of science. 
Indeed, the possibility of establishing any criterion whatever for 
the rejection of doubtful observations, by the aid of the calculus 
of probabilities, has been questioned even by so distinguished an 
astronomer as Airy.* It is easy, however, to derive an approxi- 
mate criterion for the rejection of one doubtful observation, directly 
from the fundamental formula upon which the whole theory of 
the method of least squares is based. 

We have seen that the function 


* Remarks upon Peirce’s Criterion, Astronomical Journal (Cambridge), Vol. IV. 
p. 187. Professor Winlock’s reply to the objections of the Astronomer Royal wiYL 
he found in the same journal, YoL IT. p. 145. 


METHOD OF LEAST SQUARES. 
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Q(pf) =JL f 1 * e~* dt 

y 71 mJ 0 

(tie value of which is given in. Table IX. A) represents, in general, 
the number of errors less than a = rt' which may be expected to 
occur in any extended series of observations when the whole 
number of observations is taken as unity, r being the probable 
error of an observation. If this be multiplied by the number of 
observations = w, we shall have the actual number of errors less 
than rt' ; and hence the quantity 

m — m.Q(pt') = m[l — ©(/*')] 

expresses the number of errors to be expected greater than the 
limit rt'. But if this quantity is less than J, it will follow that 
an error of the magnitude rt' will have a greater probability 
against it than for it, and may therefore be rejected. The limit 
of rejection of a single doubtful observation , according to this simple 
rule, is, therefore, obtained from the equation 

2 = »t[l — ©(/*') ] 
or 

= — r (99) 

2 m K J 

£f we express the limiting error under the form xs, e being the 

mean error of an observation, we shall have 

rt' 

k = — = 0.6745f' (100) 

With the value of G(pf) given hy (99), we can find f from Table 
IX. A., and hence x by (190). 

Example. — T o find the limit of rejection of one of the obser- 
vations given on p.,562. We there have m = 15, s = 9".572; 
and hence, by (99), @{pf) = 0.96667, which in Table IX A cor- 
responds to t r = 5,155, whence, by (100), x = 2.128, nt = 1 ".22, 
which agrees very nearly with the limit found by Peirce’s 
C riterion. 

By the successive application of this rule (with the necessary 
modifications), it may be used for the rejection of two or more 
doubtful observations, and I have, by means of it, prepared a 
table which agrees so nearly with Table X. that,, far practical 
purposes, it may be regarded as identical with that table. Per 
the general case, however, when there are several unknown 
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quantities and several doubtful observations, the modifications 
which the rule requires render it more troublesome than Peibce’s 
formula, and I shall, therefore, not develop it further in this 
place. What I have given may serve the purpose of giving the 
reader greater confidence in the correctness and value of Peibce’s 
Criterion. 


TABLES 


[Note. — The very complete collection of tables and formulae prepared 
by Dr. Albrecht, of the Prussian Geodetic Institute, may be consul ted 
with advantage. The title of the work is Formeln und Hiijdajehi fur 
Geogrraphische Ortsbesti m mungen, nebst Kurzer Anleittmg mr Amfuhrung 
derselben. (Leipzig, 1879, 8vo, pp. 240. )] 

For the explanation of the construction and use of these tables, eon- 
salt the articles referred to below. 


Table I. Mean Refraction. (Explanation, Yol. I. Art. 107.) 

“ II. A, B, C, D, E, and F, Bessel’s Refraction Table. (Tot. L 
Arts. 107, 117, 119 ; and Yol. II. Arts 294, 295.) 

“ HI. Reduction of Latitude and Logarithm of the Earth’s 
Radius. (Yol. I. Arts. 81, 82.) 

« IV. Log A and '.og B, for computing the Equation of Equal 
Altitudes. (Yol. I. Arts. 140, 141.) 

•c V. Reduction to the Meridian. Fakes of 


m 


2 8in " t &nd 
sin 1" 


2 ala 4 jt 
sin. V f 


(Yol. I. Arts. 170, 171.) 

<c Yl. logarithms of m and w. (Yol. I. Arts. 170, 171.) 

« YU. A and VII. B. Limits of Ciretimmeridian Altitudes. (YoL 
I. Art. 175.) 

u YIII. and Till. A. For reducing transits over several threads 
• to a common instant. (Yol. II. Arts. 1*8, 187.) 

“ IX. and IX. A. Probability of Errors. (Appendix, Arts. 12, 14.) 
u x. and X. A. Peirce's Criterion for the Rejection of doubtful 

Observations. (Appendix, Arts. 58, 59.) 


TABLES FOR CORRECTING* LUNAR DISTANCES* 

a XI. Dip of the Sea Horizon. (VoL I. Art. 124.) 
a XII. Augmentation of the Moon’s Semidiameter. (Yd. I. Art 
130.) 

« TT7T. Correction of the Moon’s Equatorial Parallax. (YoL I 
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TABLES FOE COKEECTING LUNAE DISTANCES. 


Table XIV. Mean Reduced Eefraction forLunars. (Vol. I. Art. 249.} 

“ XIT. A. Correction of the Mean Refraction for the Height of 
the Barometer. (Yol. I. Art. 249.) 

“ XIY. B. Correction of the Mean Refraction for the Height of 
the Thermometer. (Yol. I. Art. 249.) 

" XY. Logarithms of A, B, C, D, for correcting Lunar Dis- 
tances. (Yol. I. Art. 249.) 

“ XYI. Second Correction of the Lunar Distance. (Yol. I. Art. 
249.) 

“ XYII. A and B. For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Moon’s Semidiameter. 
(Yol. I. Art. 249.) 

“ XVIII. A and B. For finding the Correction of the Lunar Dis- 
tance for the Contraction of the Sun's Semidiameter. 
(Yol. I. Art. 249.) 

u XIX. For finding the value of JY for correcting Lunar Dis- 
tances for the Compression of the Barth. (Yol. I. 
Art. 249.) 

t( XX. Correction required on account of Second Differences of 
the Moon's Motion, in finding the Greenwich Time 
corresponding to a Corrected Lunar Distance. (Y ol. 
1. Art. 66.) 



TABLE I, Mean Refraction. 

Barometer, 30 Inches. Fahrenheit’s Thermometer, 50°. 


Apparent Mean Apparent Mean Apparent! Mean j Apparent Apparent Mmn 

Zen. List. Refraction Zen. Dist. .Refraction Zen. List. Refraction! Zen. List. Refraction Zen. Dist. l#frasttk»». 


6 11.9 i 

l \ll ; 

6 22.3 ; 

‘ * 5 1 

6 29.6 i 



84 «j 8 2 S .1 

Si S 34.2 
Jm 1 404 I' 
is) S 4S.I { 

*•! * 534 

IS; f o.x 


85 0 9 52 

85 f xx 44 
8T t 14 x? 
m « xi xl 

89 ♦! *4 5.4 

90 if **§ M 




TABLE II. Bessel’s Refraction Table. 


Arg. True Z. D. 


Arg. True Z. D. 


50 0 

51 0 

525 0 

53 0 

54 0 1.76058 

55 0 1.76050 
55 0 1.76042 


55 0 1.76023 

50 0 1.76012 

60 0 1.76001 

61 0 1.75988 

G 2 0 1.75973 

63 0 1.75957 

64 0 1.75939 

65 0 1. 75919 

66 0 1.75897 

67 0 1.75871 

63 0 1.75842 


v 1.75771 

71 0 1.75726 ^ 

72 0 1.75675 ll 

73 0 1.75615 „ 

74 0 ,. 7554-3 \\ 

8 6 

75 0 1.75457 l6 

ID 1.75441 6 

29 ,.75415 
39 1.75408 1 

49 1.7539, J 
59 1.75373 

78 9 ,.75355 , 0 

19 1.75336 J 

20 1.75316 

39 1.75*95 \\ 

49 1.75*74 

50 1.75252 

77 0 1.75229 ^ 


1.76143 
1.76141 Z 

r. 76135 
, 13 

1.76122 3 

£ 

1.761 12 
1.76099 

19 

1 .76080 
1*76075 
r. 76070 

1.002011.76065 5 

1.0021 1 1.76059 

6 

1.76053 6 

r. 7 6047 
1.76040 ' 

1.76032 
1.76024 

10 

r. 76014 
' ,■ T 10 
1.76004 

1-75993 ia 
* 

1.75967 ^ 

'4 

‘•75953 l6 
‘•75937 Ig 
x - 759‘9 2Q 
‘-75*99 „ 
‘•75*77 “ 
*5 

'•75*5* Jg 
■•75**4 ” 
‘ -75793 ,5 
'•75757 

I.OIOI 1. 75717 T 
, 47 

s.om 1.75670 
1.0124 r.75615 55 

l -7SS$l * 
i*7547* o 
1.75390 

106 

1.75284 
1.0200 1 1. 75 265 
1.0204 | 1.75245 2q 

r - 75«5 2I 
1 .75204 
r.75182 


r *75 I 59 M 


1.75112 

r * 75 o8 7 * 

r. 75060 / 

1 *7 5°3 3 ' 

28 

1 .0026I 1 .0252 j r .75005 


1. 001 3 
1. 001 3 
r .0014 
1. 001 5 
1. 001 5 









TABLE II. Bessel’s Befraction Table 


A. 

Arg. App. Z. D. 


H. 

Arg. True- Z. l». 


1.75229 

i.752°5 

1.75180 

1 * 75 1 55 

1.75129 

1.7510 1 

1.75072 
1.75045 
1 - 7 5° 1 3 
1- 749 8 * 
1-74947 
-749 12, 

.74? 76 
•74*3! 
-747 95 
-74757 

.74714 

.74670 


1.0055 1.0357 
1 0056 1.0367 

1.0037 1.0377 

1.0038 1.0387 

1.0039 1.0398 

1 .0040 1 .0409 


1.7500c j 

1.74976 *9j 

1 -74945 ;,i 

x -749 x 4 JJ 
1.74882 3a i 
1.74848 34| 

* 35 ' 

>•74813 6 

>■74777 j 

1.7474° 1 

!. 74701 39 j 
1.74660 4 *| 
1.74617 43 , 
44 

*•74573 46 ! 

1>74r i 49 1 
1.7447S 

1.74428 5 

I.74376 J-j 

1.74321 5 5 j 


1.74263 

1.74203 

1.74141 

1.74075 

1.74005 

*•73933 


1.73933 72 

>•73857 g0 

>•73777 . 
* 736 ^ g^ 
I.73605 ^ 

*•735*4 9 
1.73417 

103 

^3*4 IQ7 

i.7 3 2°7 7 

*-73095 J” 
*-7-974 I- 
1.72846 
1.727 11 

1.7*569 

1-7M** JjL 

1.72256 1 
1.7*085 \H 

>- 7 « 9 °* IQi 
1.71708 ' 9+ 
209 

1.71409 
*-‘7»7 5 

1.70784 
>.69,04 JI4 


0.9975; 1.019-! 
0.9974 1.0202 
0.9973: 1-0208 


0.997°; 1.0226 

0.9970 1.0234 
0.9969 1.0241 


0.9968; 1.0249 
0.9967I 1.0257 
0.9967 j 1.0265 
0.9966! 1.0273 

0.9965! 1.0281 
0.9964 1.0289 
0.9963? 1.0296 
o ^ 962 1.0304 
0.9961 1. 031 2 
0.9960 1.0320 

0.995S 1.0329 
0.9957 1.0337 
0.9955 1.0346 
0.9954 1.0354 
0.9952 1.0363 
0.9951 1,0372 

0.9949 1.0382 
0.9948 1.0393 
0.9946 1.0404 
0.9944 1.0416 


0.9938 I.0459 
0.9936 1.0476 1 
0,9934 1.0493 
0.9931 1.0512' 
0,9929 1.05 31 
0.9926 1.0552 

0,9924 1.0573 
0.9920 1,0594 
0.9917 1.0617 
0.9913 1.0640] 
0.9909 1.0664 
o. 990 5 1 * 068 $ \ 

0,9901 1.0715, 
0.9S97 1.0742 
0.9893 1.0771 
o. 9888 1,08ft 
0,9882 1.0834 
0.9876 i , q$M 

0.9870 



0 

1 

1 . c6 2 

c -vr 

1 c6 4 

c.99- 

i.c66 

c.996 

1.067 

c.996 

1.069 

c.996 

1.07 1 


6.3469 39 

0.986 

l.i83 


6-34*7 1 : 

! I 3 i 4 to 

6.3284 5 

0.985 

0.984 

<>■9*3 

i . *88 j 
1.193 I 
1.199 1 

1 1.204 i 


1.214 
ovfff \ 1.219 






TABLE II. Bessel’s Eefraction Table. 

D. Factor depending upon the Barometer. 


Pari« 

ines. 

Log B 

English 

inches. 

Log B 

French 

metres. 

Log B 

French 

metres. 

Log B 

315 

— 0.02445 

27.5 

— 0.0319I 

0*725 

— 0.01560 

0.760 

00 

00 

4 

0 

0 

6 

+ 

316 

— 0.0x307 

27 .G 

— 0.03033 

0.72G 

— 0.01500 

0.761 

-f 0*00545 

317 

— 0.0x170 

27.7 

— 0.02876 

0.727 

— 0.01440 

0.762 

-j- 0.00602 

318 

— 0.0x03 3 

27.8 

— 0.027x0 

0.728 

— 0.01380 

0.763 

-j- 0.00659 

319 

— 0.01897 

27.9 

— 0.02564 

0.729 

— 0.013x1 

0.764 

4 0.00716 

3*20 

— 0.01761 

28.0 

— 0.02409 

0.730 

— 0.01x61 

0.765 

-j- 0.00773 

321 

— 0.016x5 

28.1 

— 0.02x54 

0.731 

— 0.01202, 

0.766 

-j- 0.00830 

322 

— 0.01490 

28.2 

— 0.02099 

0.732 

— 0.0 1 1 42 

0.767 

-j- 0.00886 

323 

— 0.01 356 

28.3 

— 0.01946 

0.733 

— 0.01083 

0.768 

-b 0.00943 

3 24 

0 . 012 X 1 

28.4 

— 0.01793 

0.734 

— 0.01024 

0.769 

-j- 0.00999 

3 25 

0.01088 

28.5 

— 0.01640 

0.735 

— 0.00965 

0.770 

-j- 0.01056 

326 

O.OO954 

28. G 

— 0.01488 

0.73G 

— 0.00906 

0.771 

-j- 0.011 12 

3 27 

— 0.0082 1 

28.7 

— 0.01336 

0.737 

— 0.00847 

0.772 

-j- 0.011 68 

328 

— 0.00689 

28.8 

— 0.01185 

0.738 

— 0.00788 

0.773 

-j- 0.01225 

329 

— 0.0055 6 

28.0 

— 0.01035 

0.739 

— 0.007x9 

0.774 

-j- 0.01281 

330 

— 0.004x5 

29.0 

— 0.00885 

0.740 

— 0.00670 

0.775 

-b °- 0I 3 37 

331 

— 0.0029 3 

29.1 

— 0.00735 

0.741 

— 0.00612 

0.776 

■+ 

332 

— 0.00162 

29.2 

— 0.00586 

0.742 

— 0.00553 

0.777 

-j- 0.01449 

333 

— 0.00032 

29.3 

— O.OO438 

0.743 

— 0.00494 

0.778 

-j- 0.01505 

334 

-f- 0.00099 

29.4 

— 0.00x90 

0.744 

— 0.00436 

0.779 

-j- 0.01560 

335 

-j- 0.0022:8 

29.5 

— 0.00 1 42 

0.745 

— 0.00378 

0.780 

4 0.01616 

336 

-j- 0.00358 

29.G 

-j- 0.00005 

0.746 

— 0.00319 

0.781 

-j- 0.0167 X 

337 

-j- 0.00487 

29.7 

-j- 0.001 51 

0.747 

— 0.00x61 

0.782 

-j- 0.01727 

338 

-j- 0.00616 

29.8 

4- 0.00x97 

0.748 

— 0.00x03 

0.783 

-j- 0.01783 

339 

4- 0.00744 

29.9 

4- 0.00443 

0.749 

— 0.00145 

0.784 

-j- 0.01838 

340 

4“ 0.00872 

30.0 

-j- 0.00588 

0.750 

— 0.00087 

0.785 

-j- 0.01894 

341 

-j- 0.00999 

30.1 

4 0.007 32 

0.751 

— 0.00029 

0.786 

-j- 0.01949 

342 

4~ 0.01127 

30.2 

-j- 0.00876 

0.752 

-f- 0.00028 

0.787 

-j- 0.02004 

343 

4- 0.01253 

30.3 

-j- 0.01020 

0.753 

-f- 0.00086 

0.788 

4 - 0.02059 

344 

-j- 0.01380 

30.4 

4- 0.01163 

0.754 

-j- 0.00144 

0.789 

-j- 0.021 14 

345 

-j- 0.01506 

30.5 

-j- 0.01306 

0.755 

-j- 0. 00x01 

0.790 

-j- 0.0x169 

346 

4- 0.01632 

30.6 

-j- 0.01448 

0.756 

4- 0.00x59 

0.791 

-j- 0.0x224 

347 

-f 0.01757 

30.7 

4- 0.01589 

0.757 

-f 0.00316 

0.792 

-j- 0.02x79 

348 

4- 0.01882 

30.8 

-j- 0.01731 

0.758 

4- 0.00374 

0.793 

-b °* oa 334 * 

349 

4- 0.02007 

30.9 

4- 0.01871 

0.759 

-j- 0.00431 

0.794 

-b 0.02389. 

350 

4- 0.021 31 

31.0 

4- 0.02012 

0.760 

4- 0.00488 

0.795 

4- 0.02443 


E. Factor depending upon the Attached Thermometer. 

(F.) Fahrenheit. (R.) Reaumur. (C.) Centigrade. 



Log T 

R. 

LogT 

-}- 0.00x42 

— 35° 

-b 0.00308 

4- 0.00x03 

— 30 

4 0.00264 

4- 0.00164 

— 25 

-j- 0 . 00 X 20 

4- 0.001x5 

— 20 

- 4 * 0.00176 

— | — 0. 0008 6 

— 15 

4 0.001 32 

4- 0.00047 

— 10 

4 0.00088 

4- 0.00008 

— 5 

4 0.00044 

— 0.00031 

0 

0.00000 

— 0.00070 

4 5 

— 0.00044 

— 0.00109 

10 

— 0.00088 

— 0.00148 

15 

— 0.001 31 

— 0.001 8 6 

20 

— 0.00175 

— 0.00225 

25 

— 0*00x18 

— 0.00264 

30 

35 

— 0.00x62 

— 0.00305 







— c* 04c 57 
-4* 0,03819 

-r 0.03722 

-t 0x3558 
— ■ 0,03390 
-4 0,03225 
-4- 0,03080 
4* 0.02896 
4 0.03733 
4- 0.02570 
4- 0.03408 
4- 0.02247 
4- 0.020 86 
4- 0.01928 
4- ©,.01766 
4- 0.01807 
4~ 0.01441 
4- 0.01290 
4- 0.011 33 
4- 0.00976 
-f 0,00820 
4- 0,00884 
4- 0-.005.09 
-r 0.00354 
4- ©, 00200 
4 - 0.00047 

— O.OOIO# 
— O.OO259 

0.00410 

— ■ 0,00582 

— 0.00713 
o.ooilj. 
0.01013 

— * 0,01182 
O.OI 31 1 

— 0.01459 
— • a.01 607 

— 0.01754 
— - 0.01901 

— 003047 

— 0.02194 


4- 0.06279 
-j- 0.06181 
4* 0.0608 
+ 0.05985 
4- 0.05887 

4 ao 579° 

-f 0.05693 
4- o 05596 
4- 0.05500 
4- 0.05403 

+ °*°53°7 
-j- 0.05211 
4- 0.05115 
-j- 0.05020 
4 0.04924 
-j- 0.04829 
4 0x4734 
-j- 0.04640 
4- 0.04545 
4- 0.04451 
4- 0.04357 

4- 0.04263 

-j- 0.04169 
-j- 0.04.076 
-j- 0.03982 

4- 0.03889 

4 0.03796 

4 0x3704 
4 0x3611 

4~ 0x3519 

4 0x3427 

4 0x3335 
4 0x3243 
4 0x3152 
4 0.03060 

4 0.02969 
4 0.02878 
4 0.02787 ' 
4 0*02697 
4 0.02606 
4 0.02516 
4 0.02426 
4 0.02336 
4 0.02247 
4 0.02157 
4 0.02068 

+ <>.01979 

4 0.01890 

4 0.0 180 X 

4 0.017 1 3 
4 0.01624 
4 0.01536 
4 0.01448 
4 0,01360 
4 0.01273 
4 0.0118 


-j- 0.01098 

4 0.0101 1 

4 0.00924 
4 0.00837 
4 0.00750 
4 0.00664 
4 0.00578 
4 0.00492 
4 0.00406 
4 0.00320 
4 0.00234 
4 0.00149 
4 0.00064 

— 0.00021 

— 0.00106 

— 0.00191 

— 0.00275 


0.01029 
0.01 in 


0.01443 
0.01 525 


0.01933 

0.02015 


0.02177 

0.02257 


0.02419 

0.02499 

0.02579 


-j- 0.06254 
4 0.06034 
4- 0.05815 
-4 0.05596 
+ °* c 5379 


*4 0.04734 
4* 0.04522 
4- 0.04310 
4 0.04099 


4- 0.0368 1 
4 0.03473 
4 0.03266 

4 0.03060 
4 0.02855 
4 0.02652 

4 0.02449 
4 0.02247 

4 0.02046 
4 0.01846 
4 0.01646 
4 0.01448 
4 0.01251 

4 0.01054 

4 0.00859 
4 0.00664 
4 0.00470 
4 0.00277 
4 0.00085 

— - 0.0c 106 
— 0.00297 


0.0179 1 
0,01974 


0,03057 


— 35 c 

— 90 

— 25 

— 24 

— 23 

— 22 
— 21 
— 20 

— 19 

— 18 

— 17 

— 16 

— 15 

— 14 

— 13 

— 12 
— 11 


TABLE 31. Bessel’s ^Refraction Table. 

I?. Factor depend mg upon the Ejcttrnal Thermometer. 

(F.) Fahrenheit. (R.) Reaonaur. (C.) Centigrade. 

















Table HI. Reduction of Latitude and Logarithm of the Earth's Radius. 

Argument o — Geo graphical Latitude. Compression — - — - — — 



9*999 999* f 

9982 * 

9961 1 

993 ° 

9891 


3 3**74 
3 55*47 



> — Diff. lo gp Diff- 


9 5 7. l» 
9 59.IZ 


9.999 9377 
9271 

9157 

9035 

8905 

8768 

9.999 8624 


9.9997614 


216 

9.999 6 39 * 

i$ s 

6282 37 

6245 37 

6208 37 

* 37 

9.9996171 ^ 

28 


10 19.84 | 9.9995946 

21.60 I, 7 °t cqq8 


9 999 5717 
5678 
5640 
5601 
5562 
55*3 
9.999 5484 


9.909 5248 



0 10 48.25 

49*63 

50.98 


10 56.16 
57*41 
58.63 
59.81 


11 3.28 

4-39 
5*47 

S 

8.59 

38 0 11 9.59 

10.56 

11.51 

12.44 

1 3*34 

14.22 

11 15.08 
15.92 
16.73 

17.52 

18.29 

19.04 

11 19.76 
20.46 

21.33 

21.79 
22.42 
23.02 

11 23.61 

24.17 
24.70 

25.22 
25:71 

26.18 

11 26.62 

27.04 

27.44 

27.82 
28.17 

28.50 

11 28.80 
29.08 

29.34 
29.58 

29.79 
29.98 

II 30.14 

30.29 
30.41 

30.50 
50.57 
20.62 


9.999 5248 
5208 
5169 
5 i* 9 ; 
5 °% 9 \ 
5°49 
9.999 5009 
4969 

till 

4848 

4807 

9*999 4767 
4726 
4686 
4645 
4604 
45 6 3 
9.9994522 
4481 
4440 
4399 
4358 
43 J 7 
9.999 4276 
4*34 
4193 
4152 
4110 
4069 

9.999 4027 

3985 

3944 


* 9-999 3777 
3735 
3693 
3651 
3609 
3567 

9.999 3525 

34 ^ 
3441 
3399 
3357 
33 1 5 

9*999 3*73 
3220 
3 ii8 
3146 
3104 
3062 

9*999 3019 
2977 

*935 

2892 

2850 

2808 

9*999 *766 































TABLE IT , Log A and Log B. 

For Computing the Equation of Equal Altitudes. 


For Midnight, a + } ARGUMENT = ELAPSED TIME. { Silini'g™ b + 


0* 

1 A 

2 A 

3 * 


5 * 

Log A 

Log £ 

Log A Log B 

Log A 1 Log B 

Log A 

j Log B 

Log A Log /? 

Log A 

Log B 

0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

1 1 
11 
12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

49 

41 ! 

42 ] 

43 

44 

45 
49 

47 

48 

49 

m 

m 

, 52 

53 

54 

55 
55 
5r 

58 

59 

m 

9 - 4°59 
* 4 ° 59 
* 4°59 
•4059 
• 4 ° 5 9 

9.4059 
.4060 
.4060 
.4060 
.4060 

9.4060 
.4060 
.4060 
.4060 
.4060 

9.4060 
.4060 
.4060 
.4063 
.4061 

9.406 1 
.4061 
.4061 
.4061 
.406 1 

9.406a 
.406 a 
.4062 
.4062 
.4062 

9.4062 
.+063 
.4063 
.4063 
*4*063 

9.4064 

.4064 

.4064 

.4064 

.4065 

9-4065 

.+065 

.4066 

9.4066 

4.067 

.4067 

4067 j 

4068 
9406&'! 
■ 40681 

.4069 

40% 

4069 
■ 94070 , 

40 I 7 O' 

; 4073 

;■ 4»fl 1 

i *4071 
[9407a 

94059 

4059 

4059 

4059 

4059 

94059 

4059 

4059 

4059 

4059 

94059 

4 ° 5 9 
4058 
.4058 
.4058 

9.4058 

.4058 

4057 

.4057 

4057 

9.4057 

.4056 

.4056 

.4056 

•4055 

9*4055 

.4055 

.4054 

4054 

.4054 

9.4053 

.4053 

.405a 

.405a 

.4051 

9*4051 

.4050 

.4050 

.404.9 

.4049 

9.4048 

-4048 

.4047 

.4047 

.4046 

9*4045 
| -4045 
*4044 
[ -4043 
* 4043 , 

! 9*404* 

* 4 ° 4 ]t 
•4041 : 

| .4040 
| *4039 
J74O38; 

4038 
[ 4037 
i 4036 
■ ■ * 4 °f 5 , 
9 * 4 ° 34 : 

94072 

4072 . 

4073 

4073 

4074 
94074 

•4074 

•4075 

4075 
.4076 

44076 

.4077 

4077 

.4078 

.4078 

9.4079 

.4079 

.4080 

.4080 

.4081 

94081 

408a 

4083 

4083 

4084 

94084 

4085 
.4086 

4086 
.4087 

9.4087 

.4088 

4089 

4089 

.4090 

94091 

.4091 

409a 

.4093 

.4093 

9.4094 

4095 

.4095 

.4096 

4097 

9.4097 

4098 

4099 
; 4100 

4100 

94101 

.410a 

4103 
: 4103 

4104 

9 - 4*°5 

4106 

1 - 4*°7 
i - 4 IC *7 
; 4108 

; 94109 

9.4034 

: *4034 
; *4033 

! 4032 
403I 

9403O 

4029 

4028 

402 7 

4026 

9402 5 
4024 
402 3 
4022 
4021 

94020 

4010 

4018 

4OI7 

4OI6 

94015 

4014 

4OI3 

4012 

4010 

94000 

4OO8 

.4OO7 

4OO6 

4004 

9.4OO3 

.4OO2 

4001 

•3999 

.3998 

9.3997 
•3995 
•3994 
•3993 
* 399 1 

9 * 399 ° 

.3988 

.3987 

*3935 

.3984 

9.398a 

* 39^1 

*3979 

* 397 ? 

*3976 

9-3975 

*3973 

.397a 

* 397 ° 

.3969 

9.3967 

- 39 % 

.39% 

.3962 

.3960 

9-3959 

9.4109 9.3959 
4H0 .3957 

4311 .3955 

4112 .3953 

-4113 .395a 

9 - 4 11 3 9 - 395 ° 

4114 .3948 

4115 .3946 

4116 .3944 

4117 .3943 

9.4118 9.3941 
.4119 .3939 

4120 .3937 

• 4 - 1*1 .3935 

4121 .3933 

94122 9.3931 

4123 .3929 

4124 .3927 

* 4 - 1*5 . 39*5 

41*6 - 39*3 

94127 9.3921 
41*8 - 39 1 9 

4129 *3917 
•4130 *3915 
4131 .3913 

9 * 4 r 3 * 9 - 39 1 1 

4133 .3909 

4134 .3907 

•4135 * 39°5 

4136 .3903 

9*4137 9 - 39 °° 

.4138 .3898 

4139 .3896 

4140 .3894 

4141 .3892 

94142 9.3889 
.4144 3887 

.4145 .3885 

.4146 .3882 

,4147 .3880 

9.4148 9.3878 
.4149 .3875 

.4150 .3873 

.4151 .3871 

.4152 .3868 

9.4154 9.3866 
*4155 .38% 

4156 .3861 

*4157 - 3*59 
.4158 .3856 

9*4159 9 * 3%4 
.4161 .3851 

.4162 .3849 

,4163 .3846 

.41% *3 43 
9.4165 9.3841 
.4167 .3838 

.4168 .3836 

.4169 .3833 

.4170! .3830 

9.4172 9.3838 

9.4172 

• 4^73 

•4174 

*4175 

- 4 1 77 

9.4178 

.4179 

.4181 

.4182 

.4183 

.4187 

.4188 

.4190 

9-4 19 1 
*4193 
.4194 

* 4 I 95 

.4197 

9.4198 

.4199 

.4201 

.4202 

.4204 

9.4205 
.4207 
.4208 
.4209 
,421 1 

9.4212 

.4.214 

.4215 

.4217 

• 4 -*i» 

9.4220 

42a/ 

42x3 

4**4 

4226 

94227 

4229 

4231 

4232 
- 4*34 

9 * 4*35 

• 4*37 

4238 

4240 

4242 

94243 

4*45 

4240 

4248 

4250 

94 *S I 
4*53 
4*55 
4 * 5 <L 
4258 

94260' 

9.3828 

.3825 

.3822 

.3820 

- 3* r 7 

9.3814 

.38II 

.3809 

.3806 

.3803 

9.380O 

*3797 

-3794 

• 379 * 

* 37 % 

9.3786 

- 37 % 

.3780 

•3777 

-3774 

9-3771 

.3768 

- 37 %' 

.3762 

•3759 

9-3756 

* 375 * 

*3749 

•3746 

*3743 

9 * 374 ° 

-3737 

*3733 

* 373 ° 

• 37*7 

9.3723 

• 37 *° 

•3717 

•3713 

.3710 

9.3707 
.3703 
.3700 
.3696 
* 3 % 3 

-3683 

•3079 

• 3 6 75 

9.3672 

.3668 

' 3 « S 

.366I 

• 3 6 S 7 

9 - 3 «S 4 

.3646 

.3643 

.3659 

SJ 6 ?! 

9.426c 

.4261 

.4263 

.4265 

.4266 

9.4268 

• 4 * 7 ° 

• 4 * 7 * 

• 4*73 

• 4*75 

9 - 4*77 

- 4*79 

.428c 

.4282 

.42.8^ 

9.4286 

.4288 

.4289 

.4291 

.4293 

9.4295 

- 4*97 

- 4*99 

-4300 

- 43 °* 

9.4304 

.4306 

.4308 

.4310 

- 43 12 

9 * 43 I 4 

*4315 

*4317 

* 43 I 9 

* 43 *i, 

9 - 43 * 3 ! 
- 43*5 
* 43*7 
• 43*9 
* 433 1 

9-4333 

*4335 

-4337 

*4339 

.4341 

9*4343 

*4345 

*4347 

*4349 

*4351 

: 9*4353 
*4355 
-4357 
-4359 
4361 

’1$ 

4368 

- 437 ° 

4372 

14374 

> 9-3635 

; - 3 6 3 i 
i - 3 6 *7 
.3624 
.3620 

9.3616 

.3612 

.3608 

.3604 

.3600 

9-3596 

• 359 * 

.3588 

• 35 % 

.3580 

9-3576 

• 357 * 

.3568 

• 35 % 

•3559 

9-3555 

• 355 i 

•3547 

• 354 * 

*3538 

9-3534 

• 353 ° 

• 35*5 

* 35*3 

.3516 

9 * 35 i* 

• 35°8 

* 35°3 

•3499 

-3494 

9.3490 

- 34 % 

.3480 

! *3476 
! -3471 
9.3467 
.3462 
-3457 
-3453 
-3448 

9-3443 

.3438 

-3433 

- 34*9 

- 34*4 

9.3419 

- 34 H 

.3409 

.3404 

*3399 

9-3394 

. 33 % 

.3384 

-3379 

-3374 

9 * 33 % 

9*4374 

*4376 

.437S 

.438c 

.4383 

9.4385 
•43 7 
* 43 % 
.4391 

•4393 

9*4396 
.4398 
.440c 
.4402 
- 44 ° 5 
9.4407 
.4409 
.4411 
- 44 M 
- 44 i 6 
9.4418 
.4420 
- 44*3 
- 44*5 
- 44*7 
9.4430 
- 443 * 
-4434 
-4437 
-4439 

9.4441 

.4444 

.4446 

-4448 

-4453 

9-4453 
- 445 ° 
-445 * 
-4460 
.4463 

9-4465 

.4468 

- 447 ° 

-4473 

-4475 

9-4477 

-4480 

-4482 

.4485 

.4487 

9 - 449 ° 
- 449 * 
-4494 
-4497 
- 45 °° 
9.4503! 
- 45 ° 5 | 
.4508! 
- 45 * °| 
■ 45 :I 3 [ 
9 - 45 * 5 _ 

i 

-j 9 - 33 % 

! - 33 6 4 
•3358 
•3353 
• 334 s 

9-3343 
•3337 
•33 3 * 
• 33*7 
• 33 * 1 
9.3316 
-33 11 
• 33°5 
.3300 

• 3*94 

9.3289 

.3283 

.3278 

til 

9.3261 

- 3*55 

- 3*49 

.3244 

.3238 

9.3232 

.3226 

.3220 

- 3 ZI 4 

.3208 

9.3203 
- 3 1 97 
- 3 I 9 I 
- 3 l8 5 
.3178 

9 - 3 * 7 * 
.31 66 
-3160 
-3154 
.3148 

9.3142 

- 3 r 35 

.3129 

.3123 

-3116 

9-3x10 

- 3 io 3 

- 3°97 

.3001 

.3084 

9.3078 

- 3 ° 7 1 
.3064 
.3058 
- 3 °s i ; ; 

9 - 3°44 1 
- 3 ° 3 * 
- 3 ° 3 i ! 
-3024 ;i 

- 3 OI 7 

9-301° 



T A BL E IV. Log A and Log B 
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Table Y, Reduction to the Meridian. 


2 sin 2 £ t 
sin 1” 



5 W 

6 m 


31.42 

49.09 

70.68 

96.20 

3 1.68 

49.41 

71.07 

96.66 

3 x -94 

49-74 

71.47 

97.12 

32.20 

50.07 

71.86 

97.58 

3 2 *47 

50.40 

72.26 

98.04 

3 2 -74 

50.73 

72.66 

98.50 

33.01 

51.07 

73 06 

98.97 

33- 2 7 

51.40 

73.46 

99-43 

33 54 

5 x -74 

7386 

99.90 

33J 1 

52.07 

74-*6 

100.37 

34-09 

52.41 

74.66 

100.84 

34.36 

5 2 -75 

75.06 

101.31 

34.64 

53 °9 

75-47 

101.78 

34 - 9 1 

53-43 

75.88 

102.25 

35-19 

53-77 

76 29 

102.72 

33.46 

54. 1 r 

76.69 

103.20 

3 5-74 

54.46 

77.10 

103. b7 

36.02 

54.80 

7751 

104.15 

36.30 

55 *5 

77.93 

104.61 

36.58 

55 - 5 ° 

78.34 

105.10 

36.87 

P 

78.75 

105.58 

37-15 

79.16 

106.06 

37-44 

5<- 55 

79.58 

106.55 

37-72 

56.9O 

80.00 

107.03 

38.01 

57- 2 5 

80.42 

107.51 

38.30 

57.60 

80.84 

107.99 

38-59 

5796 

81.26 

108.48 

38.88 

lilt 

8 1.68 

108.97 

39-17 

82.10 

109.46 

39.46 

59-03 

82.52 

109.95 

39-76 

59.40 

® 2 -9 5 

1 10.44 

40.05 

59-75 

lit 

1 10.93 

40-35 

60. 11 

111.43 

40.65 

60.47 

84.23 

1 11.92 

40.95 

60.84 

84.66 

1 12.41 

4 x - 2 5 

61.20 

85.09 

1 12.90 

4 I *55 

61.57 

85.52 

! 113-40 

41.85 

61.94 

*5-95 

113.9° 

4 2 - 1 5 j 

62.31 

f °-39 

1 14.40 

4 2 - 45 | 

62.68 

86.82 

1 14.90 

42.76 

63.05 

87.26 

115.40 

43.06 

63.41 

87.7O 

115.90 

43-3? 

63.79 

88.I4 

116.40 

43.68 

64. 1 6 

88.57 

116.90 

43-99 

64-54 

89.OI 

1 17.41 

44-30 

64.91 

89.45 

i U 7 - 9 2 

44 61 

65.39 

89.89 

1 1 8.43 

44.921 

45- 2 4 

P 

* 9°-33 
90.78 

118.94 

119.45 

45-55 

66.43 

9*-»3 

1 19.96 

as 

66.81 

67- 1 9 

91.68 

92.12 

120.47 

120.98 

4 - 6 - 5 ° 

67.58 

92.57 

121.49 

46.82 

67.96 

93 02 

122.01 

47.14 

68.35 

93*47 

122.53 

4746 

68.73 

93,92 

123.05 

47-79 

48.11 

§4x2 

69.51 

94.38 

94 *% 

I2 3-57 , 
124.69 

JiS 

. 

. $ 9 * 9 : 

' ■ 124, 61 

70.29 

95 * 74 ' 

• * 2 S -*3 


I 3° , 94 ! 
I 3 1 -47 i 
132.01 | 

*3 2 -55 

13309 

133.63 
134.17 j 
134 . 7 1 i 

135*^5 I 

13580 

IS‘li 

1 37-43 
* 17 - 9 * 
138.53 

1 39.08 


140.1s , 

140.74 

141.29 

141.85 
142 40 
142.96 

* 43 - 5 * 

144.08 

14464 

145.20 

145.76 

146-33 

146.89 

147.46 
148.03 
1 48. 60 
'149.17 
r 49’74 ! 




Table V. Reduction to the Meridian, 




























Table T. Reduction to the Meridian. 



2 sin 2 J 

t 



sin 1" 



S» m 

27 " 

28 " 

29 ^ 

" 

I 3 2 5-9 

1327.6: 

r 3 2 9-3 

1331.0; 

1332.7 

" ! 

1429.7! 

1431.4! 

1 433 * 2i | 

* 434-9 

1436.7, 

1 537-5 

1 539-3 

1541.1 

1541.9 

1 544.8 

I649.O 

\ l\li 

\tltl 

13344 

1438.5! 

1546.6 

1658.5 

1336.1 

1 440 - 3 ; 

1548.4 

I660.4 




x 420.9 

X 4 & 36.7 

1424*4 

1426.2 

* 4 * 7-9 

* 5 * 8-3 

*530.* 

* 53 *-g 

*S 33 *f 

* 535 6 

*639.6 

1641*5 

* 643-3 

l 645.2 

X 647 *I 






*559 5! 1671.9 


1563-2! 1 675*7 

1565.0 1677.6 

1566.9’ 1679.5 


1570.5I 1683.3 


3! 1687.2 


1578.0 1691.0 

1579.8 1692.9 

1581.7 1694.8 

1 5*3-5 i6 96-7 

1 5^ 5*3 1698.6 

1587.2 1700.5 


I 59°*9! 1704-4- 
1592.7! 1706.3 

1594.6! 1708.2 

1590.5I X710.2 


6 <1 0.01 

7 0 0.02 

8 fi 0.04 

9 0 0.00 

10 0 0.09 

11 0 0.14 

12 f» 0.19 
10 0.20 1 
20 0.22 
30 0.23 
40 0.24 
50 0.25 

13 0 0.26 
10 0.28 
20 0.30 
30 0.31 
40 0.33 
50 0.34 

14 0 0.36 
10 0.38 

20 Q.39 
30 0.41 
4ft 0.43] 
50 045 





















Table VI. Logarithms of m and n. 




























2.09917: 

.10098 

.10278 

.ioa 5 s; 

.10637; 

.10817! 

.30995! 

.31174! 

.31352; 

• 3i 53°; 

.11707! 
.118841 
. 12061 ! 


.12589 

.12764 

.12939! 

-I3+6z 

.13635 

.13809 

.13982 

- i 4 i 54 

.14326 

-14498 

.14670 

-14841 

-15011 

.15182 

'1535 s 

.15522 

• IS »2 l 

.158601 


.185*3 

.18687 

.18850 

.19013 

.19176 

.19338 

,19500 

.39462! 

.19824 

.19985 

a, 20146 ; 


Table YI. Logarithms of m and n. 


2.20146! 

.20307! 

.20467’ 

.20627! 

.20787 1 , 

.20946 
.21 3o6 
.21264 
.21423 
.21 581 

• 2I 739 

.21897 

.22055 


.23304 

• 2 3459 

• 2 3 6i 4 

.23768 

.23922 

.24076 

.24230 

.24383 

.24536 

.24689 

.24842 


.27097 

.27246 

* 2 7394 

* 2 754 s 

.27089 

.27836 

.27984 

.28130 

.28277 

.28423 

.28569 

.28715 

.28861 

.29006 

***** 

2.49296 


2 sin 2 h t 



a ™ 

1 2 * 

14 * 

15 ' 

2.45130 

2. 52081 

2.58516 

2.64506 

• 45 Z 5 C 

.52192 

•5 >619 

.64603 

• 4537 * 

.52303 

.58-22 

.64699 

•45491 

.52414 

.58825 

*64-95 

• 45 6 i 1 

.52525 

.5 8928 

.64891 

•45731 

.52635 

.59051 

.64987 

.45850. 

.52-46 

•S9M4 

.65083 

•4597 Q 
.4608 9 1 

.52856. 

.59236 

‘651-9 

.5296- 

•59339 

.652-4 

.46209 ! 

- 53 c 77 

•59441! 

.653-0 

.46328; 

- 53 * M 

• 59543 ; 

.65466 

.46446 

- 53 ZI )7 

•59645 

.6559 

.46565 

.46684; 

.53406 
-535 1 6 

• 59-47 

.59849, 

.65656 

-65T5* 

.46802 

- 53625 s 

•59951 

.65846 


2 SS 

49481 

.49596 

49711 

49825 

-49939 
.50053 
.501 67 
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.58*05 
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Table VI. Logarithms of m and n. 


3.05306 

.05366 

.054.26 

.05487 

-°5547 

-O5607 

.O5667 

-O5727 

.05787 

.05847 


3.0S848 j 
.08906 : 
.08964.! 
.0902,2 : 
.09079! 


-0*559 -”97J 

.08017 . .12029 
.08675 .12085 
.08733 ' -***4$ 
*08791 '.1*196 

3.08848’ 3.12152 


3.12252; 
.12307 ; 
.12363: 
.12418; 
* IZ 47+! 


3-I55* 6 


.25096 

.,15150 

.3E|;2C>4: 

.*5258 

.*5318 

.25365 

«*54*9 , 

*25472 , 

3.255*6 


.15580 

.1 8733: 

•i5 6 33; 

.1 8 7 S4 ! 

.15666 

.18836! 

.15740 

.1 8887; 

-I 5793 

48939! 

.15S47 

.18990; 

.15900 

.19042I 

• *5953 

.190931 

.10007 


.16060 

.19196’ 

.16113 

: .29247'; 

.16166 

i .19299! 

. 16210 

! -29350; 

• l6 373 

.19401; 

.16326 

.19452I 


3.21-1^ 

•21775 

.21 825 
.21875 
.21924 


4 $6*9 

3.18681 


4I47S .24424 

.21525 .*4471 

.22 575 -45 J 1 
41625, .*45% 
41675 .24617. 

3417*5 3**4^% 


0 

1* 

— x 

20 

0 

1 

0 

4.9 -c6 


h ' 

2 

0 

6.i "4" 


2 1 ) 

3 

0 

6.8-91 


30 

4 

0 

T.3-8S 


40 

0 

0 

7.-665 


5^ 

6 

0 

8.0832 

21 

O 

7 

0 

8.3509 


1 *) 

a 

t:» 

8.5829 


24) 

9 

i) 

g.7875 


no 

10 

0 

8.9705 


40 

11 

i ) 

9.1 360 


5 u 

12 

6 

9.2871 

22 

Si 


ID 

9-3* 11 


It) 


20 

9-3347 


20 


SO 

9.3580 


SO 


41 ) 

9.3810 


40 


SO 

9.4037 


SO 

13 

€ 

9.4262 

23 

4 ) 


10 

9.44S3 


10 


20 

9-47^1 


20 


SO 

9.49*7 


SO 


40 

9.513° 


40 


50 

9-534* 


50 

14 

0 

9-5549 

24 

i ) 


10 

9-5754 


10 


20 

9-5957 


20 


SO 

9.61 58 


So 


40 

96356 


40 


50 

; 9-%53 


50 

15 

0 

9.6747 

25 

0 


1C 

20 

9.693a 

9.7128 


10 

20 


SO 

9.7316 


SO 


40 

9-75 oz 


40 


50 

9.7686 


56 

16 

0 

9.7^67 

26 

0 


10 

9.8047 


10 


20 

9.8225 


2ft 


SO 

9.8402 


St) 


40 

9.8576 


40 


50 

9.8749 


50 

17 

0 

9.8920 

27 

0 


10 

9.9089 


10 


20 

9.9257 


2() 


30 

40; 



30 

4 § 


m \ 

9'975* 


50 

18 

0 

9.9913 

28 

1 


w 

0.0072 


10 


20 

0,0231 


20 


3ft: 

0.038 


C9 


40 

0,0544 


49 


m 

0.0698 



10 

0 

0.085 1 

29 

t 


10 

0.1003 


K) 


2i 

0.1153 


Sfr 


30 

0-1 30* 


3# 


40 

0,1450 


4t> 


m 

0*1597 


m 

m 

# 

(2,1742 

30 

• n 


Table TIE, Limits of Circum-meridian Altitudes. 

A. Limiting hour angle at ic7uch the second reduction amounts to one second. 



B. Limiting hour angle at irhich the third reduction amounts to one second - 



Bed i nation same sign as latitude. 

Dedination different sign from latitude. 

V® . 





















70 ° 


46 ° 

w 

20 ° 

10 ° 

0 ° 

10 ° 

20 ° 

30 ° 

40 ° 

50 ° 

60 ° 

10 ° 

80 ° 


» 

m 

m . 

m 

m 

m 

m 
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m 

■m 

m. 

m 

m 

m 

m 

nt 

m 

0 

*35 

9° 

h 

5 1 

4 ° 

29 

20 

1 1 


O 

II 

20 

29 

4° 

5* 

67 

9 o 

*35 

LO 

12® 

82 

59 

43 

3 X 

21 

II 

0 


II 

20 

28 

37 

47 

59 

75 

96 


20 

i iS 

73 

5 * 

35 

23 

12 

0 

II 


20 

28 

37 

46 

sj > 

67 

82 



30 

107 

64 

4 a 

26 

14 

O 

12 

21 


29 

37 

46 

55 

64 

75 




40 

p 

54 

3 a 

16 

0 

T i 

23 

3 2 


40 

47 

56 

64 

73 





50 

82 

4 2 

19 

0 

16 

20 

35 

43 


P 

59 

o 7 

75 






SO 

67 

7.J 

0 

x 9 

3^ 

f 2 

5* 

i 9 


67 

75 

82 







TO 

45 

0 

2 7 

42 

54 

§ 4 

73 

82 

i 

9° 

96 









The following approximate rules are sufficiently exact for practical 

purposes : 

A. The limit at which the second reduction amounts to 0".l is } the hour 

angle of Table VI L A. 

The limit at which the second reduction amounts to 0".01 is i the hour 

angle of Table VII. A. 

B. The limit at which the third reduction amounts to O'M is f the hour 

angle of Table VII. It. 

The limit at which the third reduction amounts to 0" 01 is i the hour 

angle of Table' VII. B. 




TABLE 7m, 

For reducing transits over several threads to a common instant. 



t ,tt 



TABLE VIE, 

For reducing transits over severed threads to a common instant . 


Arg. Sidereal time. 


Proportioual parts of log k. 


Arg. Meantl-tie. 


8 0 

1.46 

0.000 2646 

1 1 

22 

33 

44 

10 

2 *55 

2-757 

1 1 

2-3 

34 

45 

20 

1.65 

2871 

1 1 

2-3 

34 

46 

30 

2 -75 

2987 

12 

23 

35 

47 

40 

1.86 

3 I0 5 

12 

24 

36 

48 

50 

1.97 

3- 2 5 

12 

a s 

37 

49 

9 0 

2.08 

33 + 8 

*3 

a S 

37 

50 

10 

2.20 

3473 

*3 

26 

38 

5 i 

20 

2. 32 

3601 

*3 

2 5 

38 

5 - 

30 

2 *45 

373 i 

13 

26 

3 ') 

5 - 

40 

2.58 

3863 

*3 

20 

40 

53 

50 

2.72 

3997 

14 

27 

41 

54 

10 0 

2.86 

4 i 34 

14 

2? 

4 i 

55 

10 

3.00 

4272 

14 

28 

42 

56 

20 

3 * *5 

4414 

14 

28 

43 

57 

30 

i 3.35 

4557 

*5 

29 

44 

58 

4-0 

3*46 

4703 

*5 

29 

44 

59 

50 

3-63 

4851 

*5 

3 ° 

45 

60 i 

11 0 

3.80 

5001 

*5 

3 1 

46 

61 

10 

3.98 

5*54 

*5 

3 * 

46 

62 

20 

4.16 

5309 

16 

| 3 1 

47 

63 

SO 

4-34 

5466 

1 i 

I 32 

48 

64 

40 

4-53 

5626 

10 

! 32 

49 

64 

50 

4-73 

5788 

16 

; 32 

49 

*5 

12 0 

4-93 

595 2 

16 

1 33 

i 

50; 

66 

10 

5.14 

6118 

17 

: 34 

5 *! 

67 

20 

5.36 

6287 

17 

34 

5 1 ! 

68 

SO 

5.58 

6458 

17 

34 

52! 

69 

40 

5.80 

663 1 

18 

35 

53 

7 ° 

50 

6.04 

6807 

18 

35 

53 ! 

71 


55 1 M 77! 88 
56 68 79 90 
57! 69 8 1 92 

58 70 82 94. 

60 72 84 96 

62 74 86 98 

63 75 88 100 

64 76 89 102 

64 77 90 103 

65 78 92 105 

66 79 93 107 

68 82 99 109 

69 83 96 IIO 

70 84 98 112 

71 85 ioo^ii^. 

73 87 102 117 

74 88 103 118 

75 90 105 12,0 

76 92 107 12.2 

77 93 108 104 
781 94 no 12.6 

80 96 11 2 12.8 

81 97 11 3 12.9 

82 98 114 131 

83 99 11 6 133 

84 101 11 8 j 135 

85 102 120 137 
86; 104 12 1 138 
88^105 123 141 
89; 106 124 142 


0.000 2660 I 


TABLE VEX A. 

For correcting the mean log k found from the preceding table . 


Kean log k 

Correction. 

0.0001 

0.0000000,1 

s 

°->Z 

1 3 

0,8 

4 

^4 

5 


6 

m 

7 

4,3 




‘TABLE IX, Probability of Errors. 

(Method of Least Squares.) 
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TABLE IX, A, Probability of Errors, 

(Method of Least Squares. ) 


0(pf') = - 2 - C"'e-«dt t’=± 

l -Jo r 


V 

efcrf') 

Biff. 

V 

© ( pi ') Biff. 

V 

Q ( pt ') | Diff. 

| 

V 

S(p(-) 

Diff. 

0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0.00 

0.07 

0.08 

0.09 

0.10 

0.11 

0.12 

0.13 

0.14 

0.15 

0.16 

0.17 

0.18 

0.19 

0.20 

0.21 

0.22 

0.23 

0.24 

0.25 

0.26 

0.27 

0.28 

0.29 

0.30 

0.31 

0.32 

0.33 

0.34 

0.35 

0.36 

0.37 

0.38 

0.39 

0.40 

0.41 

0.42 

0.43 

0.44 

0.45 

0.46 

0.47 

0.48 

0.49 

0.50 

- 

0.00000 
.00538 
.01076 
.01614 
.021 52 

0.02690 

.03228 

.03766 

.04303 

.04840 

0.05378 

.05914 

.06451 

.06987 

•07523 

0.08059 

.08594 

.09129 

.09663 

.10197 

0.10731 
.1 1264 
.1 1796 
.12328 
.12860 

0.13391 

.13921 

.14451 

.14980; 

.15508 

0.16035 

.16562! 

.17088 

.17614 

.18138 

0.18662 

• I 9 I *5 

.19707 

.20229 

.20749. 

0.21268 
.31787! 
.22 304 1 
. .22821 
• a 33 J« 
0.2|S5l| 
.24364 
' .24I76: 

.95898; 

S 3 « 

538 

53 ? 

538 

538 

538 

538 

537 

537 

538 

536 

5 3 ? 

5 36 

5 36 

5 36 

535 

535 

534 

534 

534 

533 

53 * 

53 * 

53 * 

53 1 

530 

53 ° 

5*9 

528 

5*7 

5*7 

526 

5*6 

5*4 

5*4 

5*3 

522 

522 

5 20 

i 519 

i 519 

1 517 
* si? 
5*5 
5*5 

5*3 

1 5 Ia 
S** 
51© 

5<>9 

1 r .'i 

0.50 

0.51 

0.52 

0.53 

0.54 

0.55 

0.56 

0.57 

0.58 

0.59 

0.60 

0.61 

0.62 

0.63 

0.64 

0.65 

0.66 

0.67 

0.68 

0.69 

0.70 

0.71 

0.72 

0.73 

0.74 

0.75 

0.76 

0.77 

0.78 

0.79 

0.80 

0.81 

0.82 

0.83 

0.84 

0.85 

0.86 

0.87 

0.88 

0.89 

0.90 

0.91 

0.92 

0.93 

0.94 

0.95 

0.96 

0.97 

0.98 

0.99 

1.00 

0.26407 

.26915 

.27421 

.27927 

.28431 

0.28934 
.29436 
.29936 
• 3°435 
• 3°93 3 

0.31430 

• 3 I 9*5 

.32419 

.32911 

.33402 

0.33892 
.34380 
.34866 
• 3535 * 
•35835 
0.3631 7 
.36798 
.37277 

•37755 

.38231 

0.38705 

• 39*78 

.39649 

.40118 

.40586 

0.41052 

• 4 * 5*7 

.41979 

.42440 

.42899 

°-43357 

•43813 

.44*67 

.44719 

.45169 

0.45618 

.46064 

.46509 

.46952 

•47393 

©.47832 

.48270 

,48705 

• 49*39 

.49570 

©450000 
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506 
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5°3 
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500 
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497 

495 
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49 * 

49 * 

490 

488 
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481 

479 

478 

476 

474 

473 
471 
| 469 
468 
466 

465 

462 

461 

459 

458 

456 
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45 * 

450 

449 

446 

445 

443 

44 * 

439 

43 § 

435 

434 

43 * 
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1.60 

1.61 

1.62 

1.68 

1.64 

1.65 

1.66 

1.07 

1.08 
1.09 

1.16 

1.11 

1.12 

1.13 

1.14 

1.15 

1.16 

1.17 

1.18 
1.19 

1.26 

1.21 

1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

1.28 
1.29 

1.36 
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1.35 

1.36 
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1.49 
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0.50000; . 
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• 5 °j 53 j £4 
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c .52liq| 

"** S37 \ 4*5 
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* 5377 ?; %% 
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0. 5620c 
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•56998 39 
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°- 58 : 7 > ,g 7 

• 5894 -- fg 4 
• 593»5 
•59705 l ?i 
°. 60083 376 
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•60833 l 7 * 

.61205 87 

' <I575 367 

0.6l942 c , 

. 62308 36 

. 6z6 7 i 363 

.63032 3 1 
• 6339 * HI 

0 -63747 _ 
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.64454 

'^04 35 ° 
• € 5 > 5 * ” 6 
O.65408 

.65 Hr HI 

.66182 341 

.66czi 339 
66858 337 

3 335 

67*93 

.67C26 
.€7856 
.68184 3*8 
.68510 S**! 

> 3*3 

0.68833] 

1.50 

1.51 

1.52 

1.53 

1.54 

1.55 
1 . 5 G 

1.57 

1.58 

1.59 

1.60 
1.61 
1.62 

1.63 

1.64 

1.65 

1.66 

1.67 

1.68 

1.69 

1.70 

1.71 

1.72 

1.73 

1.74 

1.75 

1.76 

1.77 

1.78 

1.79 

1.80 
1.81 
1.82 

1.83 

1.84 

1.85 

1.86 

1.87 

1.88 

1.89 

1.90 

1.91 

1.92 

1.93 

1.94 

1.95 

1.96 

1.97 

1.98 
1 . 9 ® 

2.00 

0.68833 

*69*55 

.69474 

.69791 

.70106 

0.70419 

.70729 

.71038 

.71344 

.71648 

0.71949 

.72249 

.72546 

.72841 

• 73*34 

0.73425 

• 737*4 

.74000 

.74*85 

.74567 

0.74847 
.75124 
.75400 
• 75 6 74 
• 7594-5 
0.76214 
7648 1 
.76746 
.77009 
.77270 

0.77528 

.77785 

.78039 

.78291 

.78542 

0.78790 

.79036 

.79280 

.79522 

.79761 

0.75999 

.80235 

.80469 
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.80930 

0.81158 
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.81607 
[ .81828 

.82048 

0.82266 

i 3 ** 

I 3*9 
| 3*7 
! 3*5 
3*3 
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3°9 
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l 3°4 
3 °* 
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*97 

*95 

*93 
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280 

*77 
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*74 
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269 
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* 57 
*54 
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248 
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*44 
i 242 
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231 
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TABLE X. A, Peirce f s Criterion. 

Log T. 



11 


5 | 6 







9 - 5 * 53 ! 

9*39791 9-6744 

9.2693 9-5 12 9 











TABLE X A, Peirce’s Criterion, 








TABLES 


FOE COERECTING 


LUNAR DISTANCES. 


table xi 


TABLE XH 


















TABLE HV. Mean Eeduced Befraction for Lnnars 

Barometer 30 inches. Fahrenheit's Thermometer 50°. 


Apparent Reduced | Difference 
.Altitude Refraction.! fori'. 


Q 54 * 

l ill 

9 3 1 * 1 
9 2 3*7 
9 i6 *5 

9 95 

9 2 *7 

8 56.0 

8 49.5 

8 tU 

8 50.8 
8 249 
8 19. 1 
8 13.4 
8 7.8 

8 2.3 


Apparent Reduced Apparent Reduced 

Altitude. Refraction. Altitude. Refraction. 


5 6 33.5 



6 30 

7 57*o 

1.0 

35 

7 5i-* 

1.0 

40 

7 46-7 

1.0 

45 

7 4 J *7 

1.0 

50 

7 3 6 * 8 

1.0 

55 

7 l l -9 

0.9 

7 0 

7 27.2 

0.9 

5 

7 22.6 

0.9 

10 

7 18.1 

0.9 

15 

7 *3* 

0.9 

20 

7 9- 2 

0.9 

25 

7 49 

0.8 

7 30 

7 °*7 

0.8 

35 

6 56-6 

0.8 

40 

6 52.6 

0.8 

45 

6 48.6 

0.8 

50 

6 44.7 

0.8 


3 4* *7 
3 394 
3 37* 1 
3 34*9 
3 3 2 *7 
3 30.6 

3 **-5 
3 26 *5 
3 * 4-5 
3 22.6 

3 2 °*7 
3 18.8 

3 l6 -9 
3 *5-* 
3 *34 

-i n .6 


Zl 0 z 
10 z 
20 z 
30 z 
40 z 
50 z 


z 7.8 
2 5-7 

2 3-7 

2 i -7 

1 59.8 

1 58.0 

1 56 2 

1 545 

1 52.8 

1 51.2 

1 49.7 

1 48.2 

1 46.7 

1 45*3 

1 44.0 

1 42.7 

1 41.4 

1 40.2 

1 

1 37.8 

1 36.7 

1 35-6 

1 345 

1 33*5 

1 3*-5 
1 3 i *5 

1 30.6 

1 29.6 

1 28.7 

1 27.8 

1 27.0 

1 26.2 


1 23.8 

1 23.1 

1 . 22.4 
1 21.0 

1 19.6 

1 18.4 

1 17.2 

1 16.0 

i 15.0 
1 13.9 

1 13.0 

1 12.0 

1 11. 1 
1 10.3 










TABLE UY. A, 

Correction of the Mean Refraction for tie Height of the Barometer. 
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24 

2 5 

27 

22 

2 3 

2 5 

26 

21 

22 

2 4 : 

*5 

20 

21 

2 3 

2 4 

*9 

2 X 

22 

23 

19 

20 

21 

22 

18 

U I 

20i 

21 

x 7 j 

il 

*9, 

20 

16 

17 

; is. 

XO 

; 1 S' 

16 


ll 

*5 

1 5 

16' 

17 

H 

15 

*5: 

l6 

I 3 j 

14 

. *$: 

*5 

12 

13 

x 4 ! 

14 

in 

12 

*3! 

13 

10 

IX 

1 2 

*3 

xo 

10 

X I 

12 

9 

9 

10 

XI 

: «! 

f 

i 

xo 

7* 

1 

I 

f 

& 

7 

7; 

8 

6; 

6 

4; 

7 

S ! 

5 , 

5; 


4 } 

4 

51 

5 

1! 

3 

4; 

4 

%\ 

3 

I 

1 

2,. 

2 

2 

> 2 

I j 

X 

| 

: K 

X 

1 

, O '. 

0] 

1 ■ 0*’ 

c 

r , 

»r; 

tp ; 

»r 


























TABLE ITT. B. 

Correction of the -Mean Refraction for the Height of the Thermometer. 


MEANS' REFRACTION 


O' 1' 2' S' 4' 


O' r 8' 9' 10' 


O" 1 30" 0" I 30" I 0" I 30" 0" I 0" 0" ! 30" 1 0" ! 30" I 0" , 30" 0" ! 30" 0" j 30" 0" 130" 0" 



4.1 46 50 55 60 65 
40 44 48 53 58! 62 
38 42 47 51 551 60 
37 45 49 53 ! 57 

35 39 43 47 5 *i 55 


34 37 41 
31 36 39 

3 1 34 37 
29 32 36 
2-8 31 34 

2.6 20 32 
26 28 31 
25 28 30 
24 27 30 
24 26 29 

23 25 28 
22 25(27 
21 24 26 
21 23 j 25 
20 22 24 

19 22 24 

IQ 21 ; 23 
l8 20 22 


l6 l8 I9 
15 17 IQ 
15 l6 l8 

14 15 17 
13 15 x6 


45 49 i 53 
43 47 50 
41 44 48 
39 4 * 46 
37 4 ° 43 
35 38 41 
34 37 40 
33 3 6 39 
3 2 35 3» 
3 1 34 37 
30 33 36 
*9 3 2 35 
2 9 3 i 33 
28 30 32 
27 29 31 

26 28 30 
25 27 29 
24 26 28 
23 25 27 
22 24 26 

21 23 25 
20 ; 22 24 
19 ; 21 23 
19 ! 20 22 
1 8i 19 21 


80 85 90 

77 82 87 

74 79 U 
71 76 80 

68 72 77 

65 69 74 

62 66 70 

59 63 67 
56 60 64 
54 57 61 

5 i 54 5 ? 
49 53 5 6 
4 ^ 5 1 54 

47 59 53 
45 48 51 

4447 5 ° 
43 45 4 8 
41 44 47 
40 43 45 
39 4 i 44 


33 35 37 40 4 2 

3 1 34 3 6 3 8 41 

3 ° 3 Z 35 37 39 

29 31 33 36 38 

28 30 32 34 36 

2 7 2 9 3 1 33 35 
26 28 29 31 33 

25 26 28 30 32 

2 3 2 5 2 7 2 9 30 

22 24 26 27 29 

21 23 24 26 28 

! 20 22 23 25 26 

19 20 22 23 25 

18 19 21 22 23 

| 17 18 19 21 22 

16 1 7 18 19 20 

15 16 17 18 19 

14 15 16 17 18 

13 13 14 *5 16 

ri 12 13 14 15 

10 ir 12 13 13 

9 10 11 11 12 

o 9 9 10 11 


3 4 4 4 5 5 6 6 6 
2 3 3444455 
2 2 2 3 3 3 3 4 4 
1 12222222 


13 14 15 17 18 20 
12 13 15 16 17 39 
11 13 14 15 16 18 
11 12 13 14 15 17 
10 11 12 13 14 16 

9 10 11 13 14 15 
0 10 11 12 13 14 
8 9 10 11 12 13 
7 8 9 10 11 12 


'V*\W **{»* 0* j 30 " crjSO" 0" 30" 0 " 30 " 0" 30' "0" |30" If 0"~ 3(F 

^ r W V 4' 5' 6 / % r 8' y 1(K 

MEAN REFRACTION ; 


606 




















App. 

Alt. 


of X>- 

41 ' 

0 t 

5 0 

.0x88 

2 

.0x86 

4 

.0x84 

6 

.oz8x 

8 

.0x81 

5 10 

.0x79 

12 

.0x77 

14 

.0x75 

16 

.0x74 

18 

.0272 

5 20 

.0x70 

22 

.0269 

24 

.0x67 

26 

.0265 

28 

.0264 

5 30 

-0262 

32 

.0x61 

34 

.0250 

36 

.0258 


TABLE jLY i Log A* 

Por correcting Lunar Distances. 


REDUCED PARALLAX AND REFRACTION OP D. 

41 ' I 42 ' I 43 ' I 44 ' I 45 ' I 46 ' I 4 7 I 48 ' | 49 ' 50 ' j 51 ' 52 ' 53 ' I 54 ' 1 55 ' 


0368 

0366 

0363 

0361 

0359 

0356 

0354 

0352 

035° 

0348 

0346 

°344 



0339 0346 


0x77 0x83 
0x75 0x81 
0x73 0x80 
0X7X 0x78 
0x70 0x76 

0x68 0x75 
0x67 0x73 
0x65 0x71 
0x64 0x70 
ox6x 0x68 

0x61 0x67 
0x50 0x65 
0x58 0x64 
0x56 ox6x 
0x55 0x61 

°x 5 3 0x59 
0x52 0x58 
0x51 0256 
0x40 0x55 
0x48 0x54 

0247 0252 
0x45 0x51 
0x44 0249 
0243 0248 
0241 0247 

0x40 0x46 
0239 0244 
0237 0243 
0236 0242 
0x35 0240 

0234 0239 
0233 0238 
0231 0x37 
0230 
* 0*34 


0270 0x75 < 
0268 0x74 - 
0267 0x72 « 

0265 0x71 
0264 0x69 
0262 0x68 
0261 0x66 
0x59 0x65 

0258 0x63 
0256 0262 
0255 0261 
0254 0259 
0252 0258 

0251 0x56 
0250 0x55 
0248 0254 
0247 0x52 
0246 0x51 

0245 0x50 
0243 0x49 
0242 0x47 
0241 0246 
0240 0245 - 

0238 0x44 
0237 0242 
0236 0x41 
0235 0240 
0234 0239 

0232 0x38 
0231 0236 
0230 0235 
1 0229 0234 
0228 0233 

0227 0232 
0226 0231' 
0225 0230: 
0224 0229 
.0223; 02x7! 

otistll 


48 ' 

49 

50 ' | 

°335 

0341 

° 3i 8 

0333 

°339 

O346 

0330 

0337 

° 3 + 4 , 

0328 

°335 

0341 

0326 

°333 

°339 

0324 

° 33 * 

°337 

0322 

0329 

°335 

0320 

0327 

°33 3 

0318 

0325 

° 33 1 

0316 

03^-3 

° 3 2 9 

0314 

0321 

0327 

° 3 1 3 

0319 

° 3 2 5 

0311 

0317 

° 3 2 3 

0309 

0315 

0321 

0307 

0313 

0319 

0305 

0311 

° 3 I 7 

° 3°3 

° 3 C 9 

0315 

0302 

° 3°8 

° 3 r 4 

0300 

0306 

031 2 

0x98 

0304 

0310 

0x96 

0302 

0308 

°x 9 5 

0301 

0306 

0293 

0299 

° 3°5 

0x91 

0297 

0303 

0x90 

0296 

0301 

0x88 

0294' 

0300 

0x87 

0292 

0298 

0x85 

0291 

0296 

0x83 

0289 1 

° 2 9 5 

0x82 

0287 

0293 

0x80 

0286 

0291 

0x79 

0284 

0290 

0x77 

028 3 

0288 

0x76 

0281 

0287 

0x74 

0280 

0285 

0x73 

0278 

0284 

0x71 

0277 

0282 

0x70 

0275 

0281 

0269 

0274 

0279 

0x67 

0x73 

0278 

0266 

0271 

0x76 

0x64 

0270 

0275 

0263 

0268 

0274 

0x6 X 

0267 

0272 

0x60 

0266 

0271 


P337 0344 


0305 0311 
0304 0309 
0302 0308 
0300 0306 
0299 0304 


0298 

0x96 ...... 

° 2 95 

0293 ...... 

0x92 0x97 


0242 0247 oa S a 
0241 024© 0250 
0239 0244 0249 
0238 0243 02481 
0237 .0242 0247 

0236 0241 0246 


| 0275 0280 
j 0273 0278 
| 0272 0277 
| 02/1 0^76 
| 0269 O274 

| 0X68 O273 
0267 O272 
0265 0270 
0264 02C/Q 
0263 -0268 : 

I" 0262 0266 j 
I 0260 0265 ! 
j 0259 0264 
i 026 3 j 

1 0261 j 

1 0255 0260 


0270 0x75 



TABLE XV. Log a. 

For correcting Lunar Instances. 


REDUCED PARALLAX AND REFRACTION OF >. 

44' I 45' | 46' I 41' 1 48’ j 4» 50' SI 32 j 53 SI 55 5« 



.O2I4' 
.0213 
21 1 .0211 
21 1 .0210 
.0208 


0226 0231 
02251 0230 
02231 0228 
0222 0226 
0220 0225 

.j 0219I 02Z 3 
I 0217! 0222 
; 0216 0220 
> 0214 0219 
5 0213 0217 

j 0211 0216 
) 0210 0215 
j. 0209 1 0213 

l 0207; 0212 
l 0206 0210 


48 -0199 < 
51 .0198 ■ 
54 .0196 
57 .0195 

a 0 .0194 
.3 .0193 
6 .0192 

9 

12 


0236. 0241; 0246 c 
0234’ 0239- 0244 c 
023 3 1 0238; 0242 c 
023 1 j 0236- 0241 c 
0230; 0234: 0239 c 

0228' 0233! 0237 c 
0226 j 0231' 0236 c 
0225! 0230; 0234 < 
0223; 0228: 0233 < 
0222! 0227; O23I ( 

0220! 022 5; 0230 < 

021 Q | 0224, 0228 < 
0215 ! 0222; 0227 1 

021 6; 0221' 0225 < 
0215 0219 0224 

0213 0218 0222 
0212 02l6 0221 

021 I 02 I 5 | C 2 IQ 
020 Q 0214* 0215 

0205 0212 ; 0217 

0207 021 1 1 0215 

0206 0210; 0214 
0204 0208' 0213 
0203 02071 0211 
0202 02o6| 0210 

1 0201 0205 j 0200 
: 0199 0203! 0207 
. 0195 0202! 0206 
; 0197 0201 1 0205 

1 OI96 0200] O204 

[ OI95 OI99! 0203 
J OI93 OI97 0201 

J 0192! 01961 0200 

J OI9TI OI95I OI99 

5 01901 0194; 0198 


0251 0255 
0249 0254 
0247 0252 
0245 02 5° 
0244 0248 

0242 0247 
0140 0245 
, 0239 0243 " 
0237 0242 
0236 0140 


0239 0243 
0237 0241 
- 0235 0240 
: 0234 0238 
) 0232 0237 

j 0231 0235 

I 02 X 0 ’ O234 
j 0225 • O232 
i j 02X7 : O 23 I 
, 02X5 ; OIX9 

f 02x4; 02x8 
I 02X2 I 02x7 

f 02 X 1 j 02 X 5 

j oaxo ; 02x4 

L ! 02 X 8 02 X 2 


0265 02^0 i 
0263 0268 t 

Ol6l 0X66 § 

0260 0264 S 
O258 0262 * 

0256 O261 I 

02 5 4 0259 < 

O253 0257 ! 

0251 0255 i 

0249 0254 < 
O248 0252 
O246 0250 
02.44 O249 
0243 ° £ 4? 
0241 0246 

0240 0244 
02 3 1 0242 
0237 0241 
0235 02 30 

: OI34 ©23I- 

0232 0236- 
' 0231 0235 ] 

: 02 0233 
. 02 X 5 0232 
; 02x7 ■ 0231 : 


O2I7; 02 X 1 
02 l 6 ! 02 X 0 
0214' 02 Xl 


I 0206 ; 02x0 


0171 0175 
0x70 0174 
01701 0173 

0x7a 

0x71 


0189 0193 s c 
0188 0192! c 
0187 0191 j < 
0186 0190; 
0185 oiSgj 

0184 0188 
0183 0186 
0182 0185 
0181 0184 
0180 0183 

0179 ©182 
. 0178 0181 
0177 0 x 8 © 
©176 0 x 79 
0175 0179 

1 ©174 0178 

> 0173 o* 7 J 
1 ©if a 0 x 76 
\ 0x71 ©175. 
f 0 x 70 ©174 

> ©t%- ©X f% 

? ©x6© ©XT* ■ 

j, oi6t 0171 
[ 0x67 0170 
y 0x66 QX ©9 

& ©165 ©X%! 


0201 1 020 $ ; 0208 * 
0200 0203 ] 0207 ( 
0198 0202 j oio§ ■ 1 
0197 0201 j 0205 . * 
01.96 0200 0204 < 

0 x 95 . oim I 0203 . 1 
; OI 94. 01981 ©201 
0193 0197 , 0200 
0192 0196 019 © 
0191 0194 | 019 8 

0190 ©193:0197 
QI8©! 0192 5 0196 
. 0188 0191 0195 
0187 0190 0194 
. 0186 01% 0193 

01S5 0188 0192 
» 0184 0187 ° 1 9 i 
©1S3 ©186 0192 
©182 ©185 0189 
©iSi 0184 0188 

0180 ©183 olS T 

©179 ©182 C1S6 
0178 0182 ©18? 

I ©177 0181 0184 
J ©176 ©18© ©183 


' 02x6 02X0 
; 0215 ; 02 If 
©2x4; ©111 
; 0212 1 02x6 
, ©21 1 ’ 02x5 



Oio©l©lf 4 ‘f ®lf 7 
©x%: 0x93 f 0196 
©till ©I 92 1? ©iff 
© 1 S 7 ! ©if * j ®if# 
©iSI I ©lf©| ®193 


1 ©173 ©179 ©182 |cxS6 ©189 ©i©*| 


Voi» IX — 38 


01 












TABLE U, Log A. 

For correcting Lunar Distances. 


REDUCED PARALLAX AND REFRACTION OF 3, 


49 ' 50 51 ' i 5 % : 53 ' 54 ' ! 55 56 j 5 T 5 * 


OI 19 0121 I CI24' 0126' 0128] 0 


OIIJ OI 15 01*7 OII 9 0121 0124 0120 0I»» OI^C Cl 3 2 
0111:0113 OI 16 0118 0120 012 2 Cl 24 Cl 27 C I 29 Cljl 
OHO 0112 OI 14 OI 16 OI 19 0121. 0123 0125 012"’ C 1 19 

OIO9 OI11 Oil] OU5 0117 OII9 0121 0124 0126 €12 $■ 

0107 ; 01 ic 0112 01 14 0116 out 0220 0122 0124 0126 

0106 i OI08 OI IO 0112- OII 5 0I17 ; CII 9 0121 OI 23 CI25 


0111:0113 OI 16 0118 0120 0122 CI24 0127 1 c* 29 

OHO' 0112 OI 14 OI l6 OI 19 012 i; 0 I 23 Oia 5 | 0 I 2 "’ 


0109 OIIl! 
OI 08 OI IO 
oioy : oio 9 ; 
0105 ; 0107 : 
0104 ' 0 I 06 ! ; 
0103 - 0105 ! 


1 0092 0094 
0091 1 0093 
0090 j 0092 
0089; 0091 
0088 j 0090 
0088 j 0089 

0087! 0088 
0086 1 0087 
0085! 0087 
0084! 0086 
0083' 0085 
0082! 0084 

0082 0083 
0081 0082 
0080 0082 
0079 008 1 
0079 0080 
0078 0079 

0077 0079 
0076 ; 0078 
0076 0077 
0075 0076 
0074 0076 
0074 0075 

OO73 0074 
O072S 0074 
OO72 0073 
0071 OD72 

0070 0072 

OOJO 0071 

0069 0070 
0068 0070 


0067 0069 

&Q$f ' 

ooifr . 0067 


0090 ] 0092 
0089 ; 0091 
0088 ! 0090 
0087 1 0089 
00871 0088 
0086 0087 

0085 0086 
0084 0086 
0083 0085 
008 a! 0084 ; 


008 1 j ooSii 0084 1 0085 ; 0087 ; co 88 


; ex 1 7 ci 19 c 
0116' 0118 c 
'0115 Oil” c 
01130115 c 
. 0112 0114 C 
0 1 1 I 0113 c 

OlIO 0112 £ 
; OIO9 0 I 1 O i 

r 0107 OI 09 ! 
J oic6 0208 < 
[: 0105 0107 * 
tj 0104 0106 

i \ 0103 0105 
)| 0102 1 0104 
ij 0101. 0103 
h 0100 0102 
7 1 0099 0202 
>i 0098 . 0099 

; 0097 : 0098 
4 0096 , 0098 
3 0095 ' CC 97 
2 0094 0096 
1 0093 0095 
0 009 2 0094 

0 0091 0093 
9 0090 0092 
8 : 0089 ! 0091 
7 1 008 r 


0121 0124 

: 012 c C I 22 
| 0 1 1 9 012 1 
I c i i 7 0119 

0 *l6 011$ 


,CH 4 Cll6, 

CSI2 OI 24 ' 

oiii 0113; 

0110 0112' 

0109 our 
oio8 ; 0109, 

0107' oici ..... 
0105 0107 01CHE 
OIO4 0I06 010$ 

0I03' 0105 OlC-7 

0102: 0104 ©*c 4 
0101. 0103 0105 

0100'' 0102' 0104 
CC99 CSC I 0103 
0098; cico 010 

OC97: OC99 010 
0096 ; ©098 0 so 
009.5' °'°97 co 9 
0094! 0096, 009. 
009-3: 0095 ccf 
0093; 0094; 009 
0092! 0093; 009 


008 O; 0082 < 
OO 79 ! OOS I < 
OO79 ; QOSO < 
0078 0079 < 
0077 0079 I 
: 0076 OO 78 I 

j OO76 0077 

l 007 5 1 0076 ! 
0074I 0076 

0074! 0075 
0073: 0074 
0072! 0074 

00724 ©073 
-0071* 0072 
007©* 0072 
0071 
«©% m 7 * 
0069 '©070 



0083; 0085 008 


0079 
0078 
■0077 
©076 
©076 
0075 

©©74 1 0076! o©77[ 















TABLE XV. Log A. 

For correcting Lunar Distances. 


REDUCED PARALLAX AND REFRACTION OF > 

51' | 52’ ! 53' 54' 55' 56' 51’ 58' 59' W 


,0025 ooa6 ooa6 
.0025 002$ oozs 
.0024 0024 1 0025 
.0023 0024.J 0024. 
.0023 0023 0024 
.0022 0023 OO23 

.0022 0022 OO23 
.0021 0022 0022 
.0021 0021 0022 
.0020 0021 0021 
.0020 0020 0020 
.OOI9 0020 0020 


0027 OO 27 , CO 27 ! 
0026 0026 ' 0027 
0025 ' 0026 ; 0026 
OO 25 , 0025 ' 0026 

0024 ' OO 25 ! 0025 
0024 ' OO 24 : OO 24 

0023 ' 002 3 1 0024 

0022 : OO 23 1 : CC 2 3 
002 2 j 0022 1 CO 23 
002 1 0022 0022 
00211 0021 1 0022 
0020 ; 0021 1 0021 


0019 0020: < 
OOI o’ OOI 9 j < 

OOl8 OOI9 < 
OOlSl OOl8| < 

001 7 1 0 0181 ' 


C^zS CC2$ OC29 
OC27 ; cczS cczi 
0027'; 0027 CC27 
0026: 0026 C027 
002 5 1 0026 cci6 
002 5 1 0025 0025 

0024 ; 0 C 24 CC 2 5 

OC24; 0024 CC24 
OC23 002 3 OC24 
CC22 0C2 3 CC23 
002 2 1 0022 0023 
0021 0022: 0022 


.0014 0014 0014 OOI5! 0015 0015 
.0014 0014 OOI4 OOI4 OOI4| 0015] 

.0013 OOI3 OOI4 0014} OOI4; OOI4 
1 .OOI3 OOI3 0013 OOI3; OOI4| OOI4 
) .0012 0013 OOI3 OOI3 OOI3 OOI3 
> .0012 0012 0012 OOI 3 j OOI3 OOI 3 

.0012 0012 0012 0012 :0013 OOI 3 

.0011 OOI I OOII 0012 1 0012 0012 
.0011 OOII OOII OOI I J OOII OOII 
.0010 0010 0010 0010; OOII OOII 
.0009 OOIO OOIO 0010 0010 0010 


001 3 1 oqi 3 5 coi 3 

0012 OOSlJ 0012 
OOII 0012 j OOII 
OOII 00 * 1 ; OOII 
0010 0010! OOIO 


0009! 0009 1 0009 '0009 1 0009 1 00 10; 001 q; 0010 j 



0008 . 0008 j 0008 


0007 1 0007 1 0007 


0007 f 0007 i OCC7 


0006 00 06 < 

0006 0006 cco6 . 

000510005 0005. j©o©5j 0005 1 


0005 1 0005 0005 , 0005 0005 C0C5 
000 r ! 0005 0005 ' 0005 0005 0005 
0004 0004 0004 0004 0004 ©004 
0004^0004 0004 0004 0004 ©004 
0004; 0004 0004 oc ©4 oo©4 oc©4 


0004 0004! ©004 
0003 ©003 0003 0003 0003 ©0^3 

0002 0003 0003 OC03 ©003 ©©03 

0003 0003 ©003 OCO3 QOQX mm3 
0003: 0005 0003 0003 ©003 QCQ3 


0003’ 0003 0003 |OOC3 ©©03 coos 


0003,0003 
0003; ©003 
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TABLE XV. LogB. 

For Correcting Lunar ^Distances. 


) REFRACTION AL' 


V 30 " j 2 ' 0 " r 30 " 


9-999° 9' 

0-0000 9.9999 9, 

0.0000 0.0000 9. 

0.0001 0.0001 0.0000 o, 

0.0001 0.0001 0.0001 0.0001 o, 

0.0001 0.0002 0.000a 0.0002 . 


999719.9996 
9998:9.9997 
9998! 9.9998 
9999 9.9999 
0000 0.0000 


9-9989 9.9988 

9-999- 9-999 1 9-99^9 

9-9993 9-999* 9-999° 

9-9995 9-9994 9-999* 9-999 1 

9-9995 9-9994 9-9993 9-999* 

9997 >9996 9-9995 9-9994 9*9993 


9.9996 9.9995 9.9994 9.9993 

9.9997 9.9996 9.9995 9.9995 

9.9998 9.9997 9.9996 9.9996 

9.9999 9.9998 9.9998 




9.9970 

9.9981 

9.9976 

9-9977 

9.9978 

9.9972 

9-9974 

9-9975 

9.9976 

9.9982 

9.9982 

9.9983 

9.9984 

9.9985 
9.9985 

9-9979 

9.9980 

9-99 s i 

9.9982 

9.9983 
9.9983 

9-9977 

9.9978 

9-9979 

9.9980 

9.9981 

9.9982 

9.9986 

9.9987 

9.9989 

9.9990 

9.9991 

9.9992 

9.9984 

9.9986 

9.9987 

9.9989 

9.9990 

9.9991 

9.9982 s 

9.9984 

9.9986 

9.9987 

9-9993 





o' r ©' 3©" r o" 


~~ * — 9-9998 

9-9999 

...... 0.0000 9.9999 

...... 0.0000 9.9999 

0.0000 0-0000 0.0000 
0.0000 0.0000 0.0000 


D PARALLAX OF 


r 30 " 3 ' 0 " 3 ' 30 " 4 ' 0 " 


• .... 9.9984 

...... 9.9988 9.9986 

9.9990 9.9989 9.9987 

9.9991 9.9990 9.9988 

9.9992 9.9991 9.9989 
9*9993 9-9991 9 - 999 ° 
9-9993 9 - 999 * 9-9991 
9.9994 9.9993 9.9992 

9.9994 9.9993 9.9992 

9-9994 9-9994 9-9993 

9.9995 9.9994 9^993 

9.9996 9.9996 

9*9997 — * 
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TABLE XV. LogB. 

F or Correcting Lunar Distances. 


REDUCED EE FRACTION AND PARALLAX OF 


«' 0" | 6' M f ; T 0" 

' ! 9-995 1 

i 9-995 3 

19-9954 

• -- 9-9959 9-995° 
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TABLE XT. logD. 

For correcting Lunar Distances. 







TABLE XT. LogD. 

For correcting lunar distance*. 
















TABLE XY. LogD. 

For correcting Lunar Distances. 







TABLE X?. Log D. 

For correcting Lunar Distance#. 
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Second Correction of the Lunar Distance. 
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Second Correction of the Lunar Distance. 
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TABLE XYII. 


Por finding the Correction of the Lunar Distance for the Contraction of the Moon’s Semidiameter. 





TABLE XYII. A. 

(riving the Argument for Table XYII. 

B. 
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TABLE XYII, B, Contraction of Ts Semidiameter. 













table xvm. 

For finding the Correction of the Lunar Distance for the Contraction of tint Siia’i 
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TABLE XIX. 

Far finding the value of JV’ for correcting lunar distances for the compression of the earth. 
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nates, L, 24. 

Celestial sphere, I., 17. 

Chronograph, electro, L, 342 et mq.; II,, 


Chronometers, winding, II., 77; trans- 
porting, 78; correction for temperature, 
79; comparison of, 79, by coincide® t 
beats, 80; probable error of an inter- 
polated value of a correction, 83. 

Cfaroaemefcrie expeditious, 1., 323. 

Circles. Se® graduated circles, neridtaa 
circles, Ac. 

Circummeridiaa altitudes, I,., 235 (sm 
time); more accurately reduced, 238; 
of the Sun, ftauis’s method, 244; Emit* 
of the methods, SI. 

Cxark, II., 459. 

Clocks, II., 84; clock oometioft, I., 191* 
IL, 174; rate, L, 113. 

C<H>&IBH3T0W, II., 9. 

Coffix, L, 628; IL, 29*. 297. 

Colures* defined, I., 23. 

Compass, variation of, I., 429. 

Connaissamee (La) des Temps, L, 68. 

Constants, astronomical* determined by 
observation, I., 671 ; constants ©f xerfirv** 
tion, 671; of solar parallax, 873; of 
S8>; if aberration, 68#, 
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altitude and azimuth, and the latitude 
of the observer, 27 ; found from the 
star's latitude and longitude, amd the 
obliquity of the ecliptic, 42; of the sun 
at the time of his transit over a given 
meridian, 71; of the moon or a planet 
at the time of transit over a given me- 
ridian, 73; reduction of, 115; of stars, 
found by transits over the prime ver- 
tical, II., 271 ; absolute declination of 
the fixed stars, determined, I., 665. 

Declination and hour ang^e as co-ordi- 
nates, I., 21. 

Declination and right ascension as co- 
ordinates, I., 22. 

Delambre, I., 177, 239, 689, C92. 

De Lange, I., 391. 

Derivatives of a tabulated function, I., 89. 

Dip, of the horizon, I., 172, 173 ; of the 
sea at a given distance from the ob- 
server, found, 179. 

Dcllond, II., 403. 

Donati, I., 12C. 

Douwes, I., 315, 310. 

Earth, figure and dimensions of, I., 95; 
compression of, 90; eccentricity of the 
meridian, 90; radius found for a given 
latitude, 99; length of normal termi- 
nating ia the axis, found for a given 
latitude — distance from the centre to 
the intersection of the normal with the 
axis — radius of curvature of meridian, 
101; reduction of observations to the 
centre, 103. 

Eclipses of Jupiter’s satellites, L, 339. 

Eclipses, solar „ prediction for* the earth 
generally, I. , 436 ; fundamental equa- 
tions — investigation of the condition of 
beginning or ending of a solar eclipse 
at a given place on the earth’s surface, 
439 ; position of the axis of the shadow, 
found for any given time, 441 ; distance 
of a given place of observation from the 
axis of the shadow at a given time, 
found, 444 ; radius of the shadow found, 
448; outline of moon’s shadow upon 
the earth at a given time, found, 456 ; 
rising and setting limits, 466 ; curve of 
maximum in the horizon, 475; northern 
and southern limits, 480; curve of 
central eclipse, 491 ; duration of total 
or annular eclipse, 493 ; place where the 
central eclipse occurs at noon, found, 
494; northern and southern limits of 
total or annular eclipse, 498; prediction 
far a given place — time of a given phase 
computed, 595; instant of maximum 
obscuration, and degree of obscuration, 
found, 508; method of the American 
Ephemeris, 512; correction for refrac- 
tion, 515; reduction to the sea level, 
517; longitude of a place found from 


the observation of a solar eclipse, 518; 
longitude corrected, 521; observations 
upon the sun’s cusps, II., 432; lunar , 

1., 542. See Occultations. 

Ecliptic, defined, L, 22; obliquity of, de- 
fined, 23, foui.d, 659. 

Ellis, II., 194, l'.»5. 

Emory, I., 339. 

Encke, I., 91, 96, 100, 448, 593, 640; II., 
469, 475. 

Ephemeris, American, French, German, I., 
68; Peirce’s method of correcting, 358; 

Equation of time, I., 54, 71 ; of equal al- 
titudes, 200; personal equation, II., 189. 

Equator, celestial, defined, I., 21. 

Equatorial telescope, II., 367; general 
theory of, 370; instrumental declination 
and hour angle of an observed point, 
found, 371; flexure, 373; instrumental 
declination and hour angle, reduced to 
the celestial declination and hour angle, 
375; adjustment of, 379. 

Equinoctial, defined, I., 21; points, de- 
fined, 23; determined, 665. 

Equinoxes, defined, L, 23. 

Erter, II., 132, 315, 316, 329. 

Ferguson, I., 126. 

Fixed stars, proper motion of, I., 620; 
heliocentric or annual parallax of, de- 
fined, 643, found in longitude and 
latitude, 644, found in right ascension 
and declination, 645 ; mean and appa- 
rent places of, 645. 

Franklin, Sir John, I., 583. 

Fraunhofer, II., 367, 368. 

Galloway, I., 706. 

Gambey, II., 125. 

Gauss, I., 31, 34, 199, 244, 246, 282, 286, 
300, 339, 627, 628, 635, 643, 674, 705; 

11., 23, 66, 148, 469. 

Gay Lussac, I-, 143. 

Geocentric place, I., 103. 

Gerling, L, 679; II., 469. 

Gilliss, I., 352, 680. 

dr\T' r T7V' TT Q 

Gourd,* I, *342, 344, 346, 350, 680; II.. 
304. 

Graduated circles, 1L, 29; eccentricity of. 
37, 39; periodic functions, 42; errors 
of graduation, 51. 

Hadley, II., 92. 

Halley, II., 131. 

Hansen, L, 85, 182, 439, 475, 686; — 
H.,59, 144, 171, 174, 213, 216, 219, 229, 
249, 251, 257, 304, 407, 469. 

Heliometer, II., 403; general theory of, 
407 ; determination of constants of, 423. * 

Henderson, I., 686, 706. . \ 

Herschel, I., 693, 694, 703, 705; II. » 9, 
27, 126. ' V ; . 
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Hipparchus, I., 63th 

stars observed at the m me alt it mi# i 

Horizon, defined, h, 18; dip of, defined. 

when the time is given, 277. bv three 

172; dip found, 173; distance of, at sea. 

or more different stars observed at the ] 

found, 178. 

same altitude when flic time is not ! 

Hour angle, defined, I., 21 ; numerical 

given, 289 ; by Cau nous formal*, 28b ; ; 1 

expression of, 27 ; of a star, found from ■ 

by the transits of start over vertical n 

its altitude and azimuth, and the lati- 

circlet, 293: bv altitude* near the rue* 1 

tilde of the observer, 27; found when ' 

ridian when the time is not known, 2w>, ;j 

the star is at its greatest elongation, 37 : : 

by the rate of change of altitude* mar fi 

when the star is on the prime vertical 

the prime vertical, fn.ati at sea, f\ 

of a given place, 37: when the star is 

bv meridian altitudes* 81 * 4 ; fey rtduc- Ij 

in the horizon, 38; from its zenith dis- 

lion to the meridian when the time ii i; 

tance, 3D ; found at a given time, 64. 

given- — by two altitudes near the me- C 

Hour circles, defined, I., 21. 

ridian when the time is not known, 367; > \ 

Hubbard, 1., 628, 651. 

by three altitudes near the menduui * \ 

Hclsse, I., 211. | 

when the time is not known, 369; fey & }\ 


single altitude at a gives lias, 819; fey 1 1 

Interpolation, simple, I., 69; by second 

the change of altitude near the prime i. 1 

differences, 73; bv differences of anv 

vertical — bj the pole star, 511; fey two *' ‘ 

order, 79; Bessel’s formula, 80 ; Into ! 

altitudes with the elapsed time. III; f j 

the middle, 87 ; formula arranged ae- 1 
eordingto the powers of the fractional ! 

Ddi’wbs’b method of ‘‘doablealtltwlM,* 1 

315; determined by a transit imatni* \ - 

part, of the argument, 89. 

meat in the prune vertical, II,, 218, 242, 

252, 254, 266,265; feyTAUWTT'f method, - 

Jahrbuch, Berliner A.stronomisches, I., 68. 

342. 

Jons SON, I., 706. 

Least squaws, method of, Amseix, II., 

Jupiter’s satellites, eclipses of, L, 839. 

469. 1 

Legendre, II., 469. | 

Kaiser. I., 891. 

Level, II., 70; value of a division found— ; 

Kane, L, 588. 

radius of -curvature— -effects of change# . 

Keith, I., 628. 

cf temperature, 75; radius of curva- 

Kendall, I., 852. 

ture of different parts of the tube, 76; ; j 

Kepler, I., 592, 678. 

level constant, 1&3, ; 

Kbssbl, II., 285, 268. 

1m Vbrrier, I., 57 8 , 0BL t 

Knorrr, II., 192. ■ 

Liases, II., 469, | 

Kraxp, L, 158, 158. 

Lieusson, I., 333; II., 79. <■ 

light, velocity cf, L, 640% i* 

I Lacaille, I., 686, 70S. 

Linden au, I„ 692; II., 469. t 

I ' Lagrange, I., 148, 598, 506. 

Litteow, I., 300, &J&; II., 9 

t Lalanoe, L, 93, 428. 

Llotd, II., 9. | 

| Lambert, L, 542. 

Locke, II., 89 

f Laplace, i, 148, 153, 156, 169; II. , 469. 

Longitude, celestial, defined, L, 24; &r n 

Latitude, celestial — circles of — parallels 

tar, found from its declination and 

of, I., 24; geographical, 25; of a star. 

right asecniiwn, and the cbiiquuy ef | 

found from its declination and right 

the ecliptic, 39; terrestrial fom-gitsdt. 

ascension, and the obliquity of the 

found by Mtronoarieai ebstrmtan*— 

ecliptic, 39; reduction of, for the com- 

by portable chronometers, 317; fev ter- 

pression of the earth, 97; distinction 

restrial signals, 387; by celestial sag- 


astronomical latitude found by meridian j 


Mmmmm*: or mua ; wy ; 

a single altitude at a given time, 229 ; j 
by MkitK to tie meridian when tie 4 
, too is pn, 2 S 8 ; fey eircummcridUn j 
altitudes, Mil; fey tie polo star, 253 : ' 
by two altitudes of the same star, or 
different stars* and the elapsed time 
between the observations, 257 ; by two 
altitudes of tie sun, 266 ; ly two equal 
altitudes of Ike same star, or of the 
stm, 2 ?#; fey two altitudes of the same 
or different stars, with the difference of 
.H^£r aaimutls* 277$ hr two different 


moon and m star over the same wt-leal 
circle, 311 ; by altitudes ef the moon, 
882; fey lunar 4i#t»»ow* Wt; fey at 
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Lunar distance, found at a given time, I., 
75; longitude found by, 393. 

Lundahl, I., 693, 701, 706. 

Lyman, II., 366. 

Mauler, I., 370, 542, 543, 606, 703, 706. 

Mahler, II., 367. 

Martins, II., 106, 119, 127, 130. 

Mayer, I., 542; II., 145. 

Measurement of angles, II., 29. 

Meridian, celestial, defined, I., 19. 

Meridian circle, II., 282; reduction to 
the meridian, 289 ; observation by re- 
flection, 293 ; flexure, 302 ; observations 
of the declination of the moon, 304; 
declination of a planet, or the sun, 309 ; 
correction of the observed declination 
of a planet’s or the moon’s limb for 
spheroidal figure and defective illumi- 
nation, 310. 

Meridian line, defined, I., 19; direction 
found by the meridian passage of a star, 
by shadows, 429 ; by single altitudes of 
a star, 430; by equal altitudes of a star, 
431 ; by the angular distance of the 
sun from any terrestrial object, 432; by 
two measures of the distance of the sun 
from a terrestrial object, 434; by the 
azimuth of a star at a given time, 434; 
by the greatest elongation of a circum- 
polar star, 434. 

Meridian mark, II., 187. 

Merz, II., 367. 

Micrometer, filar, II., 59, 391 ; value of a 
revolution, found, 60, 360; effect of 
temperature upon the value of a revolu- 
tion, 68; position micrometer, 69; ring 
micrometer, 436; other micrometers, 449. 

Micrometric observations — filar microm- 
eter — distance and position angle of 
two stars, found, II., 391; correction 
of the observed position angle for errors 
of the equatorial instrument, 392; ap- 
parent difference of right ascension and 
declination of two stars, found, 397 ; 
correction for refraction, 450; correc- 
tion, for precession, nutation, and aber- 
ration, 465. 

Microscope, reading, II., 33; error of 
runs, 35. 

Mitchel, II., 87. 

Moon culminations, I., 350. 

Morse, II., 86, 87. 

Mural circle, II., 282. 

Nadir, defined, I., 19; point, II., 285. 

Nautical Almanac, British, I., 68. 

Newton, II., 92, 

Nicolai, I., 364, 627, 635. 

Nbnagesimal, L, 25. 

Nonius, II., 30. 

Noon, apparent, mean, I., 53. 

Nutation, I., 624; in right ascension and 


declination for a given star at a given 
time, found, 625; general tables for, 
explained, 626; constant of, 624, 698; 
effect upon the position angle of two 
stars, found, II., 467. 

Obliquity of the ecliptic. See ecliptic. 

Occupations, of fixed stars by the moon, I., 
549; longitude found by, 550, 578; pre- 
diction for a given place, 557; limiting 
parallels of latitude found, 561 ; of 
planets, 565; form of a planet’s disc, 
566 ; curve of illumination of a planet’s 
surface, found, 569; of Jupiter, 575, 
Saturn, Saturn’s Bing, Mars, Venus, 
and Mercury, 576, Neptune, Uranus, 
583 ; of fixed stars by a planet, 601 ; 
of Jupiter’s satellites, 340. 

Olbers, I., 107; II., 16. 

Olufsen, I., 686. 

Oudemans, I., 391, 448, 551, 555. 

Pape, I., 601. 

Parallactic angle, defined, L, 30; of a star 
on the prime vertical of a given place, 
found, 37 ; found from a star’s zenith 
distance, 39. 

Parallax, defined, I., 104; found in alti- 
tude or zenith distance, the earth re- 
garded as a sphere, 105; of a star, in 
zenith distance nnd azimuth, when the 
geocentric zenith distance and azimuth 
are given and the earth is regarded as 
a spheroid, 107 ; of a star in zenith dis- 
tance and azimuth, when the apparent 
zenith distance and azimuth are given, 
the earth regarded as a spheroid, 112; 
reduced, reduction of, 118; of the 
planets or the sun, 113 ; in zenith dis- 
tance, for the point in which the normal 
meets the earth’s axis, 116 ; in zenith 
distance for the same point, when the 
apparent zenith distance is given, 118; 
of a star in right ascension and declina- 
tion when its geocentric right ascension 
and declination are given, 119; of a 
star in right ascension and declination, 
when its observed right ascension and 
declination are given, 123; in latitude 
and longitude, 126; solar, constant of, 
673 ; of a planet, or the sun, found by 
meridian observations, 674; of the sun, 
found by extra-meridian observations 
of a planet, 677 ; lunar, constant of, 
680; of a fixed star, found by micro- 
metric measures, 698. 

Pearson, II., 9, 450. 

Peirce, I., 148, 847, 351, 358, 861, 362, 
366, 369, 578; II., 193, 202, 207, 256, 
261, 357, 469, 490. 

Periodic functions, II., 42. 

Personal equation, II., 189; persona] 
scale, 193. 
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Telwope, IL, 9; magnifying j»ower, 12: 
?i*? Li ,-f view, 3 4. bright ne** of images, 
-a.J mfrnfiiv *d ^eir light. 15; spher- 
!.;»] an i r nrviu&u*' serration, 1 H : 
achromatic eye pieces, 2**: diagonal 
eye piece*. 22; magnifying power 
aittiiurri, Sr*! Kjctb'>d. 22; second 
method, 2d, third method, 25: fourth 
method, 26; retire! mg, 27 ; finding. 2b; 
zenith, II.., 349, equatorial, 3o*. 

Time, apparent, mean, sidereal, solar, L, 
58 , civil, astronomical, 34: conversions 
of, .54, 57, 59, 6»*, 62,655; local mean, 


Transits, of the moon, IL, 170: of the snq 
or a planet, lb2; correction of the 
transit when the planet's defective limb 
has been observed, 185; effect of re- 
fraction, 18b; probable error of observa- 
tion. 11*4; of Jupiter’s satellites over 
the planet's disc, and of shadows of the 
satellites, L, 340; of Venus and Mer- 
cury over the sun’s disc, 591. 

Tbofghton, IL, 119, 127. 

Twilight, time of beginning and ending, 
L, 218. 

Twining, I., 602. 


found, 65; equation of, 54, 71; local, 
Greenwich, defined, 55; Greenwich, 
corresponding to a given right ascen- 
sion of the moon os a given day, found, 
75; corresponding to a given lunar 
distance on a given day, found, 77 ; 
found by astronomical observations, 
193; by transits, 1%; by equal altitudes 
of a star, 196; by equal altitudes of the 
sun before and after noon, 198, before 
and after midnight, 201 ; correction for 
small inequalities in the altitudes, 202; 
probable error of observation of equal 
altitudes, 205; found by a single alti- 
tude, or zenith distance, 206; mean of 
times reduced to mmm of xenith dis- 1 
lance*, 215; found by the disappear- 
ance of a star behind a terrestrial 
object, 217; true and apparent rising 
or setting of a star— beginning and 
ending of twilight, 218; found at si a, 
by a single altitude, 219; by equal 
altitudes, 220 ; found with a portable ; 
transit instrument in the meridian, II. , 
290, oat of the meridian, 215. 

Transit, L, 52; time of the moon’s or a 
planet’* transit over a given meridian, 
found, 72, 

Transit circle, IL, 282. 

Transit instrument, IL, 131; method of 
ebeemlkm, 138; general formal*, 
lit; in the meridian, 140; thread in- 
tervals, 146; reduction to the middle 
thread, 149; reduction to the mean of 
the threads, 151; level constant, 158; 
inequality of pivots, 155; collimation 


Yalz, IL, 25. 

Vega, L, 211. 

Vernier, IL, 80. 

Vernier, Peter, II., 80. 

Vertical circles, lines, and planes, defined, 
I., 19. 


Walker, I., 842, 855, 864; II., 398, 402 
Warnstorff, I., 24, 256, 627, 635. 

Wei ssi, I., 93. 

Wichmann, IL. 436. 

Wolfers, I., 93, 652. 

Wright, I., 504. 

Wiedemann, I., 344; II., 136. 

Year, length of, I., 652; fictitious, 651) 
beginning of fictitious, found, 654- 


Zach, I„ 802. 

Zbch, L, 93, 211, 652. 

Zenith, defined, I., 19. 

Zenith distance, defined, I., 20; of a star, 
found from its declination and hour 
angle, and the latitude of the observer, 
81 ; found when the star is on the six 
hour circle, 86 ; found when the star is 
at its greatest, elongation, 37; found 
when the star is on the prime vertical, 
87; reduction of observed zenith dis- 
tances to the centre of the earth, 189 ; 
change of, in a given interval of time, 
218 ; mean of the zenith distances re- 


eonstamt, 160; azimuth constant, 169; dueed to the mean of the times, 214: 

portable, in the meridian, 200; in any of the sun, 228 (see II., 326). 

vertical plane, 209, adaptation as a Zenith telescope, II., 340; correction for 
zenith telescope, IL, 866. refraction, 344, for level, for micro- 

Transit instrument in the prime vertical; meter, 846; reduction to the meridian, 

gw«mpbt€Bl latitude determined, IL, selection of stars, 847; discussion of 

288, 242, 266, 252, 264, 265; adjustment the results, 850 ; value of a division of 

i» the prime vertical, 239; correction the level, 358; value of a revolution of 

for inclination of the axis, 241 ; deelina- the micrometer, 860; extra-meridian 

tioBi determined, 271. observations for latitude, 364. 
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